EXISTENCE AND UNIQUENESS THEORY FOR THE FRACTIONAL
SCHRODINGER EQUATION ON THE TORUS

S. DEMIRBAS, M. B. ERDOGAN, AND N. TZIRAKIS

ABSTRACT. We study the Cauchy problem for the 1-d periodic fractional Schrédinger
equation with cubic nonlinearity. In particular we prove local well-posedness in Sobolev
spaces, for solutions evolving from rough initial data. In addition we show the existence
of global-in-time infinite energy solutions. Our tools include a new Strichartz estimate on

the torus along with ideas that Bourgain developed in studying the periodic cubic NLS.

1. INTRODUCTION

In this paper we study a fractional semilinear Schrodinger type equation with periodic

boundary conditions,

0 iug + (—A)u = tu*u, €T, teR,
u(,0) = uo(x) € H¥(T),
where o € (1/2,1). The equation is called defocusing when the sign in front of the nonlin-

earity is a minus and focusing when the sign is a plus.

Posed on the real line the equation has appeared at a formal level in many recent articles,
see [12] and the references therein. For example it is a basic model equation in the theory
of fractional quantum mechanics introduced by Laskin, [13]. A rigorous derivation of the
equation can be found in [12] starting from a family of models describing charge transport in
bio polymers like the DNA. The starting point is a discrete nonlinear Schrodinger equation
with general lattice interactions. Equation (1) with a € (1,1) appears as the continuum
limit of the long-range interactions between quantum particles on the lattice. Whereas,
allowing only the short-range interactions (e.g. neighboring particle interactions) the au-

thors obtain the standard Schrodinger equation (o = 1) which is completely integrable, see
[1].
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In this work we study the periodic problem mainly for two reasons. First due to the
lack of strong dispersion the mathematical theory for the fractional Schrodinger equations
are less developed than the cubic nonlinear Schrédinger equation (NLS). Secondly when
we consider periodic boundary conditions the analysis becomes harder, for any dispersion
relation, since the dispersive character of the equation can only be exploited after employing
averaging arguments and a careful analysis of the resonant set of frequencies, [8].

The local and global well-posedness for the periodic NLS was established by Bourgain
in [2]. He used number theoretic arguments to obtain periodic Strichartz estimates along
with a new scale of spaces adapted to the dispersive relation of the linear group. More
precisely he proved the existence and uniqueness of local-in-time strong L?*(T) solutions.

Since it is known that smooth solutions of the NLS satisfy mass conservation

M(u)(t) = / fut, )2 = M(u)(0).

Bourgain’s result showed the existence of global-in-time strong L*(T) solutions in the fo-
cusing and defocusing case. The L? theorem of Bourgain is sharp since as it was shown in
[4], the solution operator is not uniformly continuous on H*(T) for s < 0.

The local well-posedness for the fractional NLS on the real line was recently studied in
[6]. The authors showed that the equation is locally well-posed in H*(R), for s > 152,
They also proved that the solution operator fails to be uniformly continuous in time for
5§ < I’Ta Since the periodic case is less dispersive, we expect the range s > PTQ to be the
optimal range for the local theory also in the periodic case.

In this paper we obtain the following results for the fractional NLS. We first establish a

Strichartz estimate that reads as follows

1™ Flips pa_ S I f sy,

teTzeT ™

for s > lfTa. To use this estimate and prove local well-posedness of the equation one has to
overcome the derivative loss on the right hand side of the inequality. In principle this can
be done by the method in [5] and [7] which gives local well-posedness in the H*(T) level,
for s > 152, However, since the proof in [5] and [7] is quite involved, we choose to establish
the local theory by obtaining trilinear X** estimates directly. Then a standard iteration
finishes the proof without any further analysis. We remark that for classical solutions in

H*(T), s > 1, local theory in the space C([0,T]; H*(T)) is known. The proof is the same
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both on the real line and on the torus and it is based on the Banach algebra property of

the Sobolev spaces for s > % Moreover the length of the local interval of existence is lower

bounded by W To lower the regularity of the local existence theory and to prove the
Hs (1)

smoothing estimate of section 5 we have to reprove the local theory in the X** spaces. In

this case the solution is controlled on the larger X** norm, since X" € C([0,T]; H*(T))

1

5, and thus the length of the interval of existence is smaller. In our case for

for any b >
s > L it is lower bounded by 1
2 lluoll s (m

We note that in addition to the conservation of mass, smooth solutions of (1) satisfy

energy conservation

E(w)(t) :/T“wau(t,x)fi%/T@(t,x)\‘*:E(u)(c)).

Note that local theory in H® level along with the conservation of mass and energy imply
the existence of global-in-time energy solutions. Since the equation is mass and energy
sub-critical, [14], one also obtains global solutions also in the focusing case. This follows

from the Gagliardo-Nirenberg inequality
1 4—1
lullze S MVl g2 lull .~

which controls the potential energy via the kinetic energy |||V|*ul| 2. One can then control
the Sobolev norm of the solution for all times even in the focusing case since é < 2. We
omit the standard details.

In the second part of the paper we use the high-low frequency decomposition of Bour-
gain, [3], to prove global solutions below the energy level. Bourgain’s method consists of
estimating separately the evolution of the low frequencies and of the high frequencies of
the initial data. The low frequency part is smooth and thus by conservation of energy
globally defined. The difference equation which is high frequency has small norm. By
using smoothing estimates this decomposition can be iterated as long as the norm of the
nonlinear part is controlled by the initial energy of the smooth part. As a byproduct of
the method one obtains that the nonlinear part of the solution is actually smoother than
the linear propagator and stays always in the energy space. Moreover the global solu-

tions satisfy polynomial-in-time bounds. We summarize the results in the following two

theorems:
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Theorem 1. For any a € (%,1), and any b > % sufficiently close to %, the equation

(1) is locally well-posed in the space X3* < C([0,T); H¥(T)) for any s > 52, where
T =T(||uo|

me(r)). Moreover, for s > 5 ;{4&)'

Theorem 2. For any a € (3,1), the equation (1) is globally well-posed in H*(T) for any

10a+1

s > Moreover,

u(t) . eit(—A)":I:z‘PtuO c Ha(r]r)

for all times, where P = X|juol|3.

Remark. We will prove Theorem 2 only for the defocusing case. As we mentioned in our
introductory remarks since the problem is mass sub-critical for a > =, we can also control
the H* norm of the solution by Gagliardo-Nirenberg inequality in the focusing case. Once
we have the control of the norm in terms of the initial energy, the proof of the theorem
follows along the same lines. In particular we obtain the same global well-posedness results

with the same global-in-time bounds for the focusing problem.

The paper is organized as follows. In section 2 we introduce our notation and define the
spaces that the iteration will take place. In addition we state two elementary lemmas that
we use in proving the Strichartz estimates and the multilinear estimates. Section 3 contains
the proof of the Strichartz estimate. It is obtained by a careful analysis of the resonant terms
and non resonant interacting terms. Section 4 contains the local well-posedness theory for
the model equation. We prove multilinear estimates in the X*° spaces defined in section
2. In section 5 we prove the main smoothing estimate of this paper. The reader should
notice that the estimate is sharp within the tools used and for @ = 1 it coincides with the
smoothing estimate for the NLS that was recently obtained in [10]. Finally in section 6 we
use the established local theory and the smoothing estimate to prove global well-posedness
for infinite energy solutions. As a final remark we note that our global-in-time results are

not optimal.

2. NOTATION AND PRELIMINARIES

First of all recall that for s > 0, H*(T) is defined as a subspace of L? via the norm

H3(T) ‘= Z y2s| f(k

keZ

1.f1
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where (k) := (1 + k%)% and f(k) = L [27 f(x)e**dx are the Fourier coefficients of f.

Plancherel’s theorem takes the form

~ 2 1 27 )
> IfR) _ﬁ/o |f(x)dx.

kEZ

We denote the linear propagator of the Schrédinger equation as e®(=2)% where it is defined

on the Fourier side as (eim f(n) = et f(n) Similarly, |V|* is defined as |W) (n) =
na]?(n) We also use ()T to denote (-)¢ for all € > 0 with implicit constants depending on
€.

The Bourgain spaces, X*°, will be defined as the closure of compactly supported smooth

functions under the norm

lull s =le ™2 ull gy gy gy = 11T = 1) ()*@n, )| 2z,

and the restricted norm will be given as
||| s.o=1nf(||v] xsp, for v =wu on [0,T]).
XT

In this paper, by local and global well-posedness we mean the following.

Definition 3. We say the equation (1) is locally well-posed in H®, if there ezist a

ms) such that the solution exists and is unique in PGl C

Towp

time Trwp = Trwp(||uol
C([0, Towp), H?) and depends continuously on the initial data. We say that the the equation

15 globally well-posed when Trwp can be taken arbitrarily large.

We close this section by presenting two elementary lemmas that will be used repeatedly.

For the proof of the first lemma see the Appendix of [9].

Lemma 1. If 6 >~ >0 and f+ v > 1, then

2 (n— k1>ﬁl(n Ty R k) Ton (ke — o),

and

1
d7 < {ki — ko) sk — k
/R<T—]€1>B<T—k2>7 TN( 1 2) Qbﬁ( 1 2)7
where
1, B>1,

bs(k) = 3 ﬁw log(1+ (K), B=1,
=k (k)17 B <.
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Lemma 2. Fiz o € (1/2,1). Forn,j, k € Z, we have

[:[]]
(kL 1] + [n])2=2e

9. ko) = |(n + B)** = (n+j + k)™ + (n+ )™ —n*| 2
where the implicit constant depends on .
Proof. Let f.(x) = (z + ¢)** — (z — ¢)?*. We have

. J J
90, k,n) = | fi(n+ g) — filn+k+ 5)}-
We claim that
||

felx) 2

max(|cf, |z])*~2*

Using the claim, we have by the mean value theorem (for j, k # 0)

: J J : . 1
g, k) =filn+35) = filn+k+3)| 2 |Kkl[J min ,
( ) | §< 2) %( 2)| || "ye(n—f—%,n-f'k"r%) max(%,]’y|)2_2a
B
~ (R 1] Inl)22e

It remains to prove the claim. Since f. is odd, and j # 0, it suffices to consider x > 0 and
¢ 2 1. We have

fi(z) =2al(z+ )@ Vg 4 ¢ — (x — )@ Vz - c[].

C

We consider three cases:
Case 1. 0 <z < c= fl(z) =2a[(z + ¢)** ' + (z — ¢)**7]. Thus

Case 2. c <z Sc= fli(x) =2a(z + c)* ' — (x — ¢)**!]. Then we get
fé($) Z C2a—1<(§ + 1)2(171 . (f . 1)2(171) z 0204—1.
c c

Case 3. > ¢ = fl(z) = 2a[(z 4+ ¢)**! — (z — ¢)**7!]. Then we have

fllz) = 2(m2a_1((1 n 5)204—1 . 5)204—1> ~ I2a—1§ — 202,

Hence, in all cases we have f/(z) = x

~ max(|c|,[x[)?=2 "
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3. STRICHARTZ ESTIMATES

Theorem 4. [|¢C" fllys s S [ fllu for s > 5

Proof. Notice that in this proof we can always take s < }l. Calling g = (V)*f, and denoting
g(k) by gi, we write

it kQa_kQa k2a_k2a ix(k1—k k
it(— QMR TR ) i~k ks )gklgkggkggmd g
||€ fHL4L4

e (F1)* (k2)® (ks)® (ha)®

/ Z e MR ) g Gy Oy O
Pl (Fv)® (ka)® (k3)® (ka)®

< jg: \9k1H9k2H9k3H9k4’ 1

(1)® (ka)® (ks)* (ka)® max(L, [k — k3% 4 k3 — ki*)

k1—ko+ks—ks=0
Renaming the variables as ky =n+ 7, ko =n+k+j, ks =n+ k, and ky = n, and using

Lemma 2, we get

|9nl|Gn 1511 Gn k|| Gnt k] 1
Helt( ar f”L4L4 S Z 5 - :
~ s s s s |kj]
n.k,j <n> <Tl + k) <n + ]> <77, +k+ j> max (17 (|k|+|j|+|n‘)2—2a)
=1+11

where I contains the terms with |kj| < (|k]| + |j| + |n|)*72* and IT contains the remaining

terms.

First note that the summation set in I does not contain any terms with both n = 0 and
|kj| # 0 since a € (1/2,1). Also noting that if kj # 0, then

(g < (k] + [5] + 1)) 72 S TR 4 P72+ 72 < Jkg] + [nf*22,

since o € (1/2,1). We can thus write

E |9nl1gntjllgn+rl|gntil

I < J . 7 + 9 n

h n,k,j (n)s(n+k)s(n+7)*(n+k+j)° Z|gn| |g"‘+ﬂ| E :|9n| |gn+k:|
0<|kj|<|n|2—2a

The last two sums are equal to ||g]|7.. We estimate the first sum by Cauchy-Schwarz

inequality to get

1/2 g ]2 1/2
< 2 2 ) 2) ( = )
~ (Z |gn+]| |9n+k| |9n+k:+y| Z (n)QS(n+k‘)QS(n+j)23(n+k‘+j>25

n,k,j n,k,j
7 ; 2—2a
0<|kj[SIn]
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1 1/2
< 4, su ( ) '
S llgllze sup ; ()2 (n + k)2 (n+ j)>(n+ k + j)*

0<|kj|<In|2— 2

The condition on the sum implies, except for finitely many n’s, that |k| < |n| and |j| < |n|.

Therefore

1
%: (n)?(n 4 k)*s(n+ j)*(n + k + j)*
0<|kj|Sin[2—20

1
Svm D, 1S Mlog(n) S 1
0% o<t

provided that s > ITTO‘.

For the second sum we have,

II < Z 19 [19n1|9n k| gnsrs | (1] + K]+ |5])* >
Tooa itk g (n+ k)0 k]
kj|Z|n|2—2e

Using the symmetry in £ and j, we have

17 < Z |90l Gnts | Gni| | Gns s (|12 + [E])2 2
~ (n)s(n+k)s(n+j)(n+k+j)slkj|

n.k.j
[ki|Z|n2=2e, k| >3]

To estimate the sum we consider three frequency regions, |k| = |n|, |k| < |n|, and |k| > |n].

Region 1. |k| =~ |n|. In this region, using Cauchy Schwarz inequality as above, it suffices

to show that the sum

5 (1] + ]y~
16> 5] (n)%(n + k)% (n 4 7)%(n + k + j)>k25?
(k|||

is bounded in n. We bound this by
|2—4a—2$

In
k|2>:j| (n+k)25(n+7)2(n+k+ j)252
Ikl Inl

Using the inequality
(m+35)(5) 2 (m),
and recalling that s < %, we obtain
< Z |n|2—4a—.45
(n + k)4s j2-4s

[k| =141
[k|=|n|

5 <n>274a74s+174s'
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Here we first summed in j and then in k. The sum is bounded in n provided that s > %.

Region 2. |k| < |n|. As in Region 1, it suffices to show that the sum

Z |n|474a _ Z |n|474a783
e (WE R k)R S ke
|kj|2|n|2—2 |kj|2|n|2—2

is bounded in n. To this end, notice that

2

lFI<Ik<]n|
kj|Z|n|2=2

4—4a—8s 4—4a—8s
i id

< 2—2a—8s 1 2
i<kl n|
which is finite provided that s > lfTa.

Region 3. |k| > |n|. In this region we bound the sum by Cauchy Schwarz inequality as

follows:

|272a

Z |99+ ||Gnsisi || Gnrn] | B
(n)s(n+k)s(n+7)*(n + k + j)%|kj|

[3I< k], In| < k|
kj|Z|n|2—22

2 guss B 12
< (X 10ePlonisPlonis?) (20 nt )
~ n n n 2s 2s 1\ 2s \2s1.2 52

i i<t (2 R g2 )R
Shlie( Y )
~Y L 28 . 28 . 28 2 .
ieli ey AP A )2
Estimating the j sum in parenthesis as in Region 1, we have
1 L |G| *[R[PH* 2)7.[1-2a—4 1-2a—4
< < < n k a—4s a—ds
S X e S X e S gl )
In|<|K| In|<|k| n.k

We estimate this by Cauchy Schwarz

1

1
DA el B W A e RS VI %
n,k n,k

provided that 2 —4a —8s < —1,i.e. s > % — 5. In the last inequality we summed in n and

k separately.

1-a 37404)

Thus, for s > max (=%, >3

= 1jT°‘, for a > %, we obtain the Strichartz estimates. ]
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4. LOCAL WELL-POSEDNESS VIA THE X* METHOD

We will prove Theorem 1 for the defocusing equation by obtaining multilinear estimates
in X*? spaces. With the change of variable u(x,t) — u(x,t)e’r in the equation (1), where

P = L|ju||3, we obtain the equation
iug + (=A)u + [ul*u — Pu=0, tcR, z€T,

with initial data in ug € H*(T), s > 0.

Note the following identity which follows from Plancherel’s theorem:
(2) [uPu(k) =Y (k) (ko) ik — ki + ko)
1 - N2 e NETTA
= —[ull3atk) — [ak)Pak) + > alka)ulka)i(k — ki + k2)

k1#£k,kaFk1

Using this in the Duhamel’s formula, we have
t
u(t) = e A%y (x) — @/ e A (p(u) + R(u))dt'.
0

By standard iteration techniques, it suffices to obtain an estimate of the form:

o STl

s,by
XT
T

| [ om0 + mugar]

f0r5>1’Taandf0rsomeb>%,5>O.
To prove this estimate and obtain a lower bound for the local existence time we need

the following lemma:
Lemma 3. [11] For b,V such that 0 < b+ < 1,0 <V < 1/2, then we have

t
| [fecorensmar| s
0

s bl
s, X’-},b7
T

for T €10,1].
Proposition 5. Let o € (%, 1) and s > 1_70‘, then for b > 1/2 we have,

< Nl

[ p(u) + R(w)]

Xs,—b’

1

: - - 1 1 _
provided that ' < 3 is sufficiently close to 5. Moreover, for s > 5 we can take ' = 0.
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As we remarked in the introduction, in the case that s > %, the condition & = 0 implies the

existence of the local solution in [0, ] as long as 62 ||uo| s (r) ~ 1. This bound although

sub-optimal, it is necessary for the proof of the global well-posedness below the energy

space that we establish in section 6.

Proof. We present the proof for R(u). The proof for p(u) is easier and in what follows it
corresponds to the terms given by j =k = 0.
First note that

u(y, b )u(r2, ko )u(rs, ks)(n)®
R(u S_,:H/ U(ﬁ 1
| R()]] o i MZ

<7- _ n2a>b’

)
L2]2
ko+kz=n Tn
k1#n,ko

By a duality argument and denoting |u(7, n)|[(n)* (7 — n?*)* = v(1,n), we get
v

(n)*v(1, k1)v (7o, ka2)v (T3, k3)g(T, 1)
R(u)||ys_y < sup / -
H ‘ Xt Hg”L%lgbil T1—T2+13—7=0 k1k2+2k3n_0 <k1>5<k2>8<k3>5<7- - n2a>b
k17#n,kg
1
X

(71— R = s — )
and thus, by Cauchy-Schwarz and then integrating in 7 variables as in [9], we have

2

R < Dol sop [ s
u s—b v 272 SUP 7

Xs,—b L2102 rin o rymmr A <k1>2s<k2>23<k3>28 <7- _ n2a>2b

k1#n,kg
" 1
(o K — G, — R
n 2s
S lulfsup > =

™ ki—kgtkz=n <k1>28<k2>28<k3>28<k%a - k%a + k%oa - n20¢>2b’ '

ky#n,kg

Hence, we need to show that

<n>25

Mn B /)

o TR R — R e —
k1#n,ky

is bounded in n. Renaming the variables as ky =n+ 7, ko =n+k+ 7, ks =n+ k, and
using Lemma 2, we get
2s
e (n)

no~ \ 92 \9s s K20
7,k#0 <n + j>2 <n + k + j>2 <n + k>2 max (17 (|k|+\j\‘—‘,-77|1,|)4(170‘)b/)

=1+1I
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where [ contains the terms with |kj| < (|k] 4 |j| + |n|)*2* and IT contains the remaining
terms. Here we note that M, is bounded in n for ¥’ = 0 in the case s > 3. From now on

we consider the range l—a < s < 5, and take b’ = %—. To estimate I, as in the proof of

Theorem 4, we write
NS b
- (n+k)»(n+k+j)*(n+5)%*

0<kj|S[n[>—2«

< (n)* 72 log((n)),

which is bounded provided that s > 2. Similarly,

s Y <n>25ﬂkﬂ-+!jl-+\7w)”1‘“>
e, (R R )2 ()2 K|

< ¥ (n)2(|k| + [n])22—)

~ (n+ k)2 (n+k+j)>(n+j)%kj|'—

|kj|2|n|2 2
[k[=17]

Second line follows from the kj symmetry of the sum. To estimate the sum we consider
three regions:

Region 1. |k| > |n|. The sum is

< <n>2$|k|2(1—a)—28—1+
’“§:<n+ﬁ%m+k+ﬁ%mk'

[k|=>13]
[k|>>n|

Note that for % > 5> 1’70‘, we can bound it by

< >25|k|2 —4s+
S 2
~ <n+ﬂ%WP%ﬂn+k+ﬂ%mP

[k|=15]
[k[>|n]

< <n>2(1—a)—2s+
“J§:<n+ﬁ%%ﬁ%ﬂn+k+ﬁ%mk

[k >3]
[k|>|n|

2(1—a)—2s+

Z < >2(1—a)—4s+
~ n_|_] 23|J‘17 ~

which is bounded in n. In the k£ and j sums we used Lemma 1.

Region 2. |k| ~ |n|. In this region we have the bound

< >25+1 200+
<
§:<n+ﬁ%wﬁ%fﬁn+k+ﬁ%mk

[k| =41
[k|=|n|
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(n)2sH+1-20+ 4
S 2
where A = [j|17* if 4s > 1, A = |n|'™* if 4s < 1 and A = log(|n|) if 4s = 1. Then, by con-
sidering these cases separately and using Lemma 1 in the j sums, one obtains boundedness
11—«

innfors>Tandoz>%.

Region 3. |k| < |n|. We have the bound

> —45+2—2«

(n 45422
S e S ()T
) Tl

7| <[k|<]n]

which is bounded in n. O

5. A SMOOTHING ESTIMATE

We first note that

(3) lp(w)]

3
Hs»

move = > [a(k)[6 (k)22 < luf
k

for 0 < ¢ < 2s, which implies that the contribution of p(u) to the Duhamel formula is

smoother than u. One can also obtain the same level of smoothing in X*° spaces: For

c <2s

3
XS’%_‘—.

lp(w)]

To prove the same for the non resonant terms R(u) we have the following proposition:

et Sl

Proposition 6. For s > 1’70‘ and ¢ < min(o — %, 2s+a—1) , we have

IR gosegs S Ul 5.

Proof. Repeating the steps in the proof of Proposition 5, it suffices to prove that

M(n) _ Z <n>25+20 -

iz (050 (n+ k) (n+ j + kY (grrne= )

is bounded in n.

For the terms with 0 < |kj| < |n|?72, since |k|, |j| < |n|, we have the bound

5 Z <n>—4s+2c 5 <n>—4s+2c+2—2a log(n),
0<|kj|S|n[2 2
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which is bounded provided that ¢ < 2s +a — 1.
For the remaining terms, we have to consider the cases s > 1/2 and s < 1/2 separately.
Again by symmetry in j and k, it is enough to consider |k| > |j|.
Case 1. s > 1/2. As before, we will consider three regions:
Region 1.1. |k| > |n|. Then we have
(n)2s+2| |1 2025+

<
- Ik;m (n+7)%(n+k+ j)*[j]'~
[E[>|n|

<n>2c+1—2o¢—|—
2 G P E T

k| n|

A

_ Z (n)2e+1-20+ -
~ T e s~ AT )
— (n+7)»()'-
which is bounded for ¢ < a. In the forth inequality we used Lemma 1.

Region 1.2. |k| ~ |n|. In this region we have,

<TL> 2¢+2s+1—2a+

<n>2c+1—2a+
~ Z (n+k)%(n+g)%(n+j+k)?>|j]'=~ Z (n + k)25~

5 <n>2c+l—2a+

|k|>]7]>0 [k|>]7]>0
|k|=|n| |k|=|n|
forc < a—1.

2
Region 1.3. |k| < |n|. We have

S 2

[k|>]7]>0
[k|<n]

<7’L> —454+2c+2—-2a+

Ll

5 <n> 2c—4s+2—2a+ 7

which is bounded for ¢ < 2s 4+ o — 1. This finishes the case s > 1/2.
Case 2. 1_70‘ <s<1/2.

Region 2.1. |k| > |n|. As in the proof of Proposition 5, we have

<n> 2s+2c—4s+2—2a+
<y | |
~ (n+ )% (n+ k4 j)>[k[' =2+ ][~

[k|>]5]>0
[[>|n]

g <n>2c—4s+2—2a+

which is bounded for ¢ < 2s + a — 1.

Region 2.2. |k| ~ |n|. In this region we have,
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Z <n>2s+2c+1—2a+ <n>2s+20+1—2a+A

S <

R ) O S R R s A RV
[k|~|n]|

where A = (j)™* for 1 < s <1, and A= (n)'™* for 0 < s < 1. Hence,

S/ <n>2c+172a+ for s > }l’
1
SJ <n>2c—4s+2—2a+ for 0 < s < Z’
which is bounded for ¢ < 2s 4+ a — 1 when s € (0,1) and ¢ < a — § when s > 1.
Region 2.3. |k| < |n|. We have,
(n)ere2a—ist 2c+2—20—ds+
1> 151>0
IKI<n]
which is bounded for ¢ < 2s + o — 1.
Hence, for all s, collecting the results we get the proposition. [l

This implies that (see [10] for more details):

Theorem 7. For a € (3,1), s > 552 and ¢ < min(2s + o — 1, — 3) we have

||u(t) . 6z‘t(—A)"‘—z’PtuO| ?{5

oo S JJugl
fort < T, where T is the local existence time.

We finish this section by noting that if we define the multilinear versions of p and R via

plu,v,w)(k) = Ak)DER)D(K), Rluv,w)k)= S @lk)0(ka)D(k — k1 + k),
1k ka#ky

then the assertions of Proposition 5 and Proposition 6 remain valid.

6. GLOBAL WELL-POSEDNESS VIA HiGH-Low FREQUENCY DECOMPOSITION

From the local theory along with energy and mass conservation, the existence of global
solutions in H* follows easily. In this case, one can control the H* norm and apply the local

theory with a uniform in time step to reach any time. In this section we use Bourgain’s
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high-low frequency decomposition together with the smoothing estimate from the previous
section to obtain global well-posedness for initial data with infinite energy.

Proof of Theorem 2. Fix s € (3,). With the change of variable u(x,t) — u(z,t)e’" in

equation (1), where P = Ll|uy||3, we obtain the equation

iug + (—A)u + [ul*u — Pu=0, tcR, z€T,
with initial data in uy € H*(T). In what follows, the implicit constants will depend on
||wo||grs. We fix N large and decompose the equation into two equations, u = v + w:

vy + (—A)% + [v|*v — Pv =0,
v(x,0) = Pyug(x)=Po,

iwy + (—A)w + v+ w|*(v + w) — Pw — |v|?v =0,
{ w(z,0) = up(z) — =Wy,
where Py is the projection onto the frequencies |n| < N.

First note that || ®o|lge S N *. Moreover, by the local existence theory we presented

in H* and H* levels, noting that a > s > 1, we have for § & N~4@~)

[0l e S [[Poll e S N2, |0

oo S %0l

Hs § ].
Since equation (4) has the same Hamiltonian, we have
H(v(t)) = H(®) S N2

by the Gagliardo-Nirenberg inequality.

Now pick an sy < s to be determined later. Note that ||Wollgso < N*7°. The local
existence for w equation follows similarly by the multilinear estimates from the previous

sections with the same ¢ as above (since the norm of w is small). We thus have

[l ysor S 1Wollzeo S N2 lwllger S [1Wollas S 1.

Now using the decomposition (2) for the nonlinearity N := |v+ w|*(v +w) — Pw — |v|*v

in (5) we have (with u = v + w)
N = Pu— Puw— [l + pw) ~ plo) + Rw) ~ R(0)

= (ol — 10320 + o) — plo) + Rlaw) ~ B(v).
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Using the multilinear smoothing estimate and the multilinearity of p and R, we have

W oy S oz = 1o llZe[l[01] o g + 0l son + e

; ] Xgo’bHUH;;())b’

for « — sp < min(2sp + a — 1, — %), in particular for sq > %

Ignoring the support condition of ®; and ¥, we have

[lluollz = 1PollZ2] < 1Wollz2 + [[Wol[7 S N7

~Y

Therefore, we obtain

IINIIX?,_%+ S N7l e + 1wl eson + 1wl gzon [0l o

< N3l Nos 4 N3(s0=s) | yso-s N2a=s) < N2atso=3s,
Taking t; = 0, we write

uty) = w(ty) +o(ty) = TN TP Lo (1)) + o(ty).

By the bound on A/ and Duhamel’s formula, we have

lwi(t) e S NFF075
We repeat this process by decomposing u(t;) = ®; + ¥y, where

Uy = gt CAHPLY B = w (1) + v(t).

it1(=A)

Since e “+iPh js unitary, W, satisfies all the properties of ¥. To control the H* norm

of &, we note
H(®1) = H(®1) — H(v(ty)) + H(v(tr)) = H(wi(tr) +o(t)) — H(v(t1)) + H(Do),

where the second equality follows from the conservation of the Hamiltonian.

Note that
17 +9)— HO| S IV + I = 191718+ [ 117+ gl = 1111

S Mgl + llgllze ILf e + / gl (IF° + 1gI°)

S Ngllzre + Ngllzell Il + gl 4, + gl e LFIF

1 1
Hit Hat

S gl + gl £l + glta + llgllae lL.f l3re-
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Using this for f = v(t;) and g = wy (1), we obtain
H(wi(t1) +o(t1)) — H(v(ty)) S N2oFrods N3loms) — Notso=6s,
To reach time T we have to iterate this process % times. To bound the Hamiltonian at
time T" by a constant multiple of the initial value, we need

N5a+so—GSZ — TNQa-‘,—so—lOs
)

to be < N?*72 This holds for s > ¢ + L by taking so = 1+ and N sufficiently large.
The calculation above can be improved by interpolating between H* and L? to bound

the HiT norms. For example, by Duhamel’s formula and Minkowski inequality, we have

t1
[|ws(t1) |2 5/ |V || Ldt.
0

The worst term in N is of the form |v*w| which can be bounded as follows
1 1 1 _
02 ||ollzapslwlleeree S 02 [0l Lapallwll oo S OH ()2 w] oo S ONTFOT2,

After, % steps, the L? norm remains < Nets0=2s < 1 for s > 5+ }1. Therefore the L?
norm of the low frequency part also remains < 1.

Using this in the bound for the Hamiltonian, we get

2a+sg—3s 3(a—s)

H(wi(t) + v(t)) — H(v(ty)) < N2tso=3s ya—s 4 N(=gg)(akso=2s) Ny =50 N =52 N+

3a+l-dst atd—2s—24 3o+ 1 —4s+
< Niatg—let | yots-2e-it < Nty —dst

After % steps we get the bound T'N Ta+3-85+  This term is less than similar the initial

: : : 2a—2s Sa 1
energy of the high frequency part which is of order N for s > % + ;5. We can then

iterate our result to reach any time 7" by sending N to infinity. O

REFERENCES

[1] M. Ablowitz, Y. Ma, The periodic cubic Schrédinger equation, Stud. Appl. Math. 65 (1981), 113-158.

[2] J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and applications to
nonlinear evolution equations, Geometric and Functional Analysis, Vol. 3 (1993), 107-156.

[3] J. Bourgain, Refinements of Strichartz’ inequality and applications to 2-D NLS with critical nonlin-
earity, Int. Math. Res. Not., 5 (1998), 253-283.

[4] N. Burq, P. Gerard, N. Tzvetkov, An instability property of the nonlinear Schrédinger equation on
S?, Math. Res. Let. 9 (2002), 323-335.



[5]

[6]

[10]

[11]

[12]

[13]
[14]

FRACTIONAL SCHRODINGER EQUATION ON TORUS 19

F. Catoire, and W-M. Wang, Bounds on Sobolev norms for the nonlinear Schrodinger equation on
general tori, Communications in Pure and Applied Analysis, Vol. 9, 2 (2010), 483—491.

Y. Cho, G. Hwang, S. Kwon, S. Lee, Well-posedness and Ill-posedness for the cubic fractional
Schrodinger equations, preprint arXiv:1311.0082.

S. Demirbas, Local Well-posedness for 2-D Schréidinger Equation on Irrational Tori and Bounds on
Sobolev Norms, preprint arXiv:1307.0051.

M. B. Erdogan, and N. Tzirakis, Global smoothing for the periodic KdV evolution, Int. Math. Res.
Not. (2012), rns189, 26pp, doi: 10.1093/imrn/rns189.

M. B. Erdogan, and N. Tzirakis, Smoothing and global attractors for the Zakharov system on the
torus, Anal. PDE 6 (2013), no. 3, 723-750.

M. B. Erdogan, and N. Tzirakis, Talbot effect for the cubic nonlinear Schrédinger equation on the
torus, to appear in Math. Res. Let., preprint arXiv:1303.3604.

J. Ginibre, Le probléeme de Cauchy pour des EDP semi-linéaires périodiques en variables d’espace,
Inventiones Mathematicae, Vol. 37, (1995), 163-187.

K. Kirkpatric, E. Lenzmann, G. Staffilani, On the continuum limit for discrete NLS with long-range
lattice interactions, Comm. Math. Phys., 317:3 (2013), 563-591.

N, Laskin, Fractional quantum mechanics and Lévy path integrals, Phys. Lett. A, 268 (2000), 298-305.
T. Tao, Nonlinear dispersive equations: local and global analysis, Amererican Mathematical Society,

CBMS, Vol. 106, (2006).

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, URBANA, IL 61801, U.S.A.

FE-mail address: demirba2@illinois.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, URBANA, IL 61801, U.S.A.

E-mail address: berdogan@math.uiuc.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, URBANA, IL 61801, U.S.A.

E-mail address: tzirakis@math.uiuc.edu



