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ABSTRACT. We show that the time evolution of the operator
H=-A+i(A-V+V-A)+V

in R? satisfies global Strichartz and smoothing estimates under suitable
smoothness and decay assumptions on A and V' but without any small-
ness assumptions. We require that zero energy is neither an eigenvalue
nor a resonance.

1. INTRODUCTION

Magnetic Schrodinger operators on L?(R?) are of the form
(1) H=-A+i{A-V+V-A)+V=-A+1L

There has been much activity surrounding dispersive estimates for the case
A = 0 under suitable decay (and also regularity when d > 4) assumptions
on V. In fact, in that case the harder L'(R%) — L>°(R?) estimate is now
known in all dimensions d > 1 under the condition that zero energy is neither
an eigenvalue nor a resonance (and there are now also results in the case
when the latter assumption does not hold). The seminal paper for this class
of estimates is [11] and we refer the reader to [20] for a survey of more recent
work.

On the other hand, much less is known when A # 0. In [22] and [7]
Strichartz and smoothing estimates were obtained for small A and V. In
this paper we prove the following theorem:

Theorem 1. Let A and V be real-valued such that for all z,& € R3

(2) (@)|A(z)| + |DA@)| + V()| S (&)

) ST DA < (6
|| <2

@ VV (@) £ {x) 7

for some € > 0. Furthermore, assume that zero energy is neither an eigen-
value nor a resonance of H. Then, with P, being the projection onto the
continuous spectrum,

(5) e Pefllacrny < 1F 1|z ey
1
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provided % + % = % and 2 < p < 6. Moreover, the Kato smoothing estimate

o0 —o 1, 2
©) [ Ny @pienpgan < ol
holds with o > 4.

The definition of zero energy being neither an eigenvalue nor a resonance
is the usual one: there does not exist f € ﬁT>%L2’_T(R3), f # 0 such that
Hf =0.

In a sequel to this paper the authors will weaken the conditions on A and
V' — in fact, for the sake of simplicity we have chosen to impose somewhat
stronger conditions on A and V than the methods of this paper actually
require. Let us merely comment that (4) can be dispensed with — we only
include it in order to keep this paper self-contained: it is used to prove
the absence of imbedded eigenvalues as in the appendix. However, in the
recent work [15] a much stronger result is presented that does not require
this condition.

The approach in this work is perturbative around the free case despite
the fact that we make no smallness assumption; instead, we use Fredholm
theory as usual. The actual perturbation argument is the one from [19]
where it was used in the case of A = 0. The main novel ingredient in this
paper is a limiting absorption estimate for large energies. More precisely,
recall that in [1] and [9] it is proved that for H as in (1) under suitable decay
conditions on A and V and with 7 > %,

(7) b (V) @) ™7 (H — (A +i0)) " (z) (V)22 < C(6) < o0

provided there are no imbedded eigenvalues in the continuous spectrum.
It is well-known that this limiting absorption principle is of fundamental
importance for proving dispersive estimates, at least for the case of large
potentials. However, for this one needs to remove the restriction on A. To
extend (7) to zero energies is similar to the case A = 0. This step requires
the assumption on zero energy.

Note that (7) as stated cannot hold as A — oo since it fails even for the
free resolvent. Indeed, with 7 > %

(8) sup (V)2 (&) " (Ho — (A2 +i0)) M {z) ""(V) 2|22 S 1

and this is optimal in the sense that no more than one derivative in total
can be gained here. We will adopt the shorthand notation

R()(Z) = (H() — Z)_l

for the resolvent of the Laplacian. The resolvent of a general operator H
will be indicated by R (z), or else Ry (2) in the case where H is specifically
of the form Hgy + L.
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In this paper we extend (8) to H = Hy + L for the class of first-order
perturbations described in Theorem 1. A unified statement of the mapping
properties of the resolvent of H over the entire spectrum A > 0 is as follows.

Theorem 2. Suppose H is a magnetic Schrodinger operator whose poten-
tials satisfy the considitions (2)—(4). Then for T >4 and o € [0, 1],

(9) Sup AT (2) 7T (H = (W +10) ™) (V) la—2 S 1.

If one further assumes that zero is not an eigenvalue or resonance of H,
then this bound can be extended to

(10) sup N2V @) 7T (H — (W +00)) " Hz) (V) |22 S 1.

As a consequence, the spectrum of H is purely absolutely continuous over
the entire interval [0, 00).

Remark 3. A result of type (9), in the case v = 0, is proved in [18] using the
method of Mourre commutators. In that work the potentials require only
very slight polynomial decay, however they are also assumed to be infinitely
differentiable, with the derivatives satisfying a symbol-like decay condition.

Results of this type often rely upon the invertibility of the operator I +
Ro(A\?+10)L in a suitable weighted space L?~°. In the scalar (A = 0) case,
this becomes easy for large A as the norm of Ry(\?+i0)V decreases to zero.

One difficulty encountered here is that the norm of Ro(\? + i0)L does
not decay as A — oo, since there is no decay to be found in the operator
estimate (8). To circumvent this, we reduce ourselves to the invertibility of
I —(—=1)"(Ro(\? +140)L)™ and show that (Ro(A\?+i0)L)™ is of small norm
provided m and )\ are large.

2. THE BASIC SETUP

The following result is proved in [19], see Theorem 4.1 in that paper. It
is based on Kato’s notion of smoothing operators, see [12]. We recall that
for a self-adjoint operator H, an operator I' is called H-smooth in Kato’s
sense if for any f € D(Hy)

(11) ITe™ fll 22 < Cr(H)|If]|2

or equivalently, for any f € L2

(12) Sup ITRa(A £ i) fllpz 2 < Cr(H)|[fllL2-
15

We shall call Cr(H) the smoothing bound of T' relative to H. Let Q@ C R
and let Py be a spectral projection of H associated with a set 2. We say
that I' is H-smooth on Q if I'Pq is H-smooth. We denote the corresponding
smoothing bound by Cr(H, ). It is not difficult to show (see e.g. [17]) that,
equivalently, I' is H-smooth on 2 if

(13) sap IxaMTREA£i6)flrzr2 < Cr(H, Q)| fllL2-
>
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The estimate (5) of Theorem 1 is obtained by means of the following
result. The remainder of the paper is devoted to verifying the conditions
needed in Proposition 4. Furthermore, this verification will establish the
smoothing estimate (6).

Proposition 4. Let Hy= —A and H = Hy+ L with L = ijl Yj*Zj. We
assume that each Y is Hy smooth with a smoothing bound Cg(Hy) and that
for some €2 C R the operators Z; are H-smooth on §) with the smoothing
bound Cx(H,Q). Assume also that the unitary semigroup e*Ho satisfies the
estimate

(14) le" 0ol g1y < Crrolltoll 2

for some q € (2,00] and r € [1,00]. Then the semigroup e™! associated with
H = Hy + L, restricted to the spectral set 2, also verifies the estimate (14),
i.e.,

(15) le™™ Pagpoll g, < JCriy Cp(Ho)Ca(H, Q)|[tholl2

We refer the reader to [19] for the proof. Note that this approach does
not capture the Keel-Tao endpoint (which would correspond to ¢ = 2) —
the reason being the Christ-Kiselev lemma [2] which is used in the proof of
Proposition 4. To apply this proposition we write, with a decreasing weight
w(z) = (z)~7, for some sufficiently large o > 0,

L=2A-V+idivA+V
= 2iAw™ - V(V)"2(V)2w + 2iA - V(w Hw + idivA + V

(16) 2
- ZYJ‘*ZJ
j=1
where
N o _1 1
(17) Y= 2iAw - V(V)T2, 7y = (V)2w

Yy = [20A - V(w Hw +idivA +Viw™, Zy:=w

Throughout this paper, we shall treat ¢ > 0 as a parameter. In various
places we shall specify how large it needs to be chosen. Eventually, we shall
require o > 4, which will lead to the condition (2). It is standard that Y;
and Yy are Hp-smooth provided

(18) [A()| + [divA(z)] + [V(2)] S ()71 77°
We now start discussing the smoothing properties of Z; and Zs relative H.
It will suffice to discuss 7.

Let us first consider intermediate energies A%, i.e., A € [A\;', \o] = Jo
with Ao large. Then it was shown in [9], see also [1], that the resolvent of H
satisfies the following bound

1 . 1 _
sup [[(z)7275(V)RL(N® +i0) fll2 < C (o) [{x)2T=(V) " fll2

AeJo
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(in fact, a stronger bound was proved in [9]). More precisely, this bound
follows provided there are no eigenvalues of H in the interval Jy. However,
we prove the latter property in the appendix (see also [15]). Therefore,
(19)

sup |Z1RL(N? +10) Zf |22 < C(Ao) (V) 2w (V) Ha) 3+ |3, < C(No)
cJo

since H<V>%w<v>_l<$>%+6||2ﬂz < oo by pseudo-differential calculus. Fi-
nally, by Kato’s smoothing theory, see [17] Theorem XIII.30, we conclude
that Z; is H-smooth on 2 = J.

Note that this argument does not carry over to A — oo (in other words,
for magnetic potentials, unlike the case of V' alone, large energies are not
easy). This is due to the fact that the limiting absorption principles in [9]
and [1] do not yield a gain of one derivative uniformly in A\. We devote
Section 4 to this issue.

Next, we turn to small energies.

3. SMALL ENERGIES

As usual, this is reduced to zero energy. For the latter, we need to impose
an invertibility condition which amounts to boundedness of the resolvent
R, (0) between suitable spaces. More precisely, by the resolvent identity,

R (A2 +1i0) = (1 + Ro(\? +i0)L) "' Ro(\? + i0)

provided the inverse on the right-hand side exists. Therefore,

121 RL(N? +i0) Z5 || 22

= || Z1(1 + Ro(A\? +i0)L) 1 Z 1 Z1 Ro(A\? + i0) Z; ||2—2

< |1 Z1(1 4 Ro(A? +40)L) ' Z H|a—al| Z1 Ro(A? +40) Z7 || 22
By the smoothing properties of Z; relative to Hy,

sup || Z1Ro(\? + i0) Z} |22 < 00
A

provided o > 1. For A > 1 this follows from Agmon [1] with o > %, whereas
for small A this can be reduced to a Hilbert-Schmidt norm provided o > 1,
see [10].

Thus, we need to verify that

sup ||Z1(1 + Ro(N* +40)L) ' Z 20
IAl<Ag!

= sup [(V)
[A<Ag?t

N

w(l + Ry(A2 +40)L) L (V) "2 ||os < 00

for some choice of large A\g. First, we consider the case A = 0. As usual, we
let G := Ry(0).
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Lemma 5. Assume that L = 2iV - A — idivA + V satisfies |A(x)] <

(@)=, |divA(z)| + |V(2)| S ()72 with o > 1. Then ZiGLZ," is
a compact operator on L2
Proof. First, we consider only the 2iV - A part of L. We claim that
(20) V)GV - Aw™ fll2 S |1 f12
To see this, observe that by Plancherel
IDGV - Aw™ fll2 S [|Aw™ fll2 S |1 f2
provided |a| = 1. On the other hand, we will show that
(21) GV - Aw™ fll2 S [|Aw™ fll2ave S [ fl2
It suffices to prove that multiplication by @ maps H'¢ to L?. Let x(¢&) be

a smooth cut-off around zero. Then (1— x(¢)) @ maps H!T¢ to itself which
is even stronger. Moreover, by Holder’s inequality and Sobolev imbedding,
IX(IEI gll2 < IIXIEI™ s~ Nlgllo+ < Nlgller+

which implies (21). In conclusion, we have proved (20).
Thus,
(V)2wGY - Aw (V) "2 = (V)2w(V) V)GV - Aw 1(V) 2
is compact in L?, since <V>%w<v>*1 is compact in LZ.
Second, we discuss the V' := —idivA + V part of L. It will suffice to show
that

(22) (V)2 wGVw ™ @) fll2 S |1 £l

since then

(NI

(V)2wGVw HV) "2 = (V) 2wGVw ) (z) " (V)~
is compact. To prove (22), we argue as before:
V) 2wGVw™ (@) flls < IVwGVw™ (2)° flla + [[wGVw ™ (z)* |5

The second summand on the right-hand side is controlled by the Hilbert-
Schmidt norm provided o > 1. The first summand is similar to the proof of
(21). O

The following remark will be used to analyze the condition at energy zero.

Remark 6. Combining (20) with the usual boundedness properties of G on
weighted L? spaces (i.e., G : L?>% — L%~ provided 8y + f2 > 2 and
B1, B2 > 3, see [10] or [8]) yields

(23) ||GLh||L2,—‘r+s/2(R3) < ||h||L2,7T(R3)

for any 7 > (1 +€)/2 provided |divA(z)| + |V (2)| < (x)727¢ and |A(z)| <
<x>777175'

As an immediate consequence we arrive at the following.
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Corollary 7. Assume that ker(I + Z1GLZ[ ") = {0} as an operator on
L2(R3). Then I+ Z\GLZ; ' is invertible on L?. Moreover,

(24) 1Z1(I + Ro(A\* +i0)L) "' Z7 |2 < o0

uniformly for small . An analogous statement holds with Zy instead of Z.

Proof. The first statement is Fredholm’s alternative. Note that
(I+2Z,GLZ Y = 2,(1 +GL) 'z

where GL on the right-hand side is an operator on Z; *(L?(R?)). By the
same token, (24) is the same as

(I + Z1Ro(N? +i0)LZ; 1) Y22 < o0
uniformly for small A\. To prove this, we write
I+ Z1Ro(N +i0)LZ; = T+ ZGLZ{ ' + Z1B\LZ;

where By = Ry(\? +i0) — G. By a Neumann series argument, it suffices to
prove that

(25) sup HZlB)\LZfIHQ_Q — 0
A<t

as A\g — 00. We have the following bounds on the kernel of By (z,y):
Al

B < 0<~<1
| )\(:L'vy)|w ‘x_y‘l_,},v S >
A A2
(26) V. Ba(z,y)V,| < +
VSIS e ey
A
VaBa(o)| + Baa )9 S 2

To prove (25), we estimate
| Z1BALZ;  la—2 < |[VwBALw ™ |22 + [[wByxLw ™22
S NwVBALw ™ a—g + [ wByLw ™ |-

As before, we write L = 2iV - A + V. To conclude the argument, one now

uses (26) together with Schur’s lemma (for the ﬁ term) as well as the

Hilbert-Schmidt norm (for the others). O

We now relate the condition in Corollary 7 to the notion of resonance
and/or eigenvalue at zero.

Lemma 8. Suppose that zero is neither an eigenvalue nor a resonance of
H. Then under the conditions of Lemma 5 one has

ker(I + Z;GLZ; ') = {0} on L*(R%)
for j =1,2. In particular, (24) holds for small \.
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Proof. Suppose f € L?(R3) satisfies
f+ZIGLZ f =0

Set h := Z7'f. Then h = —GLh € L?>?(R3). Applying Remark 6
we see that h € L2’_(‘7—§)(R3). Repeating this process shows that h €
OT>%L2’_T (R3). Tt follows, see [10] and [8] that Hh = 0 in the distributional

sense. However, by our assumption on zero energy it follows that h = 0 and
therefore f = 0 as desired. The argument for Z, is analogous. ([l

4. LARGE ENERGIES
The goal of this section is to prove the bound

(27) sup ||ZlRL()\2 +1i0)Z7||2—2 < 00
A> Ao

with some large Ao and similarly with Zo. Here Z;, Z, are as in (17) with
w(z) = (z)~7. Note that in combination with the previous sections this will
finish the proof of Theorem 1. In order to establish (27) we introduce some
notations: for any A > 1 define

Thf(€) = (&/N 71 F(©)
as well as

Sy =Ty 'Ro(\* +i0)
It is clear that for any 7 one has
(28) T\:L>™ — L*7

with a bound independent of A. Indeed, by the Fourier transform this is
equivalent to

/Nt HT — HT
as a multiplication operator with norm independent of A\. The decay in large
|€] suggests that T also improves local regularity. More precisely,

V) Taf Il S NNl 2m

for any « in the range [0, 1].
The Fourier multiplier associated to S) is less well behaved, however we
still have the following bound:

Lemma 9. With Sy as before
V) Safllzz— S AT fll o
provided T > 3 and « € [0,1].
Proof. By algebra of operators,
(29) (V/A)2Ro(A? +i0) = 2Ro(\* +i0) — AT
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Therefore, if 7 > % and A > 1, then

1V /A2 Ro(A2 + i0) fl 2. < 2| Ro(N2 +i0) | s + A~2I|f | o

SN2

by Agmon’s limiting absorption principle [1]. Finally, we bound

I{V)*Safllpz—r < (V) Tallp2-r— p2—= [ (V /A)* Ro(A* + 00) f || 2.~
which finishes the proof. O
Remark 10. The resolvent estimate that we used above,

|[Ro(A\? +i0) fll p2—+ S A7 fllp2r

follows directly from the calculations in [1

|, but only appears as a separately
stated theorem in later works such as [10].
(

Next, we combine T and Sy with Z;
the case of Zy being easier):

in what follows, we will treat Z,

Lemma 11. Using the previous notations,

1 X 1
1215 fll2 S A2\ fllpz-o [ISXZ1 fllp2-o S A72]I ]2
for all X > 1.
Proof. First,
(30) 21T\ = w{V)2 T + [(V)?, Ty

Now, by the same Fourier argument as above,

1 1
V)2 T fllz2-o < A2 fllz2—o
Hence, the first term on the right-hand side of (30) satisfies the desired
bound. On the other hand, the commutator term in (30) can be written as

1 1 _
1KV 2, w Tl 2o 2 < (V)2 wlw™ Y| g2 2 0Tl 2o 2 S 1

uniformly in A. Indeed, [(V)é,w]w_l is a pseudo-differential operator of
order zero and is therefore L? bounded, whereas

|wTi[p2-o 2 S 1
by the preceding. Next, we claim that

« _1
(31) 12153 fll2 S A2 £l 120
which will finish the proof by duality. To prove (31), we write
7185 = Z1T\Ty 2Ro(N\* — i0)
From (29),
IT5 2 Ro(A* = i0) fll 20 S A7 fll 20

provided o > % Secondly, we have already shown that

3Ty« L*77 — L2
with bound Az. Thus, (31) follows and we are done. O
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Now we continue with the proof of (27). By the resolvent identity, we
have
ZiRL(A\? +1i0)ZF = ZyT\(I + S\LTy) '8\ Z;
provided I + SyLT) is invertible as an operator on L*~7. This invertibility
will follow by means of a partial Neumann series via the following lemma.
The proof of this lemma, which is the crucial technical ingredient in this
paper, will be given in the next section.

Lemma 12. Given A and V as in Theorem 1 as well as a positive constant
c > 0, there exist sufficiently large m = m(c) and A\g = Ao(c) such that

(32) sup ||(Ro(A? 4 40)L)™ || 120120 < €
A> Ao

Here o > 4.

In view of Lemmas 11, the estimate in (27) follows from the following
result:

Corollary 13. With the notation from above and for o > 4, we have
(I 4+ S\LT\)™' : L*7° — L*°
with a uniform norm for all large A.

Proof. We write the partial Neumann series, with m as in Lemma 12,

m

I+ S\ = (Z(—l)k(SALT,\)k> (I + (=1)™H(S\LTy)™ 1) ~!
k=0

By Lemma 12, the inverse on the right-hand side exists on L?»~7 with a
uniform bound for all A > A\g. Indeed, one has

(SALTy)™*t = S\L(Ro(A\? + i0)L)™ T
so that, with some constant C'; that only depends on A and V/,
[(SALTN )™ | 2o 2o
< [I8aLll 2 -0 2o [ (Ro(A? +40)L)™ | p2-o . 2o | Thll 20— 120
1
<Ciec< 3
provided ¢ was chosen sufficiently small. Furthermore,
SALTy\ = 2iS\A - VT + Sy(idivA + V)T
By (28) and Lemma 9,
[Sx(idivA + V)T fl 20 S | fllL2-0
Furthermore, again from (28) and Lemma 9,
IS\A - VTl 20— 2o S ISAAll 20— 2o [VTA| 2020 SATIAST

which means the finite sum of terms k = 0, ..., m can be controlled with a
bound independent of A. O
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At this point the proof of Theorem 2 is essentially complete, thanks to
the identity
(V) RL(A? +00)(V)* fll 2o = (V)TN + SHLTN) " S\ (V) f 2o
< V) Tl 2o 2o [+ SALTN) " 2o 2o [{V) S f | 12
S NPT + SALTN) 2o ool fll L2
For large A, the desired operator bound for (I + S\LTy)™! is given by
Corollary 13. For small )\, it follows from the Fredholm theory arguments

in Section 3. One needs only to repeat the steps taken in that section using
the operator T\ 1in place of Z;.

5. THE PROOF OF LEMMA 12

We start with the following observation: since L = 2iV - A —idivA+ V,
(33) (Ro(A2 +i0)L)™ = (20)™(Ro(A* +i0)V - A)™ + E,,(\?)
where the error E,,(A\?) satisfies

1En (M) 2o —p2-0 < C(m, V, A) A7
provided

|A(@)] + |divA(z)| + |V (2)] S ()~ '7°
This follows from Agmon’s limiting absorption principle [1].

Thus, we are reduced to L = V - A. To deal with this case, we shall
perform a conical decomposition of the free resolvent. Let {xs}sex be a
smooth partition of unity on the sphere S? which is adapted to a family of
caps X of diameter § (which is a small parameter to be specified later). For
the most part, we shall drop the subscript S so that y will denote any one of

these cut-offs and X will typically denote a cut-off associated to y but with
a dilated cap as support. We write

I\ z]
(34) Ro(X* +i0)(x) = ) xs(@/|z]) =t Y Rs(A* +1i0)(x)
Sex Sex
We begin by studying the multiplier associated with Rs.

e

47| x|

Proposition 14. Let x be a cut-off supported in a 6-cap on S? where § > 0
is a small parameter. Let Ky be defined as
" e ei)\|:(:\

A€ = F| e/l )

where F denotes the Fourier transform. Then
oM%< )
10 ={ 0l it 15 o
and for 3 < |€] < 10\
1

(35)  Kx(&) = O(672A72) + A R(E/I€D) £5(£/7) [dons (€) + iP'V-m]
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where X is a modified cut-off supported in twice the cap of x and || f5|lco S 1,
| £sllce < 672 for any a < 1.

Proof. By scaling, it suffices to set A = 1. Let

K(€) = Ko5(6) = / e

We assume that y(x) is smooth and supported in a d-neighborhood of
(0,0,1). Furthermore, by symmetry we can assume that &, = 0. We shall
use the identity

K(¢) = /52 /OOO e e ry(w)e " drdo(w)
(36) = [ e=ill =0 ) x@)do(w)

Case 1: &5 < % and [£| < 10.

Then, from (36) we infer that
K(€) = 0(8%)

i|x
ey €

X(@/|z])e™"* da

47 |x|

Case 2: |&3| > @ and [¢| > 10.
In this case |1 —w -] 2 [€] so that

52
K@I < 73
[K(E)] e
from (36).
Cases 3 and 4 deal with |£] > 10, |&] < ‘%' Note that then

{w & we 28}t =la(§),b(¢)]
where S := supp(x) C S? and b(¢) — a(¢) < 5. Moreover, 28 denotes the
twice dilated set S.
Case 3: |&5] < & and |¢] > 10, with 1 ¢ [|€]a(€), [€]b(€)].
Then

bE—0  §5ds 1 [-(@@+9)l 5
K(©)| < 05 o2 0 g
SHOIES /d5)+5 (T —slED ™~ ] Jimpe)—o)e v B
o)
S m(ll — (&) = SN+ 11— (al€) +0)I¢]] ™)
6 1
< - < g2
< e ~

as claimed
Case 4: |&] < 5 and [¢] > 10, with 1 € [|¢|a(€). [¢[b(€)]-

Here we write 5(s)
S
KO- | @1
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where I is an interval of size ~ ¢ centered at |¢|~! and [ (s)] < 5.
Shifting the center of ¥ to 0 and abusing notation, we obtain

@ 5Y(s) 0 [ Y(s)ds
FO= /65 Glel— 27 7 Tel Sy slel —
@ Y(s) - w <0> L0 [P w(0)ds
|5| —es SlEl - €] —cs sl€] —ie
=0(|¢]7?)
using the bounds on ¢’ and "
Case 5: &3 > % and % < |¢] < 10.
In this case we write

K(&) =0(67?) +/6 e e ra(re) dr

where

By stationary phase

a(r8) = o (d&/16) + RENED ) + 01 7505)

q GEE
Therefore, with e := %
=007+ = i(ll — €D ﬁ(fe\)e[_a+i(l_'w]62 " %e[_mﬂw
-2 e
=007+ %Jza(s)

Note that, as ¢ — 0, fs5 := lim._¢ f. 5 satisfies

1 fslloo S 1, Nl fsllce S 672

for any a < 1. Furthermore, in the sense of distributions,
, x(e) - 1
lim —————— = x(e)|dog2(&) +P.V.——
B e i e — Ol €)Y g
Here X on the right-hand side is modified to absorb any needed constants.
O

We shall use this result to prove Proposition 16 below, which is a version
of the limiting absorption principle. First, we prove a lemma about the
action of the singular part in (35) on functions.
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Lemma 15. Given a function ¢ in R? and 0 < a < 1, define

[p(€) = (€ + h)|

®la(§) = sup
L0 |h|<1 ||
Then
‘/ 0’A52 (d€) +iP.V. “ T X 1<\§|<)\+1]”
A —[¢]

S lelloiaszy + Ca lll@lallLras?)
provided the right-hand side is finite.

Proof. It suffices to consider the principal value part. Thus,

AL B2 [y o(60)do(6)
‘P v /§| Al<1 ’5\ )PV //\ B—A a5
AL B2 [ | 59 — p(A0)|do(0)
</ TSy ‘
ML G2 [ o(AG)do (6
(37) JF‘P.V./A_1 B Jse . Jdol )dﬁ\

The second term in (37) satisfies

S [ 1600)1d7(0) £ 3 el

whereas the first term is

A1

S - 316 = N [ela(A) do(0)df < Ca || [¢lallrs2)

as claimed. O

We now turn to the limiting absorption principle. Note the decay A ™!
on the right-hand side which corresponds to a gain of a derivative on the
left-hand side. Also, note that the constant does not depend on § at least if
A> 672,

Proposition 16. Let w = (x) ™7 with o > 4. For A\ > 62 define the kernels

~ B M=yl gy
Auto) = e (g Jow

Q(w.9) = (@) e (Z= ) )

e —y e —y

Then,

1@xll2—2 < Cor~t, [@xll2—2 < Co
The constant Cy does not depend on J.
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Proof. 1t will suffice to treat Q). We apply Schur’s lemma. Thus, using the
notation of Proposition 14 (and assuming that w is real-valued)

- / / EKA(EB(E — £)D(E — &) dEF(€1)(E) dé1des

The theorem follows provided we can show that
(39) w || [ es©mie - (e - &) aef e 51

First, note the bounds
(39) @) S Ve S @

In fact, one has rapid decay here but it is not needed. Second, it follows
from Proposition 14 that Ky := K7 + K9 + K3 where

K1(8) = O(6 2 A7?)x(e<10x]
(40) K208 =0(¢" )X(el> 100

K3(&) = A x(e) fs(£/N) [daxsz(f) +iP.V.s 1|€’X[)\ 1<|£|<>\+1]}

The cut-offs here are understood to be smooth. It is easy to see that K;
and Ky contribute O(672A71) and O(A™1) to (38), respectively. To bound
the contribution of K3, we use Lemma, 15. Thus, define

p(&) = Ex(&/1EN f5(§/ N w(&r — W (€ — &)
Then
(41)

lellinsy $3 [ XE/IEDIE ~ 75716 - €= do(e) = In6r. )
as well as
(42) [@lallzr(as2) S ((M)_l +(8°0)” )J,\(§1,§2) Ir(&1,€2)

provided A > §72. In view of Lemma 15 the contribution by K3 to (38) is
bounded by

sup )\_1/!]/\(51752)d§1 Sl
&2

and the proposition follows. ([

Next, we study the effect of composing two resolvents which have been
restricted to disjoint conical regions.
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Proposition 17. Assume that o > 4 and

(43) dTIDYAE) S (TP VeeR?

o <2

where ¢ > 0. Let 81,82 C S? with dist(S1,S2) > 55 where dist is the
distance on S%. Let Ry(\?) and Ra(\?) be the free resolvents which have
been restricted to conical regions corresponding to S1, So, respectively. Then

||UJR1 ()\2)V . ARQ()\2)Vw”2_,2 S st
provided X\ > 6 2.

Proof. We use Schur’s lemma as in the proof of Proposition 16. Thus, we
write

/ / / Ri(V)(z — 2)A(2) - Vy Ra(V) (= — y)w(y)F () dudyd>

- [ [av ? (n) dédn

where (with real-valued w)

Ue,n) = / B(E — €)ER O (E) A6 — €)ERa(R) (€28 — &) dErdes
We claim that

(44) sup / U, )] dE < 67227
n R3

By symmetry, this will imply the proposmon Next, we write as in (40) for
the Fourier transforms K /(\J ) = R; ()\2) with j = 1,2

Kﬁ\j) _ K%J‘) —&—Kéj) —|—K§j)
The integral on the left-hand side of (44) is bounded by

(45) Z/‘/ (E—ena kM (e (52—51)52-’(](-2)(52)@(77—52)dgldgg‘dg

3,j=1

Of the nine different combinations here all but i = j = 3 are easy. Indeed,
if i = 1,2 and for any j = 1,2, 3,

[ [ ot - arPenie - e)6ar? €an - &) dade| ¢

so ! 1ot -elde [ ] [ Ale - 006K €0 - &) de| dedss
<o At
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by the discussion following (38) (in particular, recall (39)). It remains to
consider 7 = j = 3. For this we shall use Lemma 15. Let

N / Al — &K ()0 — &) déy

d
= _1/80(52)[%52(6152)+2‘P-V-)\_;|2§2‘X[A_1<|52<A+1]

with ~
p(&2) == A& — &)éaxa(&2/[&]) f5(&2/ N W(n — &2)
Here x» is a cut-off adapted to Sa. By Lemma 15, and (41), (42),

Gr(&nnl S [ el =)&) dofe

Note that the same estimates hold if we replace A with VA. Therefore,

VaGa@nl S [ (/e - ) - a) " do(e)

In view of these estimates we can apply Lemma 15 again to obtain
| [t - enar @@ d
S / (€ — €1>3SX1(€1/\§1D/ X2(&2/|6]) (€2 — &) 7275 (n — &2) 7 do (&) do (&)
252 252

Hence the contribution of i = 7 = 3 to (45) is bounded by

//)\52 /AS2 (€ =) xa(& /16 xa(Ea/[6a]) (2 — £1) 727 (n — &) 7P do(&2)do (1) dE
< / / x1(€1/1&])x2(&2/162]) (& — €1) 375 (n — &) 3 do(&)do (1)
AS? Jas?

1
<—— < il
~ )\dist(Sl,Sg) ~

This is again smaller than 6=2A~!, as claimed. O

We now write the power on the right-hand side of (33) as a sum of prod-
ucts (dropping A% + i0 from the resolvent):

(46) (RegV-A)"= > RsV-A...V-ARs,V-A
Sty SMES

There are two types of chains 51,8, ...,S,, in this sum:

o if dist(S;, Si+1) < 50 for all 1 < i < m — 1, then we call this chain

directed
e otherwise, we call it undirected
For the undirected chains there is the following corollary of the previous

proposition.
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Corollary 18. If {Sj}}”:l 1s undirected, then for o > 4

(47) |Rs,V+A...V-ARs, V- Alp2-0_2-0 < C(m, A)5 2\
provided \ > 6~2. In particular,
(48)
Y RsV-A...V-ARs,V- A’ < C(m, AN
817_&737”65] L2:—0 2,
undirecte

provided X\ > 6 2.

Proof. This follows by applying Proposition 17 to one pair of resolvents
where dist(S;, S;11) > 50; for the others, use Proposition 16. More precisely,
with i as specified, we write

(49) AR5,V -ARs,, V- A= Aw 'wRs,V - ARs, V- ww 'A

i+1 i+1
where as usual w(z) = (z)77. In view of |A(z)] < (z)72° and by our
assumptions on A, we apply Proposition 17 to the right-hand side of (49)

to conclude that

(50) |lwRs,V - ARs

i+1v ' w”2—>2 ,S 572)‘71

To combine this with Proposition 16, we insert factors of ww™! as follows:

with A .= w 1Aw™!,
m ~ ~
[[(Bs,VA) =w™! (wRs, Vw) A (wRs,Vw) A - ...
j=1

... A(wRs,V - ARs, \V - w) A(wRs,,,Vw) ... (wRs, Vw) Aw

i+1 142
Observe that

sup ||lwRs; Vw22 < C
J

uniformly in A > 62 as well as ||Af||2 < ||f]j2. Combining this with (50)
yields (47). To pass to (48) one sums over all possible choices of undirected
chains of which there are no more than (C/§)?™. O

Remark 19. The summation over all possible paths is quite inefficient, as
it does not take advantage of any orthogonality between different operators
Rs. However large the constants may be, once A, m, and § are fixed, the
bound in (48) still approaches zero in the limit A — oo.

Finally, we turn to the directed chains. For these it will be important
that dm < 1 to ensure that the composition of resolvents restricted to any
directed chain remains outgoing. Moreover, we will need to distinguish the
near and far parts of the free resolvent kernels which are defined as follows:

Q3(z,y) := w(@)[VyRs(x — y)x(|lz — yl < p)w(y)
Qs(z,y) := w(@)[VyRs(x — y)x(|lz —y| > p)w(y)
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where 1 = x(Jz — y| < p) + x(Jx — y| > p) is a smooth partition of unity
adapted to the indicated sets. The parameter p here is a small number
depending on m. For the near part, we have the following refinement of
Proposition 16.

Proposition 20. Under the conditions of Proposition 16 one has
1Q%ll2a—2 < Cop,  [|Qsll2—2 < Co
provided X > 6 2p~. Here Cy does not depend on §.

Proof. Because of Proposition 16 it will suffice to prove the bound on Q%.
In this proof, we shall write

Xp(z —y) = x(lz —y| <p)
Observe that X, is rapidly decaying outside of a ball of size < p~!. Thus,
as in the proof of Proposition 16, and with K (&) := (K (€),

/ Q3. 9)F ()g(x) dedy

- / B () * F(€)@ # 5(E) de
- / / B+ OB — )D€ — &) dET (617 () dEdes

The theorem follows provided we can show that

o0 s [ | [ GloRE - (e - &) def s S 0

It follows from Proposition 14 that
Ky = K, + Ky + K
where (with smooth cut-offs)
(52)  [KixX)(6) =0 A7)
(53)  [K2xXp](6) =00
K3+, =
(54) =2 {Xs fs(-/2) [)\daxs2 (n) + iP-V~)\_L|n|X[>\71<\n|<)\+1]} }

We also used there that A > p~!. The contributions of (52) and (53) to (51)
are treated as in Proposition 16 and yield a bound of § 2A~! < p as desired.
For the contribution of (54) we note that

K5 X1(6) S p
Hence, the contribution of (54) to (51) is controlled by

< ps [ 1t - oate - el azaa <o
as desired. O
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Next, we write

> RsV-A...V-ARs, V- A

S1,...,.SmED
directed

B 1 el T ~ e
= E E w QR A AQS Aw
S1,0.,SMEY €1,...,em=0,1
directed

(55)

Fix a directed chain and assume without loss of generality that it is directed
along the positive x1-axis. Since dm < 1, one has

Q}gj_ (r,y) =0 unless z; —y; > g

for each 1 < 7 < m. Next, we decompose
A= Z Ap, An(l‘) = A(x)X[np/2<x1<(n+l)p/2]
nez
We start by estimating the contribution of products consisting entirely of
far kernels.

Lemma 21. Suppose that |A(x)| < Ca{x)=2°717¢ with o > 4. Then, using
the previous notations,

. - cm
1 1 3

Qs A...AQ AH <

H S1 Sm o = ml P

provided X > 62 + p~1. The constant C3 here depends only on A.

Proof. By our assumptions,

1A fll2 < Ca(L + Inlp/2) 7721 f]l2

Moreover, since sup; <<, HQ}SJ lla—2 < Co,
1 7 inl 3
Q5 A... AQs, 4|

ni>n2>...>nm

<cr Y [ le—e

ni>ng>..>nm j=1

<crey Y T +Insle/2)7t

n1>ng>..>nm j=1

D Y | (RN

m)

2—2

n1,Mn2,....,Nnm €Z j=1
m
Cs

pmm!

as claimed. O
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Next, we turn to the general case.
Lemma 22. Under the conditions of Lemma 21,
> QS A AQE: Az < C¥'m TS
€1,y.-,em=0,1

where C5 only depends on A.
Proof. Let p= 37" 5. Then
> Q3 A AQY, Al

€14.-,em=0,1

(56) < Z Z(sz Z (em) Zcm 1—e1 P 1- MHHATZ ll2—2

€1y.-,6m=0,1 mn1 Ny —1

Here, for fixed n;y1,

Z(ai-H) . Zni>ni+1 if Eitrl = 1
o Z if Ei+1 = 0

n; ni+1+32n;2ni41
Now
. (em) "
(56) §2 Z Z ) LYY (Cacy)
..... em=0,1 n1 Ny —1 N,
T Inglof2)
j=1
m—1 e
m—1 p \m—L(—1
< (4 m - rF (=
(57) < (404 C) Z( ¢ )(m—z—m(p)

(=1
by counting and symmetry as in the proof of Lemma 21. Simplifying further,
we conclude that
20

m m X p
(58) (57) < CY'p >;< >m

The contribution of the sum over ¢ > mT_l + 7 to the right-hand side of (58)

is at most (2C4)"p%. On the other hand, the sum over ¢ < melgpom g

bounded by
p_ (m_ 1)

[m/4]!

Setting p := m~s the lemma follows. O

(2Cy)™

Using (55), Lemma 22 and the observation that there are at most §—2C™
directed chains we conclude that

(59) H 3 RSIV-A...V-ARSmV-A’

S1,...,SmED
directed

< 672Cm 16

[2,—0_[2,—0
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Recall that in Lemma 12 we are given an operator L (quickly reduced to the
case L =V - A) and a small parameter ¢ > 0. Based on the value of Cg(A)
from (59) we choose m and § = (10m)~! large enough so that the right side
of (59) is less than §. The bound for directed chains is independent of \.
For the undirected chains, we apply Corollary 18 directly. With the quan-
tities m and § already fixed, it is easy to find Ay so that the right side of

(48) is less than § whenever A > ). This finishes the proof of Lemma 12.

6. APPENDIX: ABSENCE OF IMBEDDED EIGENVALUES
We consider H = —A—i—%(A-V—I—V-A)—i—V.

Theorem 23. Assume that V is bounded and converges to zero at infinity
and

[VV ()], |A(2)], | DA(z)| < C{z)~'.
Also assume that divA = 0. Then H does not have any positive eigenvalues.

Let F' > 0 be a radial, nondecreasing function with |[VF| < 1. Write
VF = zg and let ¢p = ey for any function ¢. Suppose H1) = Et with
efvp € L? and E > 0. We let K be the symmetric generator of dilations:

1
K=—-(z-V+V-2x)

2
Then
(60) Hip = EYp + [—(V-VF +VFE-V) + |VF? +iA- (VF)[Yp.
(61) (Yr, HYr) = (Yr, (IVF|* + E)r).
(62)

(W, [H, KJYr) = =4 VaKYr|3 + (br, Cvr) — 23(A- (VF)r, Kir),
(63) C=(x-V)g—z-V(VFP.
(64)

(Wr, [H, K|Yr) = 2B|[¢r|3 + ($F, (—iA-V =2V — 2 VV)yp),
Avj :Aj—l—l"VAj.

Here C'is a multiplication operator, i.e., the derivatives only act on the func-
tions in the definition of C'. These are relatively straightforward commutator
identities. For example, to derive (62) we proceed as follows:

(Vr, [H, K[Yp) = (HYr, Kp) + (K¢p, HYp) = 2R(Hp, K¢r)
From (60),
Hyp = EYp+ [—g(V-2+z-V)+ |VF[? +i(VF) - Alp —z - (Vg)vp
= Bp — 2gK¢p + (VF[? +i(VF) - A)pop — x - (Vg)ir
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Hence,
(Yr, [H, Klpr)
(65) = —AR(gKr, Kypr) + 2R((|VF* — 2 - (Vg)pr, Kir)
+ 2R(i(A - VE)p, Kip)
Let w be any real-valued function. Then, formally,
(KYp, wipr) = —(YF, K(wir))

= —(Yr, [K,wlYr) — (Yr, wKir)

= —(r, [K,wlpr) — (wpr, K¢p)
and therefore,

2R(Kpp, wipr) = —(YF, [K, w]Yr)

Setting

w=|VF” —z-(Vg)
we can further simplify (65) to (62).

Let ¢ € L? and E > 0 satisfy Hy = Ev. Let o > 0 be a small constant.
We will prove that e®#ly) € L2, To this end define, for all R > 1,

Fr(r) = a /0 " X(0)(1 = x(p/R)) dp

where x(r) = 0if |[r| < 1 and x(r) = 1 if |r| > 2, and x > 0 and smooth.
Assume that ||efRy)|ls — oo as R — oo. Define pr = ¥py, /||Fy|l2. Then

lim lor(z)|*dz =0
B=00 Jlaj<m

for all M > 0. In particular,
(66) (pr,wpRr) — 0
as R — oo for any bounded w with |w(z)| — 0 as |z| — co. By (61),
IVerl3 = (¢r, Hor) + (pr, (—iA-V = V)pR)

= (¢r, (\VFR|> + E)oR) + (pr, (—iA-V = V)pp)

<|IVFr|% + E+ Ve + |AlI%/2 + [V erl3/2
Since supps [|[VFR||o < 00, it follows that
(67) sup [|[Ver|l2 < oo.

R>1
We now claim that
(68) liminf(pp, [H, K]pr) > 2E
R—oo

This will lead to a contradiction via the second identity (62) provided « is
small depending on E > 0. To verify the claim, we need to check that

dim (op, (—iA-V =2V —2-VV)pg) =0,
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see (64). However, this property follows immediately from (66) and (67)
because of the decay of A and V,z-VV. Next, we use (62) to conclude that

(69)  lim sup(pr, [H, K]or) < limsup [{pr, [(x- V)*gr]erR)
+ lizn sup [(¢r, [z - V(IVFg|*)]¢r)
+ 2limsup |(A - (VFR)pr, KoR)|.

R—o0
Note that
(70)
(A (VFRr)por, Kor)| = [(A- (VFR)¢R, (3/2+ x - V)pr)|
S A (VER)pr, pr)| + [|A - VFR|z|oR|2 VRl
— 0, as R — oo.

In the last line we used (66), (67) and the decay of |A| at infinity. Now,

(r9:)%gr = X)L =x(r/B)) —ax'(r)+ X (r/R) + arx"(r) = 5/ R)

which implies that
o

(71) sup |(rd,)*gr(r)| S 7

R>1 (r)

Thus, using (66), we have
(72) lim (pr, [(x - V)*grler) = 0.
R—o0
Finally,
2

_yre?

(ry)(VFR)* = 2%y (r)x(r) 7 (L= X(r/R)X(r/R)

which yields

(73) sup | (r,)(VER)*(r)| < o.
R>1

Using (70), (72) and (73) in (69), we obtain
limsup(pg, [H, K]pr) < o
R—oo

For small a < ag(FE) we obtain a contradiction to (68).

Next, we claim that e®®ly) € L2 for all & > 0. This can be done induc-
tively, by increasing « in steps of ¢ for suitable ¢ = £(«). More precisely,
with any a > 0, we define

(74) Fr(r) = arx(r) + /0 (01— x(o/R)) dp.

Then, on the one hand, (68) remains unchanged. On the other hand, (70)
and (72) remain unchanged, and hence we have

(75) lim sup(pr, [H, Klpr) < lim sup (R, [(z - V)|V Fg|*loR)|-



STRICHARTZ ESTIMATES FOR LARGE MAGNETIC POTENTIALS 25

To bound the latter, we observe from (74) that
0, |V ERP” = 10, [ax(r) + arx/(r) + ex(r)(1 — x(r/R))]
— 2 Jax(r) + arx'(r) + ex(r) (1 = x(r/R))|
20X/ (1) + arx (1) + X' (r) — eR X (r/R)|
Thus,
‘Tar’VFRF‘ S X<z + (@ +€)e

whence
limsup(pr, [H, Kler) < (o +e)e

R—o0
see (75). It follows that as long as ¢ < ™!, this contradicts (68). Since

floo a~lda = oo, we see that e®*ly) € L2 for all a > 0.
The final step in the proof of the theorem is the following lemma.

Lemma 24. Let H be as in the theorem. Assume that v satisfies Hy = Ep
with E > 0 and e®®ly € L2 for all o« > 0. Then ¢ = 0.

Proof. Let F,, = a(z) and 1, = ef>1). Then
V4l = (e ~Ata) 2 (Yo Heia) = Clgall ~ V90l
and therefore, by (61),
(76) 194l > 5 (s HYa) — Ol
> 2 (s [VFaPYa) = Clal

= £ (W0, %2 (r) 40} — Ol
Since [H, K] = —2A —x - VV — iz, (0, A;)0;, we conclude that
IVall3 < (Was [H, K]tha) + Cllvall3
(77) < (Y, [(x - V)?90 — 2 - V(IVFo|*)]¢a)
+ (A (VFa)Va, Ktba)| + Clltbal3.
Note that
(A (VEo)tar Ktba)| = [(A- (VFa)ta, (3/2 + 2 - V)a)|
< Cllval + 51 V¥al
Using this in (77), we obtain
IVYall3 < 2(ta, [(x - V)?ga — 2 - V(IVFa|*)]¢a) + Cllvall3
(78) < 2(tha, {3 (r) 70 = 2%(r) 7] = 2012 (r) " }a) + Cllvball3.
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Combining (76) and (78), we get

<¢’ 62Fa [052(1

21“2(1“)72 + 41“2(1“)74) + a(4r2<r>73 — 67“4(7’)75) — C]¢> <0

This can be written as

[ Puate) e <0

where inf, wq () > cga? > 0 for all « large (with cg independent of ). This

is a contradiction. O
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