MIXED NORM ESTIMATES
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MICHAEL CHRIST AND M. BURAK ERDOGAN

In memory of Thomas H. Wolff

In this paper we establish optimal mixed norm inequalities, except for endpoints,
for a certain restricted X-ray transform in arbitrary dimensions. In doing so, we
demonstrate that a method [2] applied heretofore only to simpler nonmixed norm
estimates can also be adapted to the mixed norm case.

For each  in a fixed compact subinterval Iy of R!, define vp = (1,6,6%,...,0% 1)
and Vy = {y € R : y L vp}. The hyperplane Vj is equipped with Lebesgue measure.
Define G = {(0,y) € Iy x R : y € Vp}. Let f be defined on RY. For each (0,y) € G,
define

1) X7(0,y) = / S ds

where () is any constant. On G we define mixed norms by

r 1/q
(2) 9]l azryc) = (JC ( ‘/|g(9,y)VCQOQ/ de) :
0 4

Here dy denotes Lebesgue measure on the hyperplane Vj for each 6. We write simply
Li(G) when r = q.

Our main result will characterize those exponents for which X maps L?(R?) bound-
edly to LY(L")(G), except for endpoints. As was shown in [3], a necessary condition
for X to map LP(R?) boundedly to LI(L")(G) is that (p~t,¢~%, v~ 1) satisfy all three
of the following inequalities:

(3) dp™ ' < (d—1)r ' +1

(4) did—1)p ' <2¢ ' +dd—1)r ",

(5) (d—2)(d+1)p~" <d(d—1)r "

The key exponents for this problem are

(6) pOZCJozw, and 70:d2+d_2: & —d " qo-
d ?—-d—-2 d>—d—-2

The set of all triples (p~1, ¢!, r71) satisfying the above three necessary conditions
equals the convex hull of the three points (1,1,1), (0,0,0) and (po~', g0 ', 707"),
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together with all points (p~!, ¢~ r~1) for which there exists a triple (p~%, ¢, 7 1)
in that convex hull satisfying p > p, ¢ < ¢, and r < 7.

Theorem 1. Let d > 3 be arbitrary, and let Iy, Cy be fized. Then X maps LP(R?)
to LY(L")(G) whenever (p~',q~ 1, r™1) satisfies (3), (4), and (5) with strict inequality
in each.

We will prove a sharper restricted weak type inequality:

(7) (9, X 1) < ClFlleellgll Lo )

whenever f, g are characteristic functions of measurable sets, for all (p, ¢, ) satisfying
(3), (4), and (5), where ¢/, 7" are the exponents conjugate respectively to ¢,r. By a
crude interpolation argument, this implies boundedness from L? to L9(L") except at
endpoints, as stated above; details are left to the reader.

The result is true, and is already well known, for d = 2, where one is dealing
with the full complex of all lines in R?, and the critical exponent ry equals oco. Our
arguments can be adapted to handle d = 2, as well, although the details will not be
given here.

This theorem was previously established by Wolff' [12] for d = 3, and by Erdogan
[3] for d = 4, 5. The latter analysis suggested that the treatment of higher-dimensional
cases would require higher-order versions of the “bush” and “hairbrush” constructions
of Bourgain [1] and Wolff [10]. The approach of [2] may be viewed as a systematic
version of such constructions, of arbitrary order; it also has a more algebraic per-
spective, quantified for the present situation in Lemma 4, which seems to be useful
in high dimensions.

For purposes of exposition, we first discuss the simpler case of ordinary Lebesgue
space esimates, ¢ = r. Define A, to be the set of all (p~*,¢7') € [0,1]* that belong
to the convex hull of the three points (1,1),(0,0), and (p;~',¢17'), where p; =
d(d+1)/(d*—d+2) and q; = (d+1)/(d—1). Examples discussed in [3] demonstrate
that X is unbounded unless (p~*,¢71) € Ay

Theorem 2. X maps LP(RY) to L4(G) for all (p~1,q71) € Ay, except possibly for
(pr~ Y@1Y, It is of restricted weak type (p1,q1).

Modulo the algebraic calculation in Lemma 4 below, this theorem is a direct con-
sequence of the method developed in [2]. Various partial results can be found in
[4,5,6,7,9].

We begin with some preliminaries. It will be convenient to reparametrize G. In-
stead of taking Vj to be the orthocomplement of vy, we instead replace it by a fixed
copy of R¥™1 namely V = {y € R? : y; = 0}. Thus G will be identified with a
compact subset of R x R¢! =R x V. Define for (/,y) € G and s € R

(8) 7(97 y7 S) = (87 y2 +897"‘7yd+80d_1)'
Then X may be identified with the operator
O XF0.0) = [ F00.0.5)ds

R

I'Wolff analyzed a related family of operators in all dimensions, which essentially coincides with
X in dimension three, but not otherwise; in higher dimensions he obtained partial results.
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where it is always understood that the integration with respect to s is taken over a
fixed compact subset of R. Mixed norms are now

T /T 1/a
(10) lollsare = ([ ([ Lol an)"as) ™
The adjoint operator defined by fG Xf-g= fR’i f-X*gis

(11) X*g(x) = / g (1)) dt

where

12 (x,t) = (t, 29 — x1t, x5 — 2182, ..., xq — 2t .
f)/

We denote the characteristic function of a set E by xg. For any two measurable sets
E CRY F C @, define

(13) X(E,F) = (xr, X(x£))
where the inner product denotes here integration of xz- X (xg) over G. This bilinear
form may be written in a formally symmetric way as (X*(xr), xg); this symmetry

manifests itself in the proof below. Fix any two such measurable sets having finite

measures. Define two quantities «, 5 by
a=X(E,F)/|F

(14) (£, F)/|F|
B=X(EF)/E|.

We aim to show that
|E| > catB4=Y/2 for d even,
|F| > ca® ' B =H/2 for d odd.

for some fixed constant ¢ > 0. From this, Theorem 2 follows directly. Indeed,
substituting for «, 3 for d even gives

(15)

(16) ‘E‘ > CX(E, F)d(d+1)/2’F’—d‘E‘_d(d_l)/g7
or equivalently,
(17) X(E, F) < C|E|@-d+2/d@+D) p2/@+1)

This means precisely that X is of restricted weak type (p1,q1). The case of odd d is
similar.

Define a sequence of maps ®;, mapping R* to R? if k is even, and to G if k is odd,
by fixing a point zo € R?, defining ®1(t1) = v* (20, t1), P2(t1,51) = ¥(P1(t1), 51), and
in general

Dorr1(te, s1,t2, 52, - - tgrr) = ¥ (Par(ty, S1.t2, 52, -+ iy Sk), tir1),
DPopra(te, s1,t2, 52, -+ teyt, Skg1) = V(Pors1(t1, 51,12, 82, -, thg1), Skg1)-

The starting point of the analysis is a small lemma from [2].

(18)

Lemma 3. There exists ¢ > 0 such that for any measurable sets E, F having finite
measures, there exist xo € E and a sequence of sets ), C RF defined for 1 < k <d
and having the following properties:
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(1) For each k, Qi1 C Qi xR

(2) ] =cp

(3) For k even, for each point w € Q, {t € R: (w,t) € Qpy1}| > b
(4) For k odd, for each point w € Q, |{s € R: (w,s) € Qi1}| > ca
(5) ©x(2) C E for even k, and ®4(,) C F for odd k

We denote coordinates in Q4 by (s,t) = (t1,81,...,tp,sp) for d = 2D and (s,t) =
(tl, S1y---,tD, SD,tD+1) ford=2D + 1.

To bring particular properties of our line complex into play, we compute the iterated
mapping P :

q)d(xatlysla"thaSD)
D
- (sD,:BQ—I—Z( — 851 t],x3+z —$j-1) :Bd+z ;= S 1td_1>
j=1
Q4(x,t1,51,...,tp,5p, tps1)
<ZfD+1,$2+Z — 55— 1t —SDtD+1,.. xd—l-z — 55— 1 SDtDJrl)

Here we have written sy = x1, the first coordinate of x, in order to simplify slightly
the expression. Its Jacobian matrix J(s,t) = 0®,/0(s,t) of first partial derivatives
with respect to (s,t) equals

1 tp t2 4t
0 Sp — Sp—1 (SD—SD_1)2tD (SD—SD_l)(d—l)t%_g
0 tp1—tp 2, —t3 N

(19) 0 sp1—5pa (Sp1—8p2)2tp1 - (Sp_1—sp_o)(d—1)t%52
0 ti—t t2 — 12 4=t !
0 S1 — So (81 - 80)2t1 tee (81 — S())(d — 1)75(11_2

for d = 2D, and it equals

1 —SD —QSDtD_H tee —(d 1) t%—f—ZI
0 tp—tpu 2 -1, tht =5 L
0 Sp — Sp-—1 (SD—SD_l)QtD (SD—SD_l)(d—l)tD_
20 0 tp1—tp 3, —t% tht — 5t
(20) 0 sp1—5pa (Sp1—8p2)2p1 - (Sp_1—sp_o)(d—1)t%52
0 ti—t t2— 12 4=t !
0 S1 — So (Sl - 80)2t1 tee (81 — So)(d — 1)t(1i_2

for d =2D + 1.
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Lemma 4.
=cq H —Si-1) H (tj —ty)* ford=2D
1<j<k<D
(21) b
—cdH —Sj-1) H t—tk4Ht—tD+1 ford=2D +1
1<j<k<D j=1

for some nonzero constants cq.

Proof of Theorem 2. (i) Case 1: d = 2D. We have E D ®4(£4), and moreover, as
shown in [2], it is a consequence of Bezout’s theorem that

(22) 1By(Q)] > % /Q 1)l deds

where (t,s) = (t1,51,..-,tp,Sp).
From the structural properties of the sets €y, it follows easily as in [2] and the
proof below of (44) that

(23) ]J(s t) ]dsdt_cd/ H|SJ_SJ - H ‘tj_tk|4d5dtzcoédﬂd(d—l)/Q

Qa j=1 1<j<k<D

This is (15), from which Theorem 2 follows directly, as shown above.
(ii) Case 2: d = 2D + 1. The proof is essentially the same. We have F' D ®,(£y),
and as above

24) 20| 2 5y | 170 5) ards
where (t,8) = (t1,51,---,tp,Sp,tpi1)- Proceeding as above, we obtain
D
| J(s,t)| ds dt = cd/ H si—sjal - [ 1t —tl* T](t — tor)* dsat
(25) Jau Qa j=1 1<j<k<D j=1
> Coédqﬁ (d%2—d+2)/2
which completes the proof of the Theorem. [l

Proof of Lemma 4. (i) Case 1: d = 2D. J is a polynomial of total degree d(d —1)/2.
The right-hand side of (21) has the same degree:

d 1d d d+dd—-2) d(d-1)
26 —+4-——(=—-1) = = .
(26) 2 * 2 2(2 ) 2 2
Clearly J is divisible by s; — s;_; for all j > 1, so it suffices merely to show that it
is divisible by (¢; — t;)* for arbitrary j # k.

To do so, factor (s; — s;_1) out from each row where it occurs, leaving a matrix
involving only t1,...,tp. Fix any j # k. Perform row operations to transform this
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matrix to one whose first three rows are

£ 2tk 32 oo (d— 1)t
(27) t - ty t3—t7 3 —Qtz R té_;

It therefore suffices to show that the determinant of any three by three submatrix

—1 v —1
Wi v e
pty vt; pt]

is divisible by (¢; — t;)*. By homogeneity we may assume that ¢; = 1, and we then
write t, = 1 + z and seek to show that this subdeterminant is O(z?) as z — 0.

Multiplying the middle row by —1, then adding the third row to the first, trans-
forms the preceding matrix to

p(l+2)P" = v(l4+2)"—v p(l+2)t—p
(29) A+ -1 (14+2°—1  (1+2P—1
I v p

We expand in Taylor series about z = 0. Since the first two rows vanish when z = 0,
all terms of degree > 2 may be discarded; their contributions to the determinant will
be O(z*). We also factor u, v, p respectively out from the three columns to obtain

(h=1)2+0(*) (v=1z+0(%) (p—1)z+0(2?)
(30) z+ %(,Li— D22 z+ %(1/1— D22 z+ %(pl— 1)z?

Subtracting z times the third row from the second gives

(n=1)2+0") (v—1)2+0(%) (p—1)z+0(2*)
(31) 5 —1 1)2? s(v —1 1)z? 5(p —1 1)z?

In computing the coefficient of 2% in the resulting determinant, we may drop the
quadratic terms in the first row; the first two rows of the resulting matrix are clearly
linearly dependent, so its determinant vanishes. Hence J takes the form (21), for
some scalar ¢g.

To see that ¢4 # 0, we directly expand the determinant and find that the coefficient
of tfl%— 4t?j/_2§71 -+ 5t} is a nonzero multiple of [].(s; —s;-1); hence J does not vanish
identically.

(ii) Case 2: d = 2D +1. As above, it suffices to show that .J is divisible by (¢; —;)*
for 1 < j <k < Dandby (t; — tpi1)? for 1 < j < D. The proof of the former is
essentially the same as above. We will prove that J is divisible by (¢; — tp41)? for
1<j<D.

To do so, factor (s; — s;_1) out from each row where it occurs, leaving a matrix
involving only t1,...,tpy. Fix any j < D. Perform row operations to transform this



ESTIMATES FOR A RESTRICTED X-RAY TRANSFORM 7

matrix to one whose first two rows are

(32) tj - tD+1 j tD-‘rl t3 D+1 U td t— th—i-ll
t9 2t 3t - (d— 1)td—2

As above, it suffices to show that the determinant of any two by two submatrix of (32)
is divisible by (¢; — tp41)?. This can easily be seen by factoring out (¢; — tp41) from
the first row and observing that the determinant of the remaining matrix vanishes
then tD = tD+1' O

The proof of Theorem 1 will require the conversion of information expressed in
terms of |F| to mixed norms of xr. The next lemma suffices for that purpose. For
any set I' C G = R! x R¥! denote by 7(F) its projection onto the first factor R!.

Lemma 5.

(d+2)(d—1)/2d
(33) FL< Il > (),

Proof. Writing f(0) = [{y € R4 : (0,y) € F}|, we have

(34 ety = (| 500" dos
(F)
and |F| = fﬂ(F) f. By Holder,
(35) IF| < |7T(F)|1/d</ fd/(d_1)>(d1)/d.
w(F)
Now —é = d‘f dzfj 5 = d% so the right-hand side of the last inequality is precisely

the rlght hand side of (33). O

To prove Theorem 1, it suffices to establish the restricted weak type bound at the
endpoint (pg_l,qo_l,ro_ ): X(E,F) < C’|E]1/p0||XFHLqO 1y for any measurable sets

E C R, F C @ having finite measure. Moreover, it sufﬁces to prove this for any F
and any (> 0, with

(36) E={reR": < X" (xr)(z) <20}

One of the devices we will use is a stopping-time procedure inspired partly by an
argument of Tao and Wright [8]. Let € > 0 be a small constant to be chosen later. It
is possible to select for each z a nonegative integer m < C'log(37!), and an interval
I, C R of length 2™, such that for any subinterval I’ C I, of length 27143,

(37) {t e L\I' : v*(x,t) € F}| > 273,

where ¢ > 0 is a fixed constant, depending only on the choice of e.

Indeed, let Ky be a fixed interval of length 23 ~ 1, so that |{t € Ky : v*(z,t) €
F}| > . Consider any subintervals K C K of length 2”713 satisfying |{t € K :
v (x,t) € F} > (1 —27*M)3. If no such subinterval exists, then we set [, = Kj.
Otherwise we choose one such subinterval, call it K7, and ask whether there exists
an interval K C K of length 2723 for which |{t € K : y*(z,t) € F}| > (1 —
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2-sM=){t € K, : v*(x,t) € F}|. If not, we set I, = K;. Continuing this way, we
ask at step m whether there exists K C K,, of length 2™~!3 satisfying
(38) Hte K :~"(z,t) e F} > (1—=2"""){t € K, : v*(x,t) € F}|.
If not, we set I, = K,,. If the selection process stops at step m then we have
|I.| = 2™ 3 and for any subinterval K C I, of length 2™'3, |{t € I, : v*(x,t) € F'}| >
(1—27M)(1 =271 ... (1 -27t"*D)3 > ¢ by induction, and consequently (37)
holds by virtue of the selection rule (38). Since ¢ = ¢(¢) — 1 as € — 0, by choosing
¢ to be sufficiently small we may ensure that the process does indeed stop with
|I.| > [, since otherwise we would obtain a subinterval I’ of length 3/2 such that
{te I 7" (w,t) € F} > (3/4)8 > |1,

Set
(39) Em={zxe E:|I,| =23},
for 0 < m < Clog(1/3). Partition a compact subset of R into ~ (2™3)~! intervals
Ji" of lengths 2™ 3, and set
0 B ={r e E™: I,NJ" #0}
(40) Fr=Fnr '(J'UJruJm).

The collections {E7"},,; and {7 (F]")}; have bounded overlaps, in the sense that
there exists an absolute constant C' < oo such that no point of £ belongs to more
than C' sets E7", and for fixed m, no point of 7(F) belongs to more than C' sets F".
Since E™ = U; ET", (36) and (37) imply that

(41)  X(E™F)<> X(E]'F)<28) |EN| <02 X(E"F").
J J J

For each pair F}", EJ" we associate to X (Ejm, F]m) the two quantities

(1) ar=X(ELEN/EY and G = X(EPE/|E

J J

Now (37) guarantees that 3j* > c27°"3, and 87" < 23 by the definition of E.

Fix m, j. By the proof of Lemma 3, there exist sets Q?’j , for 1 < k < d, satisfying
the conclusions of that lemma with o, ;" respectively replacing «, 3, and with the

additional property that for all even k, for each w € QZW , for any subinterval I of R
having length 213,

(43) {t ¢ 1:(w,t)e QY >c27 .

Lemma 6.

/ |J|dsdt > c22m(a;”)d : (6;”)“‘171)/2 for d even,
Q-

(44) a
/ || dsdt > 22 (o)t (B EED2 for dodd.
Q

m,j
d
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Proof. We will give the proof only for the case of even d, and will first indicate how
to obtain the estimate without the bonus factor of 2™. To simplify notation we drop
the superscripts and write simply €, = Q;"/. With D = d/2, fQ |.J| equals

(45) co [ T —sial- Tt — tal® /|5D—5D | dsp dew

Qi-1 j<p j<k

where w = (t1,81,...,8p-1,tp) € Q4_1. In the inner integral, sp varies over a set
of measure at least cay, while sp_; remains fixed. Therefore the factor |sp — sp_1]|
is > caf* on a subset of measure at least ¢’a*. Thus the inner integral is bounded
below by a constant times (a")”.

We repeat the procedure with respect to the next coordinate, tp, finding that (45)
is
(46) > c(a;.n)?/ s — sl T 1t —tf / TT Ito — t,1*dtp du

Qa2 j<D j<k<D g<D

where now w = (¢, $1,...,tp_1,Sp_1). For fixed w, tp varies over a set whose measure
is > ¢f3". Moreover, on at least a fixed fraction of that set, each factor ltp — t;| is

> ¢f. It results that (46) is

(47) > el (0 [ Tl = sl TT Ittt
Qa2 j<p j<k<D

Iterating this reasoning leads to (44), except for the factor of 2%™.

To obtain it, reconsider the step involving an integration with respect to t;. For
any (t1,s1) € g, because of (43), the factor |ty — 1] in the Jacobian is bounded
below by 2™ for a set of values of ¢, having measure > 27="37". This factor is
raised to either the power 2 or 4, resulting in an improvement by a factor > 22", [

(44) is fundamental because [,m.; |.J|ds dt < C|E}*| for d even, and is < C|F*| for

d
d odd. Thus, for even d,
|ET| > 22 (") (87) "1/ for d even

48 2
48) || > e2*™ (o) (B @2 for d odd.

Since 87" > 27°™ 3 and since we may choose ¢ < 1/2, we may rewrite these as
B > ch/Q( ™) (ﬂm)(d2 4=2)/2(9m 3) for d even
[F"| > czm/Z‘(aj )BT @ D2(2m B) for d odd,

Substituting for of", 57" according to their definitions, we obtain after a short
calculation that

(50) X(EPM FM) <C2” 5myEM|d/ (d+2) |Fm,2d/(d+2) (@-1) . (gm g)~2/(d+2)(d-1)

for some positive constants C' < oo, § > 0.
To express this as a mixed norm estimate, recall that the projection m(F}") of

Fm C R' x R*! onto the first factor, R', satisfies |x(F}")| < 3-2™3, simply because

(49)
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m(F") C JM U JMUJT, and each of the latter intervals has length 2™ 3. Returning

to (50), we thus obtam
(51) X(E]m, F]m) < C2fém|E;n|d/(d+2) (‘F;m’ . ’W(F;m)|71/d)2d/(d+2)(d—1)
< CTIM BV | |

to obtain the last line we have applied (33), with ¢ = g, r = 7.
Writing p = po = qo = (d + 2)/d and invoking Holder’s inequality yields

ZX Em Fm <02 (5m Z|Em| 1/17 ZHXFmHLq ) )1/!1/
J

< 02_6m|E’1/pHXFHLq’(LT’) )

(52)

to obtain the final inequality we have used the bounded overlap property of the
collection {m(F") : j = 1,2,...} of projections, uniformly in m. Since E = U, E™,
and since 9 is independent of e, by choosing ¢ < § we may ensure that the factor of
279™ here more than compensates for the loss of 2°™ in (41). Therefore summation
over m > 0 gives

(53) X (B, F) < C|E"?|xFl 1 115
concluding the proof of Theorem 1. O

A final remark: The argument, as given, does not apply in the two-dimensional
case, where one is dealing with the Kakeya maximal function and the exponent rq
equals co. The difficulty is that in order to gain the factor of 2™ in (44), we needed
to have at least two variables ¢;. Hence |7(Fj")| cannot be brought into play in
the same way when d = 2. Nonetheless, the argument can be applied after slight
reorganization.
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