SMOOTHING AND GLOBAL ATTRACTORS FOR THE ZAKHAROV
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ABSTRACT. In this paper we consider the Zakharov system with periodic boundary con-
ditions in dimension one. In the first part of the paper, it is shown that for fixed initial
data in a Sobolev space, the difference of the nonlinear and the linear evolution is in
a smoother space for all times the solution exists. The smoothing index depends on a
parameter distinguishing the resonant and nonresonant cases. As a corollary, we obtain
polynomial-in-time bounds for the Sobolev norms with regularity above the energy level.
In the second part of the paper, we consider the forced and damped Zakharov system
and obtain analogous smoothing estimates. As a corollary we prove the existence and

smoothness of global attractors in the energy space.

1. INTRODUCTION

The Zakharov system is a system of non-linear partial differential equations, introduced
by Zakharov in 1972, [21]. It describes the propagation of Langmuir waves in an ion-
ized plasma. The system with periodic boundary conditions consists of a complex field u

(Schrodinger part) and a real field n (wave part) satisfying the equation:

iug + augy =nu, x €T, te[-T,T],

Nt — Ngx = (\U\Q)m,

u(z,0) = up(x) € H*(T),

n(x,0) = ng(x) € H*(T), ny(x,0) =ni(z) € H*~Y(T),

(1)

\

where @ > 0 and T is the time of existence of the solutions. The function u(z, t) denotes the
slowly varying envelope of the electric field with a prescribed frequency and the function
n(x,t) denotes the deviation of the ion density from the equilibrium. Here « is the dispersion

coefficient. In the literature (see, e.g., [19]) it is standard to include the speed of an ion
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acoustic wave in a plasma as a coefficient 72 in front of ny where 8 > 0. One can scale
away this parameter using time and amplitude coefficients of the form ¢t — 3t, u — /fu,
and n — (n and reduce the system to (1). Smooth solutions of the Zakharov system obey

the following conservation laws:

lw(@)l z2(ry = lluollL2(r)

and

1 1
E(u,n,v)(t) :a/ lﬁmu\QdJS—l—/nzda:—i—/Vzdx—l—/n|u|2dac:E(uo,ng,nl)
T 2 Jr 2 Jr T

where v is such that n; = v, and vy = (n + |u|?)z. These conservation laws identify
H' x L? x H~! as the energy space for the system.

For o = 1, Bourgain, in [6], proved that the problem is locally well-posed in the energy
space using the restricted norm method (see, e.g., [7]). The solutions are well-posed in the

sense of the following definition

Definition 1.1. Let X,Y, Z be Banach spaces. We say that the system of equations (1) is
locally well-posed in H*°(T) x H*(T) x H**=Y(T), if for a given initial data (ug,ng,n1) €
H*(T) x H**(T) x H**=Y(T), there exists T = T(||uo|| g0, ||nol|zs1, |71 gs1-1) > 0 and a

unique solution
(u,n,my) € (X NCPH(-T,T) x T), Y NCPHS ([-T,T) x T), ZNCPHS Y ([-T,T] x T)) .

We also demand that there is continuity with respect to the initial data in the appropriate
topology. If T can be taken to be arbitrarily large then we say that the problem is globally

well-posed.

Thus, the energy solutions exist for all times due to the a priori bounds on the local theory
norms. We should note that although the quantity | n|u|?dx has no definite sign it can be
controlled using Sobolev inequalities by the H! norm of u and the L? norm of n, [16]. In [19],
Takaoka extended the local-in-time theory of Bourgain and proved that when é € N we have
local well-posedness in H*0 x H*' x H*1~! for s > 0 and max(s1, 3+ %) <s9<s1+1. In
the case that é ¢ N one has local well-posedness for s; > —%, max(s1, 3 + i) < s < s1+1.

A recent result, [15], establishes well-posedness in the case of the higher dimensional torus.
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The corresponding Cauchy problem on R has a long history. In this case it is somehow
easier to establish the well-posedness of the system due to the dispersive effects of the
solution waves. We cite the following papers [1, 2, 3, 5, 8, 12, 14, 18] as a historical
summary of the results. It is expected that (see, e.g., [15]) the optimal regularity range for
local well-posedness is on the line 57 = s¢p — % because the two equations in the Zakharov
system equally share the loss of derivative. The Zakharov system is not scale invariant
but it can be reduced to a simplified system like in [12], and one can then define a critical
regularity. This is given by the pair (sg,s1) = (%, %), which is also on the line. In
dimensions 1 and 2, the lowest regularity for the system to have local solutions has been
found to be (so, s1) = (0, —3), [12]. It is harder to establish the global solutions at this level
since there is no conservation law controling the wave part. This has been done only in 1d,
[8].

In the first part of this paper we study the dynamics of the solutions in more detail.
We prove that the difference between the nonlinear and the linear evolution for both the
Schrédinder and the wave part is in a smoother space than the corresponding initial data,
see Theorem 2.3 and Theorem 2.4 below. This smoothing property is not apparent if one
views the nonlinear evolution as a perturbation of the linear flow and apply standard Picard
iteration techniques to absorb the nonlinear terms. The result will follow from a combination
of the method of normal forms (through differentiation by parts) inspired by the result in
[4], and the restricted norm method of Bourgain, [7]. Here the method is applied to a
dispersive system of equations where the resonances are harder to control and the coupling
nonlinear terms introduce additional difficulties in estimating the first order corrections.
As a corollary, in the case a > 0, we obtain polynomial-in-time bounds for Sobolev norms
above the energy level (sp,s1) = (1,0) by a bootstrapping argument utilizing the a priori
bounds and the smoothing estimates, see Corollary 2.5 below. We have recently applied this
method to obtain similar results for the periodic KdV with a smooth space-time potential,
[9]. For the details of the method the reader can consult [9].

In the second part we study the existence of a global attractor (see the next section for a
definition of global attractors and the statement of our result) for the dissipative Zakharov

system in the energy space. Our motivation comes from the smoothing estimates that we
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obtained in the first part of the paper and our work in [10]. More precisely we consider

;

g + QUgy +iyu=nu+ f, z€T, te|-T,T],

ngt — Mg + 60 = (|ul*)zz + 9,

u(z,0) = up(z) € H(T),

n(x,0) = no(x) € L*(T), ny(x,0) =nyi(z) € H-YT), fe HYT), ge L*T)

\

where f, g are time-independent, g is mean-zero, fT g(z)dr = 0, and the damping coeffi-
cients d, v > 0. For simplicity we set v = §, and g = 0. Our calculations apply equally well
to the full system and all proofs go through with minor modifications (in particular, one
does not need any other a priori estimates).

The problem with Dirichlet boundary conditions has been considered in [11] and [13] in
more regular spaces than the energy space. The regularity of the attractor in Gevrey spaces

with peridic boundary problem was considered in [17].

1.1. Notation. To avoid the use of multiple constants, we write A < B to denote that
there is an absolute constant C such that A < CB. We also write A ~ B to denote both
A< Band B<S A We also define (1) =1+ -|.

We define the Fourier sequence of a 2m-periodic L? function u as

1 27

up = — w(z)e " dz, ke Z.
2T 0

With this normalization we have

u(z) = Zeimuk, and (uv)k = ug * v = Z Uy VU
k m+n=k

As usual, for s < 0, H* is the completion of L? under the norm
[ullgs = [[uk) (k)2

Note that for a mean-zero L? function w, |lu|gs ~ [|u(k)|k|*||;2. For a sequence ug, with
up = 0, we will use ||ul|gs notation to denote |Jug|k|*|2. We also define H* = {u € H* :

u is mean-zero}.
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The following function will appear many times in the proofs below.

1, 6>1,

1
dp(k) = g ™) et (k). B=1,
Iml<lkl (k)15 B<l.

2. STATEMENT OF RESULTS

2.1. Smoothing Estimates for the Zakharov System. First note that if ng and n;
are mean-zero then n, n; remain mean-zero during the evolution since by integrating the
wave part of the system we obtain 07 [;n(z,t)de = 0. We will work with this mean-
zero assumption in this paper. This is no loss of generality since if [, ng(z)dz = A and
Jpni(z)de = B, then one can consider the new variables n — n — A — Bt and u —

) 2
ei(B %JrAt)u, and obtain the same system with mean-zero data.

1/2

By considering the operator d = (—0,;)'/?, and writing n+ = n+id~'n,, the system can

be rewritten as
i+ QUgy = 3(ny +n_)u, z€T, te[-T,T),
(3) (0 F d)ns = £d(Jul?),
u(z,0) = up(z) € H*(T), ni(x,0) = no(z) £id tni(x) € H(T).
Note that d~'n;(z) is well-defined because of the mean-zero assumption, and that n, = n_.

The local well posedness of the system was established in the framework of X*? spaces

introduced by Bourgain in [7]. Let
lull o = [[R)*(7 — ak®)¥a(k, 7)1

b
Imllyzo = |67 (7 % kD Ck. 7)o
Here ‘+’ corresponds to the norm of ny in the system (3). As usual we also define the

restricted norm

fullgge =, inf il e

The norms Yi’l} are defined accordingly. We also abbreviate n4(z,0) = n4 .

Definition 2.1. We say (so, s1) is a-admissable if s > —% and max(sy, %—Fi) < s < s1+1

forégZN, orif3120andmax(sl,%+%)Ssogsl—i—lforéeN.
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Takoaka’s theorem on local well-posedness can be stated as
Theorem 2.2. [19] Suppose o # 0 and (sg, s1) is a-admissable. Then given initial data
(up, n40,n— ) € H x H®* x H*' there exists

1
-
T 2 (lluoll zso + [|n+0 )

o1+ [[n— ol

)

and a unique solution (u,ny,n_) € C’([—T, T]: H% x H*' x Hsl). Moreover, we have

lall ey + 0l ey g+ lnoll.y < 2(luollaso + lInsollss + lIn—ollz=).

S7
T +,T -7

Now, we can state our results on the smoothing estimates:

Theorem 2.3. Suppose 1 ¢ N, and (sq, s1) is a-admissable. Consider the solution of (3)

with initial data (up,n40,n—o) € H® x H** x H*'. Assume that we have a growth bound
[u(®)l|zz0 + Ing- ()| or + - (B[ zror < C(|luoll oo + I ol o1 + I ollzzer ) (14 [¢))7501),

Then, for any ap < min(1,2sg, 1+ 2s1) (the inequality has to be strict if so —s1 = 1) and

for any a1 < min(1,2sg,2s9 — $1), we have

(4) u(t) — ey, € COHS+ (R x T),

(5) ne(t) —eTny g € CPHI T (R x T).

Moreover, for > 1+ 15v(so, 1), we have

(©) Jua(t) — €| eyt + 1 (8) — 7 ol g en < C(L+ [E)P,
where C = C(so, 1, a0, a1, ||uol| mso, ||+ 0l ms1, ||n_,0||HS1),

Theorem 2.4. Suppose % € N, and (sp, s1) is a-admissable. Assume that we have a growth

bound

(@) |0 + [l (D[ zre1 + ln— (@)1 < C oo + I+ oll s + = oll e ) (14 [#)) 0.

Then, for any ap < min(1, s1) (the inequality has to be strict if s —s1 =1 and s; > 1) and
for any a1 < min(1,2s9 — s; — 1), we have (4), (5) and (6).

As an application of these theorems we obtain the following corollary regarding the growth

of higher order Sobolev norms.
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Corollary 2.5. For any a > 0, and for any a-admissable (sg, s1) with sg > 1, s1 > 0, the
global solution of (3) with H*® x H®' x H*®' data satisfies the growth bound

lu()ll 70 + Nl Ol e + n- (@)= < Ca(1+ [t))°2,

where Cy depends on sg, s1, and ||uo|| mso + || 0l g1 + -0l ms1, and Cy depends on s, s;.

Proof. We drop ‘£’ signs and work with u and n. First note that because of the energy
conservation, ||u||g1 and ||n||;2 are bounded for all times. Assume that the claim holds for
regularity levels (sg, s1). Let (ag,a1) be given by Theeorem 2.3 or Theorem 2.4. Note that

for initial data in H%01% x {5119 applying the theorem with (sg, s1) and (ag, a1), we have
u(t) = €% ug|praoan + I () = €7 o gorear < C(1+ [2])P.
Therefore, since the linear groups are unitary, we have
Ja(®)ll 2000 + I0(E) g 201 < C(L+ 18)? + ol g0 00 + In0ll e seo-

The statement follows by induction on the regularity.
We note that in the case é €N, sp =1, s =0, we have a9 = 0. However, since
aj € [0,1], we obtain the statement for a-admissable (1,s1), 0 < s; < 1. From then on we

can take both ag > 0 and a1 > 0. O

2.2. Existence of a Global Attractor for the Dissipative Zakharov System. The
problem of global attractors for nonlinear PDEs is concerned with the description of the
nonlinear dynamics for a given problem as ¢ — oco. In particular assuming that one has a
well-posed problem for all times we can define the semigroup operator U(t) : up € H —
u(t) € H where H is the phase space. We want to describe the long time asymptotics of
the solution by an invariant set X C H (a global attractor) to which the orbit converges as

t — oo:

U)X =X, teRy, du(t),X)— 0.

For dissipative systems there are many results (see, e.g., [20]) establishing the existence

of a compact set that satisfies the above properties. Dissipativity is characterized by the



8 M. B. ERDOGAN AND N. TZIRAKIS

existence of a bounded absorbing set into which all solutions enter eventually. The candidate
for the attractor set is the omega limit set of an absorbing set, B, defined by
wB)=JUvwsB
s>0t>s
where the closure is taken on H. To state our result we need some definitions from [20]

(also see [10] for more discussion).

Definition 2.6. We say that a compact subset A of H is a global attractor for the semigroup
{U(t)}¢>0 if A is invariant under the flow and if for every ug € H, d(U(t)up, A) — 0 as

t — 00.

The distance is understood to be the distance of a point to the set d(z,Y") = infyey d(x,y).
To state a general theorem for the existence of a global attractor we need one more

definition:

Definition 2.7. We say a bounded subset By of H is absorbing if for any bounded B C H
there exists T = T(B) such that for all t > T, U(t)B C By.

It is not hard to see that the existence of a global attractor A for a semigroup U (t)
implies the existence of an absorbing set. For the converse we cite the following theorem

from [20] which gives a general criterion for the existence of a global attractor.

Theorem A. We assume that H is a metric space and that the operator U(t) is a continuous
semigroup from H to itself for allt > 0. We also assume that there exists an absorbing set
By. If the semigroup {U(t)}+>0 is asymptotically compact, i.e. for every bounded sequence
x in H and every sequence t, — oo, {U(tg)xk}i is relatively compact in H, then w(By) is
a global attractor.

Using Theorem A and a smoothing estimate as above, we will prove the following

Theorem 2.8. Fiz o > 0. Consider the dissipative Zakharov system (2) on T x [0,00)
with ug € H' and with mean-zero ng € L?, ny € H™'. Then the equation possesses a global
attractor in H* x L? x H=Y. Moreover, for any a € (0,1), the global attractor is a compact
subset of H'T* x H* x H172 and it is bounded in H'7® x H* x H~%% by a constant

depending only on a, o, v, and || f| g1 -
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To prove Theorem 2.8 in the case é ¢ N we will demonstrate that the solution decomposes
into two parts; a linear one which decays to zero as time goes to infinity and a nonlinear
one which always belongs to a smoother space. As a corollary we prove that all solutions
are attracted by a ball in H'*% x H% x H='*% q € (0,1), whose radius depends only on a,
the H! norm of the forcing term and the damping parameter. This implies the existence of
a smooth global attractor and provides quantitative information on the size of the attractor
set in H'T® x H® x H~'*  In addition it implies that higher order Sobolev norms are
bounded for all positive times, see [10]. In the case é € N the proof is slightly different
because of a resonant term.

We close this section with a discussion of the well-posedness of (2) in H! x L? x H~L.

We first rewrite the system (when v = 6,9 = 0) by passing to n4 variables as above:

(10 + ad? + iy)u = %ujL f, zeT, te|-T,T],
(7) (i0; F d + iy)ne = +d(|ul?),
u(z,0) = ug(z) € HY(T), ns(z,0) = nyo(z) =no(z) £id ni(z) € L*(T).

Theorem 2.9. Given initial data (ug,n40,n—0) € H' x L? x L? there exists

T =T(lluoll, Invollzz: lIn—ollz2: | fll 1, ),

and a unique solution (u,ny,n_) € C’([—T, T): H' x L? x LQ) of (7). Moreover, we have

el 1y + lls0ll o +lln—oll oy < 2(lluollm + lIntollzz + lIn-ollz2)-

T T -7
This theorem follows by using the a priori estimates of Takaoka in [19]. In the case of
forced and damped KdV, this was done in [10, Theorem 2.1, Lemma 2.2].
The global well-posedness follows from the following a priori estimate for the system (7)

which was obtained in [11] (recall that ny = n 4 id~'n;):
(8) lull r + sl 2 + lln=l 2 < Cr + Coe™ ", £ >0,

where €1 = Ci(a, 7, [[fl1), Co = Cola, 7, [[f s luol s Intoll22), and C3 = Cs(a, ).
In fact this was proved in [11] for Dirichlet boundary conditions. In the case of periodic
boundary conditions, the proof remains valid. Note that (8) also implies the existence of

an absorbing set By in H! x L? x L? of radius C(a, 7, || f||g1)-
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3. PROOF OF THEOREM 2.3 AND THEOREM 2.4

In this section we drop the ‘+’ signs and work with one n. We also set Y =Y.

g + qugy =nu, €T, te[-T,T],
(9) (10 — d)n = d([ul?),
u(r,0) = up(z) € H°(T), n(z,0) =no(x) +id 'ni(x) € H*(T).

Remark 3.1. We note that since ny = n_ all of our claims about (9) is also valid for (3).
The difference in the proof will arise in the differentiation by parts process and the X*°
estimates. Because of (14), in the formulas (15), (16), (17), there will additional sums in
which every term, in the phase and in the multiplier with an | - | sign, will have a ‘£’ sign
in front. This change won’t alter the proofs for the X estimates, in fact, all the cases
we considered will work exactly the same way. Also it won’t change the structure of the

resonant sets in the case é € N.

We will prove Theorem 2.4 only for @ = 1. Therefore, below we either have é ¢ N or
a = 1. The case o # 1,% € N can be handled by only cosmetic changes in the proof.
Writing
u(zx,t) = Zuk(t)eikx, n(x,t) = an(t)eijx,
k j#0
we obtain the following system for the Fourier coefficients:
10y, — ak?uy, = D ks ke, k1 0 Tkt ks
(10) i0n; — |jln; = || Zj1+j2:j uj U=y, J#0
ug(0) = (uo)x, n;(0) = (no); +ilj| = (n1);, j#0.

We start with the following proposition which follows from differention by parts.

Proposition 3.2. The system (10) can be written in the following form:
(11) 0} [eitakQuk + iR By (n,u)i] = eitoh” [p1(k) + Ry(u)(k,t) + Ra(u,n)(k, t)],
(12) i0: [Vl + 1By (u);] = e [pa(7) + Ra(u,n)(,t) + Ralu,n)(5,1)],

where

* *

Ng. U . Uiy U—
Bi(nu)y= Y ke Bo(u); =i > DL

ak? — ak2 — k|’ L i = aj? + g2
k1thka=k k170 2~ Ikl J1tje=j 1 i+ a3
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*

-~ |kt 4 o |, U gy Uk—ky — ko
R k,t) = .
1(w) (k1) ;;cmZ—aw—ky—@V—Mq+@
1,R2

*

N Ny Mgy Uk—ky —k
Ro(u,n)(k,t) = Y o t2 il
or a0 Oék‘ —Oé(k‘—k‘l) —|k‘1|

*

-~ . Mgy Ujo Ujy +jo—j
Rg(U,Tl)(j,t) = ’.]’ . . ]1. 2 1 A - - .
jﬁézojz 7] — g1 + j2)* + a(j — j1 — j2)?

*

R4(u,n)(}'\, t) = |j| Z ' n*jlil;jQ uler,j"’*j, 5
5 il =i+ ali—J2)
717#0,52

Here, >_* means that the sum is over all nonresonant terms, i.e., over all indices for which
the denominator is not zero. Moreover, the resonant terms p1 and p2 are zero ifé ¢ N.

Fora=1,
P1(k) = Nog_sign(k)Usign(k)—k» kK #0,  p2(j) = |j|uj+si§n<j>uj—si§n(j), J odd.

Proof of Proposition 3.2. Changing the variables m; = nje”j't and v = ukemkzt in (10),

we obtain

. _ it(ak?2—ak2—|k
10y, = Zk1+k2:k,k1¢o eit(ak” —ak;—| 1|)mk1vk2»

. . . N .2 - .
(13) Zatmj = ‘]| Zj1+j2:j elt(‘]‘ a]1+a]2)vj1v*j27 ] 7é 0

0k(0) = (uo)r, m5(0) = (no); + ilj| " (n1);, j#0.

It is easy to check that if we define mj and m; accordingly, then
(14) Otmj_ = Otmfj.

Note that the exponents do not vanish if 1/« is not an integer. On the other hand if

a = 1, then the resonant set is:

(k1, ko) = (2k — sign(k), sign(k) — k), k #0.

L ) + sign(g) 7 — sign(g .

The contribution of the corresponding terms give p; and po in the case @ = 1. Below, we

assume that é ¢ N.
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Differentiating by parts in the v equation we obtain

. 1 2_qk2_
10y = Z elt(ak ak3 |k1|)7nk1 Vpy = Z
k1+ko=k, k1#£0 k1+ko=k, k1#£0

+i Y

k1+ko=k, k1#£0

By (o Ry 1)
i(ak? — akd — |k1])

(D, (1 0,
ak? — ak3 — |k

The second sum can be rewritten using the equation as follows:

: 2 2 2 2
3 et =R =R ||y 4 kg vk, Uy Vi
ak? — Oé]{% — |k‘1 + k‘2|

k1+ko+ks=k, k1+ko 750

it(ak?—ak?—|k1|—|ka|)
m Y e
k1+ka+k3=k, k1,k27#0 k= Oz(k‘g + k3) B ‘kl‘

Now, we differentiate by parts in the m equation:
idgmy = |j| Y "Wttty v = ji) Y

it(|j|—aj?4+aj2),, ——
at(e (‘]‘ .71 JZ),U]l/U—]Q)

i(lj] — ajf + aj3)

Jitje2=j Jitje2=jJ
it(|j|—aj?+aj? |
+ Z‘J| e (l | 1 2)8t(1)j1v_]2)
j1+zj2:j ] = @i + ajy

The second sum can be rewritten using the equation as follows:

(16) 4] >

J1+je+jz=4,j170

(17) + 171 >

J14j2+73=7,j27#0

it(jl+aif—eid=liD) . v Ton
e (ll 3 2 ‘ DmJIUJQU*JS

] = a(ir + j2) + a3

it(|j|—aji+ag?+lgzl) . 77—
e (lj|—aji+ags+lj valm—h V_jg

] = g} + a(jz + js)?

The statement follows by going back to v and n variables.
Integrating (11) and (12) from 0 to ¢, we obtain

(18)  wp(t) — e ™ 4, (0) = e~ By (n, u),(0) — By (n,u)x(t)

— /Ot o iok?(t—s) [p1(k) + Ry (w)(k, s) + Ra(u, n)(k, s)]ds.

(19) n;(t) — eWln;(0) = eI By(u);(0) — Bs(u);(t)

t
i /0 e 1= [y () + Ry(u, n) G, ) + Ra(u,n) 7, 5)]ds.
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Below we obtain a priori estimates for p1, p2, B1, and Bs. Before that we state a technical

lemma that will be used many times in the proofs.
Lemma 3.3. o) If 3>~ >0 and 5+~ > 1, then

Z (n — k?1>51<n — ko) S (k1 — ko) Top(k1 — ko).

b) For 5 € (0,1], we have

/ dr < 1
R AT+ p1)P (T + p2) ~ (o1 — p2)P
c) If B> 1/2, then

Yo s
— (n? +cin+e)’

where the implicit constant is independent of ¢1 and cs.

We will prove this lemma in a appendix.
Lemma 3.4. Under the conditions of Theorem 2.3 and Theorem 2.4, we have

lo1llers S llnllzsllullmzso, — if s < so+s1,
lp2llzrs S ullFrso. — if s < 250 =1,
| Bi(n, w)|| s < ||nlless ||l gso,  if s < 1+ s+ min(sy,0),
| B2(uw) || s < HUH%ISO, if s < min(2sp, 1+ s0).

Proof. The proof for p; and py is immediate from their definition.

To estimate By, first note that

lak? — aki — k|| = |al|k1||2k — k1 — ésign(lﬁ)] ~ (k1) (2k — k1).

The last equality is immediate in the case é ¢ N, when a = 1, it follows from the nonreso-

nant condition. Therefore we have

[k, || ug—t, |
|Bl(n7u)k| 5 .
go (hn) (26 — k)

We estimate the H® norm as follows:

1Bl S || D2 ) oy [P0k = )2, 2
k10

<k.>25
Z <k¢1>2+251 <k3 — ]{:1>250 (2/€ — k1>2 Hfzo

ok ™
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The first sum is bounded by ||n||%-, |lul/%-, since it is a convolution of two ¢! sequences. To
estimate the second sum we distinguish the cases |ki| < |k|/2, |k1| > 4|k|, and |ki| ~ |k|.

In the first case, we bound the sum by

<k‘> 25s—2—25s¢

Z (kp)2+251 < (k)2

k1
since 2 + 2s7 > 1. In the second case, we bound the sum by

(k)?s < (253251250 < (})25—2—250
Z (o)A 2514250 ~ (k) < (k) :
k1 ]|>4]k|

In the final case, we have

>25—2—251

(k
2. (k — k1) 290 (2K — Jop)2

k1|~

< <k>2572723172 min(sp,1) )

In the last inequality we used part a) of Lemma 3.3.

Combining these cases we see that By € H® for s < 1+ min(sg,s; + min(sp,1)). In
particular, By € H® if s < 1+ sg+ min(s1,0) which can be seen by distinguishing the cases
sp > 1 and sg < 1 and using the condition 1 + s; > s¢.

Similarly, we estimate

| < Z |“Jl||u11 J|'
J1

(J = 241)
As in the case of Bi, we see that By € H® if

sup » | ———— Vr

(7 = 241)2(j1)%%0(j — jr)?*

We distinguish the cases |j1| < |j|/4, |j1] > 2|j|, and |j1| ~ |j]. In the first case, we bound
the sum by

S ()70 0050 ().

\25—2—2s0
Z ()

+ \2s0
Y

In the second case, we bound the sum by

-\ 2
Z <]> § < <j>2sflf4so‘
METERAR
In the final case, we have
'>2s—250

> <:’

(5 —251)%(j — j1)
71]~|5]

-\ 25—2509—2min(sg,1
s S ()P minio ),
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Combining this cases, we see that Bs is in H® if s < min(2sg, 1 + sg). O

Using the estimates in Lemma 3.4 in the equations (18) and (19) after writing the equa-

tions in the space side, we obtain

(20) [Jut) = €™ %ug|| pragrao S Inollres ol oo + ()| s [[u(®) | oo

-/ (s) e )l o s + | / 2 [y a)(5) + Raos,m)(5)] s

HSo+ao’

—itd
(21) [In(t) = e~ ol prerrar S lluollFreo + llu(®)l[r=0

/ ()| %50 ds + H/ )[Ry (u,n)(s) + Ra(u, n)(s)]ds“

Hs1tar’
where

Ry(s) =Y Ry(k,s)e™, ¢=1,2,34.
k

Above, the smoothing indexes ag and a; depend on « as stated in Theorem 2.3 and The-

orem 2.4. The dependence arise only from the contribution of the resonant terms p; and

pP2-
Note that, with § as in Theorem 2.2,

(22) | / (=022 [ Ry (w)(5) + Ra(u,m)(s)]ds

) sptag
Lte[—é,&]H—T

H¢5 / icu(t—s)02 [Ri(u )(s)+R2(u,n)(s)]dsHXSO+aob S IR (w) + Ra(u, n)||XaO+a0b 1,

for b > 1/2. Here we used the imbedding X*0+a0:b C [ [fso+a0  Similarly,

(23) H /Ot e~ it=9) [Rs(u,n)(s) + Ra(u, n)(s)]ds’

s1taq
Ly =56z

S [R3(u,n) + Rau, )| gorvoro-1.

Proposition 3.5. Given s; > —%, max(s1, %—ki) < 59 < 8141, (md% <b< min(%7 50;1),
we have

| R1(u) | xsv-1 S HUH;SOY%, provided s < sy + min(1,2sp).

We also have

1Ra () [gse-s S Ml gl o 3
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provided s < min(sg + 1 + 2s1,80 + 1,3 + 281 — 2b,3 + s1 — 2b).

Proposition 3.6. Given s; > —%, max(s1, 3 + i) < 59 < 81+ 1, and % <b< %—l—

min(0, 2235), we have

2
1

1725 (w; ) | xso-1 + ([ Raw, n) || xs0-1 S | b

oyl

provided s < s1 + min(1,2sg, 259 — S1).

We will prove these propositions later on. Using (22), (23) and the propositions above
(with b — 1/2 sufficiently small depending on ag, a1, so, s1) in (20) and (21), we see that for
t € [9,6], we have

lu(t) = "% | grsorao + [In(t) — € o prosvar < [Imollmer + [luoll o] ™+

3 + ]

Y13

i)z + @)l w0 + /0 [in(s) s+ llu(s)lle0] ds + [in] o)

In the rest of the proof the implicit constants depend on ||ngl|ms1, ||uo||mso. Fix T large.

For ¢t < T, we have the bound (with v = v(so, s1))
[u(®)|[ms0 + In(@)]as S A+ [E) ST
Thus, with 6 ~ 77127~ we have
[u(56) — % u((j = 1)8)||preo+a0 + [12(50) — e ((j = 1)8) || prosems S T,
for any j < T/§ ~ T1127*. Here we used the local theory bound
[ull ysonre S Hlu((G = 1)) a0 ST,

[(G—1)8, 5]

and similarly for n. Using this we obtain (with J = T/§ ~ T1T1277T)

J
u(J8) — €79%u(0)| fragrag < D (€700 (j5) — 1INy (5 — 1)8)]| jpsg-+ao
Jj=1

J
S lu(56) — 9% u((j — 1)6) | greo+ao
j=1

A

JT3’)/ ~ T1+15'y+.

The analogous bound follows similarly for the wave part n.
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The continuity in H%0T% x H517T4 follows from dominated convergence theorem, the
continuity of u and n in H® , H*!, respectively, and from the embedding X5t CYH? (for
b > 1/2). For details, see [9].

4. PROOF OF PROPOSITION 3.5

First note that the denominator in the definition of R; satisfy

1.
(24) |ak? — a(k — k1 — k2)? — k1 + ko|| = |a|k1 + ko||2k — k — k1 — a&gn(kl + ko)|
~ <k1 + k‘2><2]{} — k1 — k‘2>

The last equality holds trivially in the case 1/« is not an integer. In the case é is an integer
it holds since the sum is over the nonresonant terms. Similarly, the denominators of Ro,

R3, R4 are comparable to

(25) (k1) (2k — k1), () — 201 — 272),  (5){J — 2j2),

respectively.

We start with the proof for Ro. We have

o (k)nky, )Rk, )Tk — k1 — ko, T — 1 — T2)
Ro(u, )%y = H/ ( ; : :
1Rz (u, ) X501 o klZ (ak? — a(k — k1)2 — [ku]) (T — k2)1=0

2

22
k270 kT
Let

Flhor) = [k, D) (R = k)2, g(k,7) =[Gk, 7)| (k) (1 — ak?)3.

It suffices to prove that

2
4 2
iz S 113115

H / > M(ky ko, by 71,70, 7) £ Ry, 1) f (Ko, m2) g (k=K — ko, T—T1—72)
TLT2 kg ko7#0

where

M(k17k27k77-177—277) =
(k)* (k1) (ko) ™1 (k — k1 — k)™

(ak? — a(k — k)2 — [k ) (T — ak2) 10 () — k12 (mo — |ko|)2 (T — 71 — 7o — au(k — k1 — k2)2)2

By Cauchy Schwarz in 71, 79, k1, ko variables, we estimate the norm above by
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2
sup / § " M2(ky, kT, o ))x
71,72 k1,ko#0

H /ﬁ, > Pl ) Pk m2) g (k — by — ko, 7 — 71— 72)

T2 ky,ka#0

ALt

Note that the norm above is equal to Hf2 * f2 *92H€1L1 , which can be estimated by || f||3]|g]/3
kT
by Young’s inequality. Therefore, it suffices to prove that the supremum above is finite.

Using part b) of Lemma 3.3 in 71 and 7o integrals, we obtain

sup/ i M? <
T

ko T k) ka0

sup Z (k)2 (k) 7251 (k) =2 (e — ki — ka) =220

ki (h? = alk = k1)? = [k1|)>(7 — ak?)272(r — [k | = [ko| — ak — k1 — k2)?)'~
kl,kgyéo

< sup Z <k>23<k1>7251<k2>7251 (k‘ —k — k2>7250 |
k kl,k27é0 2k' ]€1> (ak‘2 — |k‘1| — |k‘2| — Oé(k‘ - ]i'l - ]{32)2>272b

The last line follows by (25) and by the simple fact
(26) (T —=n)(T —m) 2 (n—m).

Setting ko = n + k — k1, we rewrite the sum as

(k)25(n+ k — kp) 251
sup Z 2+2s 20125 2 2-2b"
, (k1)27291 2k — k)2 (n)?>0{a(n® — k?) + k1 + [kr —n — k)
Here, without loss of generality (since (ki, ko, k) — (—k1, —ko, —k) is a symmetry for the
sum), we only considered the case k; > 0.
Casei) —1/2< 51 <0,0< % +1 <59 <51+ 1

We write the sum as

Z+ S+ D+ D>+ Y =S+ S+ S+ S+ S

~Ik| In|<|k| In] <kl In|>>|k| In|>>|k|
k1>0 0<ki<|n+k| ki>|n+k| Fki>|nt+k| 0<ki<|n+k|

Note that in the sum 57, we have

<n) ~ <k>, (n+ k— k1> <k1> <2k — k1>.
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Using this, we have

g < <k>237250(<k1>7251 + <2k _ k1>7231)
=Y (k1)27251 (2k — k)2 (o(n2 — k%) + ky + [k —n — k)22

k1>0,n

Summing in n using part ¢) of Lemma 3.3 and then summing in k; using part a) of

Lemma 3.3, we obtain

S1 S

~

<k>257250727451 + <k>257250727231 < <k>257250727431.

Note that Sp is bounded in k for s < sg + 1 + 2s7.

In the case of S, we have
Int k[~ [k], |2k = k| ~ k], 0+ k= k| S K]
Also note that (since we can assume that |k| > 1)
la(n® = k) + k1 + k1 — n — k|| = a(k* —n?) + O(|k|) ~ k*.

Using these, and then summing in k1, we have
(k)2s— 040251 25—6—2s1+4b
§—0—4is
25 2 g ~ W) 0250 (K)
In|<|k|
0<k1<|n+k|
Note that Sy is bounded in k if s < min(sg + % + 81 — 2b,3 4+ s1 — 2b), and in particular, if
s <min(sg + 1 + 2s1,3 + 2s1 — 2b).
In the case of S3, we have k1 > |n + k| 2 |k|. Using this we estimate

<k>23727451

e |"§<<:kl (2k — k1)2(n)2so(a(n? — k2) + 2ky —n — k)2—2b
k1>|n+k|
< Z (k252451 |
iy P an® — k%) 4 3k —n)27%

The second inequality follows from part a) of Lemma 3.3. Note that
(a(n® — k?) 4 3k —n) ~ k%,
since |n| < |k|. Using this and then summing in n, we have

S3 S

~

<k‘>28_6_451+4b¢250 (k)

Note that this is also bounded in k if s < min(sp + 1 + 2s1,3 + 251 — 2b).
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In the case of Sy, we have k1 > |k|. Therefore

s - <k>28—280
4~ Z (e )V 451 (a(n2 — k2) + 2k; —n — k)22

n] k1> k|

<2

k1> k|

p)dtds ™

We used part ¢) of Lemma 3.3 in the second inequality.
In the case of S5, we have |n+ k — k1| < |n| and

la(n® = k%) + k1 + |ky — n — k|| = a(k* = n?) + O(|n|) ~ n?.

Thus, we estimate using part a) of Lemma 3.3

Z (k)?s < (k25205454

S5 <
(k) 21251 (2% — koy )2 (n)2s0+2s1+4—4b ~

~

In[>|kl,k1
Note that to sum in n we need 2sg + 2s1 + 4 — 4b > 1, which holds under the conditions of
the proposition.
Case ii) 0 < sy, max(sy, 3 + i) <59 <51+ 1.
We write the sum as
oo+ > + Y =5+ 85+8s
k1>0,[n|2lkl  |In|<|k],0<ki<k?  |n|<|k|, k1 Zk?

In the case of S; we have

Sl < Z <k>25_280 < <k>237280*2‘
ooy R0k = k) a(n® = B2) + Ry [k - = k)T

We obtained the second inequality by first summing in n using part c¢) of Lemma 3.3, and
then in k; using part a) of the Lemma. Thus S is bounded in k if s < s¢ 4 1.

In the case of S5, we have
(a(n® = k) + ki + |k —n — k|) 2 k2, and (k1) (n +k — k1) > (n+ k) > (k).

Therefore,

1
Sy < (k 25—444b—2s1 <k 25—6+4b—2s1 s k).
2 < > E <k1>2<2k — k1>2(n>250 ~ < > G2 0( )
In|<|k|, 0<ki <k?

Note that Sy is bounded in & if s < min(sg + 1,s1 + 3 — 2b).
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Finally we estimate S35 as follows

53 < <k>23

S R =)+ R+ == P

1
< k 25—6—8s1 < k 28—6—881.
< (k) Z<a(n2—k2)+k1+]kl—n—k|>2_2bN<>

n

In the last inequality we used part c¢) of Lemma 3.3. Note that this term is bounded in &
if s <sg+1.
We now consider R;. By using Cauchy Schwarz, the convolution structure, and then

integrating in 71, 7o as in the previous case, it suffices to prove that

.S ) 2k S0k by~ )
P 2 (ak? —alk — k1 — k)2 — [k + ko] )2(K2 — K2+ k2 — (k — k1 — ko)2)2—2

< 00.
k kl,kz

Recalling (24), and using
(k* = k7 + k3 — (k — k1 — k2)?) ~ ((k1 + ka) (k — k1)),

it suffices to prove that

()2 (hy)~ 2so<z«2> 20 (k — oy — kg)=20
sup Z (2 — ky — ko)2((k1 + ko) (k — k1 ))2-2D

< 00.

Note that the contribution of the case k1 = k is

Z <k>28 250 < <k>25—250—min(27480)
~ k k2> <k2>480 ~ ?

and hence it satisfies the claim. For kj # k (since we also have k; + k2 # 0 by nonresonant

condition), we have ((k1 + k2)(k — k1)) ~ (k1 + k2)(k — k1). Also letting n = ki + kg it

suffices to consider the following sum:

<k>28
Z <2k _ n>2<k _ n>250 <n>2—2b<n _ k1>250<k1>250 (k _ k1>2—26

ki,n
= Z + Z =: 51 + Ss.

In—2k|>EL by jn—2k|<El gy

We have

1
23 2
D Y e ey ey ey

nk1
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Using max((k —n)2%0 (n —k;1)2%) > (k—k;)?%, and then part a) of Lemma 3.3 (recall that
2s0+2—2b> 1), we have

28 22 1
n)2=2min ((k — )220, (n — k1)) (k)29 (k — ky)200+2-2

nk:l

1
25—2 25—2—2s
S <k> Z <k1>230<k _ k1>250+2—2b S <k> 0.
k1

In the case of Sy we have

(n), (k —n) 2 (k),

and hence
1
Sy < (k 25—2s0—2+2b )
2 S (k) Z (2k — n)2(n — k)20 (k)25 (k — Joy )220
|"—2k\§‘*§|7k1
Note that
max((n — k1)>°, (k1)*°) 2 (n)**° > (k).
Thus,
1
Sy < (k 2s—4s9—2+2b )
2 S (k) Z (2k — n)2min((n — k1)250, (k1)250)(k — kp)2-20

\”—%K@,/ﬂ
Using part a) of Lemma 3.3 (noting that |n — k| > |k| and that (k)" Y¢g(k) = (k)P (k)
if 0 < 8,7 < 1), we obtain

1

So S <k>25_450_2+2b Z <2k72<k>—2+2b¢250 (k) S <k>25—450_4+4b¢230 (k)

_n>

Note that Sy is bounded in k if s < 59 + min(1, 2sg).

5. PROOF OF PROPOSITION 3.6

We first consider R3. By using Cauchy Schwarz, the convolution structure, and then
integrating in 71, 7o as in the proof of the previous proposition, it suffices to prove that
sup z*: (3)%51512 () > (Ga) >0 — g1 — Jo) >

i zog 1l = ali +72)2 +a(i = g1 = 52)?[ (7] = ] + a(i — g1 = j2)? — ajz)?=2

Recalling (25), it suffices to prove that

Z (3)%5 (j1) 72 (o) 250 (j — j1 — ja) >

55 =20 222 (= Il + @ = i = 32) — aj3)
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is bounded in j. Letting n = j — j1 — jo and m = jo, we rewrite the sum as
3 (7)**( —n—m)—>
(20— )2 my (2 {on? = am? + || = 1] — 1 — mlF2- 2

m,n

(27)

We note that a similar argument gives us the following sum for Ry:
S ()*(G —n—m)—>
(20— )2 (m) o 2o dan? = am? — [j] = | = n = ml+)22

m,n

(28)

We note that, by symmetry, if we can prove that

(29) Z <j>25 <.7 —n—- m>_281

(20— 2 m)o (o {an? — am? + ] — |j — n - ml+)72

is bounded in j # 0, then the boundedness of (27) and (28) follow.
Case i) —3 < 51 < 0.
We rewrite (27) as

Z T Z + Z + Z + Z + Z =: S1+52+53+544S5+S6.

Inl~mISlil Inl~mE> 15 nl<im] Inl>[m| Inl<|ml In|>[m|
li[Z|manl 1j[Zmatn] lh]<Imtn] - [j]<|mn|

For 57 we have

>25—231

{ -\ 25—2s1 —min(2,4
S < Z < <]> 5—2s1—min(2, so).
~ 2n — j)2(n)4%0(j — |j —n —m| + an? — am?)2-20 ~
i) & Al — g | )
In the second inequality we first summed in m using part ¢) of Lemma 3.3, and then in n
using part a) of the lemma.

For S5 we have

>25

(J [\ 25—251 —4sg—1
SS Y S (g)rm il
~ n)2+450+251 (5 — (7 — 1 — m| + an? — am?2)2-2b ~
it b=l | >
Again, we first summed in m using part ¢) of Lemma 3.3.

In the case of S3 we have |n| < |m| < |j], and hence

53 < Z <j>23725172
ey (el = 1i —n —m| +an? — am?)2-2
<j>2s—231—2 )
S 3 e S, () 5 (),

In| <
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In the case of Sy we have

(2n = j) + (j — i — n — m| + an® — am?) Z n®.

Since (2n — j) = n? implies that (2n — j) > (j), we have

1
(2n —5)2(j — [j —n — m| + an? — am?)?=2
S : p T ~1 a—ab
(1) =17 —n—m|+an? —am?)2=20 ~ (2n — j)2(n)*~
Therefore we estimate
-\ 25—251—2
Sy < Z - () !
~ (m)4so(j —|j —n —m|+ an2? — am?)2-2

Im|<n| <]

< '>237251
+ Z 2 ’ 2 4—4b 2s0 "
2n — j)%(n)2soT4=45(m)2s0
mimigst 279 m)
The first line above can be estimated as in S3 switching the roles of n and m. To estimate

the second line first sum in n using part a) of Lemma 3.3, and then in m to obtain

S <]~>2s—2sl—min(2,250+4—4b) ¢230 (]) < <j>2s—231—min(2,450) )

~

In the case of S5, we have

(j—lj —n—m|+an® —am?® ~ (m)*, |m| 2 |jl.

~

Therefore, noting that 2sg + 2s1 +4 — 4b > 1, we have

<]>2s
S5 < .
|n|§<7‘m| (2n — j)2(n)2s0 (m)2s0F2s1+4-4b
>2$

> y - )
S s—min(2,4s0+2s1+3-4b)
> 2o )2 {n) ot T30 S ) 0 2s1+3-45)

In the case of Sg, we have

(30) (j—li—n—m|l+an*—am?®) ~ (n)? |n| 2 |jl.
Therefore,
(j)*
S6 S Z (2n — )2 (n)2s0+2Zs1+4—db () 250

Im|<n|Zil
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<j>2s¢2so (n) -\ 25—280—251 —4-+4b .
S Z <2n _j>2<n>280+2s1+4—4b 'S <j> e ¢230 (j)
] 23]

In the last inequality we used |n| 2 |j| and then summed in n.
Case ii) s; > 0.
We rewrite (27) as
Z + Z + Z =: 51+ 52 + Ss.
In|<Iml - Imi<Inl<]i]  Iml<n|2l5]

In the case of S1, we have |j| <|j —n—m|+ |m+n| < |j —n —m|+|m|, and hence

(J—n—m)(m) 2 (j).
Using this and noting that sg > s;, we have
>28—251

(
S <
1~ Z (2n — j)2(n)450-251(j — [j — n — m| + an? — am?2)2-2b

In|Slml

S <j>2572317min(2,4507231) )

In the last inequality we summed in m using part c¢) of Lemma 3.3 and then in n using part
a) of the lemma.
In the case of Sy we have

S5 Y

Im|<|n|<]3]

<j>23—2—251

\25—2-2 ,
(m)4s0(j — |j —n — m| + an? — am?)2-2b S )T aso (4)-

Note that in the case of S3 we have (30). Therefore

(4)*
S3 < ' | |
3~ |m|<%>]| <2n — ]>2<n>230+4—4b<m>280 <] —n— m>2sl

If so + s1 > 1/2, we sum in m and then in n using part a) of Lemma 3.3 to obtain

<j>257230 —4+4-4b

< < /i
ws Inlgj (2n — §)2(j — n)2sr+min(0.2s0-1)= ~ )

25—2s9—4+4b—min(2,2s1,2s1+2s0—1)+

If so + s1 € (0,1/2], we have

S5 Y (g)?o ()l 202t (j)25—4s0—251 —B+4b+
~ 2n — )2(n)2s0+a—2 ~ \J :

Inl 23]

To estimate the second line



26 M. B. ERDOGAN AND N. TZIRAKIS

Note that each term above is bounded in j if s < s; + min(1,2sp — s1).

6. EXISTENCE OF GLOBAL ATTRACTOR

In this section we prove Theorem 2.8. As in the previous sections we drop the ‘£’ signs

and work with the system:

(10 + ad? +iv)u=nu+f, x€T, te[-T,T],
(31) (i0y — d + iv)n = d(|uf?),
u(z,0) = ug(x) € HY(T), n(z,0) =no(z) € L*(T).

We start with a smoothing estimate for (31) which implies the existence of a global

attractor:

Theorem 6.1. Consider the solution of (31) with initial data (ug,ng) € H' x L. Then,

for é ¢ N, and for any a < 1, we have

(32) u(t) — %My € O HIF([0,00) x T),
(33) n(t) — e " ng € CYH([0,00) x T).
Moreover,

L 02 —itd—
(34) [Ju(t) = "% ug | gra + n(t) — e ng|| gra < C(a, a7, | fllay s luoll a1, Imo0ll2)-

In the case o = 1 we have, for any a < 1,

t
(35) Hu(t)—eltai—vtuoﬂ / RNty gy
0

Hl+a + Hn(t) - e_itd_%nOHHa

< C(a,, [1fllmy lwollare, limoll 2),

where p1 is as in Proposition 3.2. The analogous continuity statements as in (32), (33) are

also valid.
Proof. Writing

u(z,t) = Zuk(t)eik“’, n(z,t) = an(t)eijx, f(z) = ka(t)eik‘”

k §#0 k
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we obtain the following system for the Fourier coefficients:

i@tuk + (Z"}/ — Oék:z)Uk = Zkl-‘rk‘gik‘, k1 £0 Ny Uky + fk,

(36)

We have the following proposition which follows from differentiation by parts as in Propo-

sition 3.2 by using the change of variables m; = njem‘“r'yt, and vy, = upel*F L

Proposition 6.2. The system (36) can be written in the following form:

(37) 0 [eito‘k2+7tuk] +ie 10, [eito‘kz+27t31(n,u)k] =

R o1 (k) + fr + Bi(n, f) + Ra(w)(k, t) + Ra(u, n)(k, 1)],

(38) 0y [etn,] +ie 0, [T By (u) ;] =

T [pa(j) + Ba(f,u) + Ba(u, f) + Ra(u,n)(j,t) + Ra(u,n)(j,1)].
where By, pi, i = 1,2, and R;, j = 1,2,3,4 are as in Proposition 3.2.

Integrating (37) from 0 to ¢, we obtain

up(t) — e*itakQ*'ytuk(O) = —Bi(n,u)r + efitakQ*VtBl (no, uo)k+
t
/ o (iak? ) (1)) { —vBi(n,u) —ip1(k) —ify —iBi(n, f)k] dt’
0

t
i / ek TRy () (R #') + Rolu, n)(R, )]t
0

First note that

t . ’ .
) | [ et I g,

Hite Hz’ak2 +7 Hl+a

In the case é ¢ N, using (39), the estimates in Lemma 3.4 and Proposition 3.5 as above,
and also using the growth bound in (8), we obtain for any a < 1

&2t — 2 3
lu(®) = ol e < || fllams +[I1f 41O 2+ 1w (@)l ]+ [l gy +linl 1]

1
9 9
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1

1 1
Using the local theory bound for X;’E’,Y;’2 norms for a § = §(||nol| 2, ||woll g1, || fll 1), we
obtain for ¢t < §

.
lut) = €% ug| grisa S Clasy, ||f 1l ol 22 + [luolla1)-

In the rest of the proof the implicit constants depend on a,~, || f|| g1, [|nollr2 + ||uo||z1- Fix

t large, and § as above. We have
lu(38) = €% 0u((G — 1)8) | giva S 1,

for any j < t/6. Using this we obtain (with J = t¢/J)

J
u(T8) = 0% Du(0) | e < Y ([l IET D (j5) — T IHCAET (= 1)8)| 1+
j=1
1

J
(J—5)6 S(iad?— . (J—5)6
e =DM lu(j8) — e20% N u((j — 1)) || giva S e VTN S ST

Mk‘

J=1 J=1
In the case a = 1, we have to separate the resonant term in this argument. We have the

following inequality for ¢ < §

S Cla v, [ l[as lnoll 2 + lluollm)-

H1+a ~

t
Hu(t) _ giadRtaty / (102 =)=t , gyt
0

Accordingly we have

Jo
[1e78) - e300 0) + / (1002361 )
0

H1+a

J "n
(J=)3(i0dZ=7) (4,(78) — 302 =gy ((7 — ' (1ad7=7)(G6=t") , ¢! =
> e (159~ D) i [ e pdt)|
J=1 J
! 52 0 s
Ze (J—j MH (j6) — %Ny ((j — 1)6) —i—i/ eli00z=7)(Go—t") 5, <
(i—1)3 atre

Jj=1

J 1
Ze—(J—j)tSW <
4 ~1—e %

The corresponding inequalities for the wave part follow similarly. The only difference is
that we don’t need to separate the resonant term, since ps € H' by Lemma 3.4.

This completes the proof of the global bound stated in Theorem 6.1. Finally the conti-
nuity in in H' x L? follows as in [9]. We omit the details. O
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Proof of Theorem 2.8. We start with the case é ¢ N. First of all note that the existence
of an absorbing set, By C H' x L2, is immediate from (8). Second, we need to verify the
asymptotic compactness of the propagator U;. It suffices to prove that for any sequence
t, — oo and for any sequence (ug,,no,) in By, the sequence Uy, (up,r, no,-) has a convergent
subsequence in H' x L2,

To see this note that by Theorem 6.1, (if (uo,no) € Bo)
U, (UO, no) = (eiatag—'ytu(h e_itd_’ytno) + Vg (UQ, no)

where Ny (uo, no) is in a ball in H'*t% x H* with radius depending on a € (0,1), o, 7, and
| £l By Rellich’s theorem, {Ny(ug,no) : ¢ > 0, (ug, ng) € Bo} is precompact in H' x L2,
Since

H (ez‘atag—ytuﬂ’ e—z’td—ytno)

—t
HHIXLQSG "0, ast— oo,

uniformly on By, we conclude that {Uy, (Uo,r,no,r) : r € N} is precompact in H' x L2.
Thus, U, is asymptotically compact. This and Theorem A imply the existence of a global
attractor A ¢ H' x L.

We now prove that the attractor set A is a compact subset of H1T%x H% for any a € (0, 1).
By Rellich’s theorem, it suffices to prove that for any a € (0, 1), there exists a closed ball
B, C HY x H® of radius C(a, , 7, || f||z1) such that A C B,. By definition

A= ﬂ UUtB[):: ﬂVT.
T>0t>7 >0
By Theorem 6.1 and the discussion above, V; is contained in a 0, neighborhood, N, of a
ball B, in H' x L? whose radius depends only on a,,~,||f||g:, and where 6, — 0 as 7
tends to infinity. Since B, is a compact subset of H' x L%, we have

A= (V- c () N-=B.

>0 >0
Now consider the case é € N. For simplicity, we take & = 1. We have to be slightly more
careful in this case because of the contribution of the resonant term, p;, which is does not
belong to H'*4 for any a > 0. Recall that, by Theorem 6.1, for (ug,ng) € Bo

t
(40) U, (UO,TLO) _ (ezatai—’ytu(),e—ztd—vtno) + Nt(uo,no) +Z(/ e(z@%—w)(t—t')pldt/,0)7
0
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where N;(uo,no) is in a ball in H'™® x H® with radius depending on a € (0,1),7, and

Il £l 1. Recall from Proposition 3.2, that the Fourier coefficients of p; are

(pl)k’ =pr (’I’L, u)k’ = N2k—sign(k) Usign(k)—k> k 7& 0.

In light of the proof of the case é ¢ N above, it suffices to consider the contribution of the

resonant term under the assumption that (ug,ng) € By. Using (40), we write
(41) pr(n(),u(t')) = p1 (e ng, u(t’)) + p1 (N (no), u(t))).
Now note that, by Lemma 3.4, we have

[o1(n, )| oo S el lull e

Using this with a = 0, we see that the contribution of the first summand in (41) to the

resonant term in (40) satisfies

t t
HJ/ Oy (e g, () ) dt }H'St/q@”““Nkzl“d”“norL2uu<ﬂ>uH1dﬂ
0 0

< te "Cla,, | f]lm),

which goes to zero uniformly in By. Similarly, the contribution of the second summand in

(41) to the resonant term in (40) satisfies

t t
| [ e (N ue)a |, [N o) e )
0 0

H1+a,
< C(a/.}/? HfHHl)

The rest of the proof is same as the case é ¢ N. O

7. APPENDIX

We prove Lemma 3.3. Note that, with m = ko — k1, we can rewrite the sum in part a) as
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For |n| > 2|m|, we estimate by

i S S s

[n|>2|m|

Finally for |n| ~ |m/|, we estimate by

2 W < (m) 0 (m) S (m) T dp(m).

n|~|m|

The last inequality follows from the definition of ¢3 and the hypothesis 3 > .

The part b) follows from part a). To obtain part c), write

]nz +oan+e =|(n+z1)(n+ 22)| > |n+ zi||n + xo|

where z; is the real part of z;. The contribution of the terms [n+z1| < 1 or [n+ x| < 1is

< 1. Therefore, we estimate the sum in part c) by
<14 Z 1 <1
~ — (n+21)7(n + 22)8 ~
by part a).
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