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1. Introduction.

Let Gi 4 be the space of all k-planes in R?. The Radon transform or the k-plane
transform Ry q is defined as an operator from the functions defined on R? to the
functions defined on Gy, 4 via

Riaf(p) = /f7 P € Gra.
p

The Radon transform found important applications in integral geometry and in the
study of PDE’s.

Ri,q is often called the X-ray transform due to its applications in radiology, we
denote it by X sy. It is well-known [19], [12] that the sharp mixed norm estimates for
the full X-ray transform implies the Kakeya conjecture and it is related to some of
the main problems in the summability of Fourier transform, Fourier restriction and
more generally to oscillatory integrals, non-linear P.D.E’s and number theory [7], [1],
2], [20], [3], [14]. For some mapping properties of Xy, see, e.g., [6], [5], [19] and
[12].

Note that G, 4 is a 2d — 2-dimensional manifold, thus Xy,; is overdetermined for
d > 3, and it is of interest to consider its restrictions to lower dimensional subspaces
of Gy 4. For the definition of the restricted X-ray transforms as part of a more general
class of transformations and some of its properties, see [11].

One particular example is the restriction of Xy, to the space of light rays (lines
in R? making a 45 degree angle with the plane x4 = 0). Recently, Wolff [21] obtained
mixed norm estimates for this operator (almost sharp in R?) and used this information
to prove almost sharp bilinear cone restriction estimates in all dimensions.

We are interested in the restriction of X, to d dimensional line complexes in R<.
Let d > 3; the subspace G4 of Gy 4 we are interested in is defined as follows: Let 7y
be the curve {v4(t) : va(t) = (1,¢,¢2,...,t47 1)t € (=1,1)} in RL Let I(t,z) denote
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the line {x + sv4(t) : s € R}, where z € H; := {x : © L v4(t)}. We identify G, with
[—1,1] x R via Gy = {I(t,z) : t € [-1,1],z € H;}. This line complex is a model
case for a general class called rigid well-curved line complexes (see, e.g., [9], [10] and
[11]). It is called well-curved since ~}(t), ..., C(ld_l)(t) are linearly independent for any
t € [-1,1], and the term rigid is used to describe the fact that for any point v4(¢) in
the “direction set” 74, G4 contains all the lines in R? having the direction ~,4(t). We
call the lines in G¢ the ~4-rays.

Now, we define the restricted X-ray transform as an operator from the functions

defined on R? to the functions defined on Gy in the following way

Xf((t,z)) = ” )f, te[-1,1],x € H,.

We work with the following mixed norms for the functions defined on Gy:

1
1A zacry = W fllgsm = </—1(/H [f (U, 2))["d) 7 dt) 1.

We are interested in the estimates of the following type: If f : R? — R is supported
in the unit cube @); then

X fllgr < Cogrll £ - (1)
Proposition 1.1. The following conditions for p,q and r are necessary for (1) to
hold
d o d-1

; S r + 17 (2)

(d-1)d _ 2 |, (d—1)d
R (3)
(d—2)(d+1) < (d*l)d' (4)

p - T

The following counter-examples prove Proposition 1.1, they are quite standard
(see, e.g., [5], [9], [10] and [11]). The restriction (2) can be obtained by applying X
to the characteristic function of a d-ball. To obtain (3), let f be the characteristic

d(d—1)

function of the set |x1| < 1, |xy| <6, ..., |xg| < §%71. Note that || f|l, = 2 and for

all |t| < 6, we have X f ~ 1 on a subset of H; of measure 2 5“7 Hence N X fllor 2
1 _d(d—1)

dad 2, which proves the necessity of (3). Finally, divide v, into M (=~ 1/§) segments

S1, ..., Sy of length o centered at tq, ..., 5, respectively. For any segment s;, consider
the parallelogram P; C R%! with dimensions § x 6% x ... x §47!, whose longest axis

is tangent to 4 at 74(t;) and other axes are in the directions ~/(t;), ...,véd_l)(ti),
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respectively. Let f be the characteristic function of the set {(xy,zs,...,74) € R? :
2 g
21 € (1,2),(2,...,%) € UMP}. Note that ||f], ~ 6" %  and for all t, Xf ~ 1

E’ 3
d(d—1) d(d—1) .
on a subset of H; of measure 2 ¢~ 2z . Hence || X f||,» = 0 2 , which proves the

~Y

necessity of (4).

One may conjecture that

Conjecture. Ifp, q and r satisfy the inequalities (2), (3) and (4), then (1) holds.

We have the following theorem which contains the main result of the paper.

Theorem 1.2. The conjecture is true in R? for d = 3, 4 or 5 except the end-point
issues. More explicitly, if p, ¢ and r satisfy (2), (3) and (4) with inequalities replaced
with strict inequalities, then (1) holds in R for d = 3, 4 or 5.

The case d = 3 follows from Wolft’s above-mentioned mixed norm estimates for
the X-ray transform restricted to light rays [21], since in R3 the space of light rays is
a rigid well-curved line complex.

If one considers the case ¢ = r only, the conjecture had been settled for d = 3
in [8] and [17], and for the case ¢ = r and d = 4, it had been verified except the

endpoint issues in [10]. In higher dimensions, the conjecture was verified for p = d%'ll
and g =r =291 in[13] and for g =r =2 and p = jfiﬁé in [9]. Note that the results

mentioned here are valid for all rigid well-curved line complexes whereas Theorem 1.2
is valid only in the model case.

Remarks: i) Note that (1) holds for all ¢ and r if p = oo, since we are interested
in local estimates.

ii) Fubini’s theorem implies that (1) holds for p =¢=1r = 1.

iii) It is well-known that (see, e.g., [10] and [9]) X is bounded from W2~ to L? for
some positive . Here WP<(Q);) is the Sobolev space consisting of all functions f
supported in @, such that ||(1 — A)*2f|, < co.

In the light of these remarks, Theorem 1.2. (the cases d = 4 and d = 5) can be
obtained from the following theorem by interpolation.

Theorem 1.3. Letd =4 or5. Letp=q= %2 andr = gzts:;. Then, the
restricted X-ray transform X is bounded from the Sobolev space WP=((Q)q) to LI(L")
for any € > 0, where Q, is the unit cube in RY.

In [21], Wolff used the “bush” construction. It was introduced by Bourgain in [1]

and used by several other authors (see, e.g., [15]). A bush is a family of tubes passing
through a common point. The basic observation there was the following; in the case
of light rays the intersection of a bush with a tube passing through a point far from
the bush is at most a small ball.

As in [21], in the proof of Theorem 1.3, we use the bush construction. The basic



property of the bushes in our case is the following transversality property: Let d > 4.
If the basepoint of one bush is far from another bush, then their intersection is at most
a finite union of small balls. This is consequence of well-curvedness. This property
yields the proof in R?.

However, for d = 5, this property by itself is not enough. The reason for this is
that in R® two generic bushes do not intersect at all. We overcome this difficulty by
collecting the bushes into groups that we denote by “bushfields”. A bushfield is a set
of tubes intersecting a given tube which we call the basetube. In some aspects, this
object is similar to that used in [18], which came to be recognized as the “hairbrush”
(see, e.g., [12]). The main difference is that a bushfield behaves like a disjoint union
of bushes. This is because of the following basic properties:

i) The tubes in a bushfield are disjoint away from the base tube.
ii) If the basepoint of a given bush 3 in R® is far from a given bushfield bf, then 3N bf
consists of at most finitely many small balls, as in the case of two bushes in R*.

To make use of these properties, we use a standard technique which is usually
called the bilinear reduction (see, e.g., [16], [15], [12] and [21]) together with the
rescaling argument in [21]. However, our exposition of the proof of Theorem 1.3 is
largely self-contained and does not require the reader to be familiar with the cited
works.

In section 2, we discuss the bush decomposition lemma from [21]. In section 3, we
prove the geometric properties of the bushes and obtain the main estimate in R*. In
section 4, we discuss bushfields and the main estimate in R®. In section 5, we obtain
a bilinear estimate for the adjoint of X. Finally, in section 6, we convert this bilinear
estimate into a mixed norm estimate for X.

List of notation.

|A|: Cardinality or the measure of the set A.
x4: Characteristic function of the set A.

N (A, n): n neighborhood of the set A.

C: A constant which may vary from line to line.
ASB: A<CB.

A~ B: A< Band B < A.

2. Bush decomposition lemma.

Fix § > 0. We work with tubes 7 C R? such that the axis of 7 is a y4-ray and
it has dimensions § x ... x § x 1. Two d-tubes are called d-separated if the distance
between their axis with respect to a (fixed) smooth metric on Gy is greater than 6.



We say two segments of 7,4 are disjoint if the distance between them is positive.
Fix two disjoint segments W and B of ;. We call a tube whose axis direction belongs
to W (resp. B) a white (resp. black) tube. Also fix two arbitrary J-separated families
of white and black tubes, YW and B respectively. Until the end of Lemma 5.1, we
work with these o, W and B.

Let ®5 denotes the sum of the characteristic functions of the objects in the set S,
c.g. CI)W? (I)B‘

In the sections 2-5, we estimate the L”" norm of the function min(®yy, ). This
can be considered as a bilinear estimate for the adjoint of X. We begin with the
following bush decomposition lemma of Wolff [21]. We give a proof for the reader’s
convenience. A bush [1] is a set of tubes passing through a common point p, which is
called a base point for the bush. A white (resp. black) bush means a bush consisting
of white (resp. black) tubes. Given a set W of é-tubes, we define a u-fold point for
W to be a point contained in at least u tubes from W or equivalently a point x such
that ®yy(x) > p.

Lemma 2.1. Given a set W of d-tubes, we have a decomposition

W= U}-jzle', 2/ ~ |W|7

such that
i) Wj is a union of < 27 bushes ﬁg, and any tube in W belongs to at most one of the
bushes [3. .
i) Wg = UjsxW; does not have any %—fald points, i.e. @Wg < gﬁkl, forall k < J.
ii1) WE := UjW; is a union of < 2% bushes.

Proof. First, we prove the following lemma:

Lemma 2.2. Given a set W of §-tubes and a positive number p < |W|, we can

decompose W as
W =W, UW,,

where W, is a union of < |um bushes and W, does not have any p-fold points.
Proof. We construct W, inductively. Take any p-fold point z; € R? for W. The
tubes in W containing z; forms a bush £;. Let W, = 3; and W! = W\ ;. Repeat
this procedure with W instead of WW. This gives another bush (5. Let W, = (3; U (3,
and Wy = W\ (2. Continue to repeat this procedure until there is no p-fold points.
)44

Since we subtract at least p tubes from W in each step, we stop at most in = steps.

Note that this gives W, = UF_, 3, k < @, and W, := W* has no p-fold points. [J
Proof of Lemma 2.1. Apply Lemma 2.2 to W with p = |[W|/2. This gives a set
W, with no [W|/2-fold points and a collection W, of bushes 3}. Then apply Lemma



2.2 to W, with p = [W|/4 to obtain W7 with no [W]|/2*-fold points and a collection
W, of bushes 2. Continue to repeat this procedure taking u = [W|/27 at the jth
step. We stop the procedure at Jth step, where J is the smallest integer such that
IW|/27 < 1. Note that W = U/_ W, and by Lemma 2.2, W; is a union of at most
IW|/(IW)|/27) = 27 bushes (/. This yields the part i) of the lemma. Part ii) follows
from the construction and part iii) immediately follows from part i). .

Lemma 2.1 gives a decomposition of W into a set of bushes ﬁij . At this point, we
fix € > 0 and a tiling of @1 by d°-cubes. The letter @ is reserved for these §°-cubes.
The following definitions are from [21].

Definition. A tube w is related to a é°-cube @, w ~ @, if w belongs to a bush
ﬁl-j whose basepoint is in () or one of its neighbors. Similarly, a tube w is related to
a point x, w ~ x, if x is in a cube which is related to w.

Definition.

Bip(e) = 3 Bla),  Dwle) = 3 Byle) = B(a) - Dy(a).

wn~x wr

We use Lemma 2.1 for B too and define &5 and ®j similarly.
3. Main lemma in R*; bushes.

The following lemma is the main lemma of the proof in R, Let m = [W|, n = |B|.
Lemma 3.1. Let d = 4. With the notation in section 2, for any p and v we have
1

i) [{z € Q1 : Dw(x) > p, b > v} < 63-Conmy
vep2
- 1
ii) {7 € Qu: @w(e) > p, By > v}| 0372y
We begin the proof with the following geometric lemma about the transversality
of white and black d-bushes.
Lemma 3.2. Fix e > 0, and let W and B be two disjoint segments of v4. Let x

and y be two arbitrary points in 2Qy and Sy, (resp. Sp) be the surface consisting of

all white (resp. black) rays passing from the point x (resp. y). Let Q. be the §°-cube
centered at the point x. Then
i) the measure of the intersection of the & neighborhood of Sw and a black §-tube is
S o
ii) the measure of the set Q1 N (N'(Sw,6)\Qz) NN (S, 6) is < 6954,

Proof. We use the following parametrizations:

Sg = {y + (a,at,at? at®) : a € (—2,2),14(t) € B},
Sw = {x + (b,bs,bs*,bs®) : b € (—2,2),74(s) € W},
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and any black d-tube is the § neighborhood of a line
I(to, 2) = {z + (¢, cto, ctp, ctd), |c| < 2},

where t( is a point such that v4(ty) € B.

i) It is easy to check that the intersection of Sy, and [(to, z) consists of at most 2
points. The claim follows from the observations that the tangent plane T'(b, s) of Sy
at the point corresponding to the parameter values (b, s) is spanned by the vectors
e1 = (0,1,2s,3s?) and ey = (1,5, 5% 5%), and the angle between (g, z) and T'(b, s) is
greater than a fixed constant depending on the distance between W and B. We omit
the details.

ii) It is easy to check that for fixed z, the intersection of Sy and Sp consists of
< 1 points for y in a dense subset of R*. Therefore, by changing y slightly if necessary
and replacing & with 2§, we can assume that Sy N Sp consists of < 1 points.

Note that if £ and F' are subsets of a metric space, then

N(E,0) NN (F,0) CN(ENN(F,20),0);

hence, it suffices to prove that the induced Lebesque measure of the set of points on
Sy N Qq, which are in the 48 neighborhood of Sy \Q,, is < §- =62

Let Ay = {z : |z —y| € [A,2A]}. We prove that forall A € (0,3), the measure
of the set of points on S N Ay N Q7 which are in the 40 neighborhood of Sy \@, is
< 67962, This yields the claim since Sp N Q1 can be covered by < log(6~1) Ay’s.

Note that the area element on the surface Sp is
dA = f(a,t)adadt, (5)

where f is a bounded function. Hence, the measure of a subset of SN A, of the form
{z + (a,at,at? at®) : la — ao| < a,|t —to] < $}is S o®. Therefore, by using part (i)
of the lemma, we only need to show that the measure of the set

Sy :={t € [-1,1] : Ja, b, s such that |F(a,b,t,s)| < 46}
is < 5*52, where ' : R* — R* is the function defined via
F(a,b,t,8) =x —y+ (a —b,at — bs,at* — bs?, at® — bs®).
Note that any derivative of F' of order less than two is bounded by C and

1t t2 3
-1 = <2 3
JE=det | as 2; 3; , | =ab(t—s)* = A5C.

0 —b —2bs —3bs?



Hence, a quantitative version of the inverse function theorem, for example the one in
[4], implies that F~'(B(0,46)) is contained in < 1 balls of diameter < §=°¢. This
shows that the measure of the set S; is < 5*5% UJ

Proof of Lemma 3.1. We prove part i) only

Let jg be the smallest integer so that & 20 < £. By Lemma 2.1, we have QJWJO < %
Note that ®yy < ®) 0 + CIDWJO Therefore {CDW > u} C {CIDWyO >
to prove part i) with @Wm instead of ®y. Also by Lemma 2.1, Wjo is a union of
< 200 < “% bushes. Slmllarly, let ko be the smallest integer so that oz < £. Note

2
that @5 < @k + Pro; hence, by the same reasoning, it is enough to prove part i)
g b

with @ .k, instead of ®5 and B} is a union of < 2k < 2 bushes.
b

Denote the bushes in Wgo (resp. Bl’fo) by B (resp. (3,). We have

/(I) kO(I)WJO ZZ/ ¢ﬁbq)ﬁw7 (6)
ﬁb ﬂw Q1\2Q

where () is the 6°-cube containing the base of j3,,.

Now, we divide each black bush into & log(§~!) disjoint segments 3. The segment
32 consists of the parts of the tubes which are in the § neighborhood of the basepoint,
and for k > 0, BF consists of the parts of the tubes whose distance to the basepoint
is between 2F716 and 2F6. We have

5> XY [ ey, )

We need the following lemma to estimate the right hand side of the inequality (7).

£} and it is enough

Lemma 3.3. Fiz a black bush segment 3¥.
i) There are < 228571 white tubes which intersect BF.
i) For any white bush (3, which intersects BF, we have

/ (I)ﬁl’fq)ﬁw 5 53*06271’6’
Q1\2Q

where Q) is the 6°-cube containing the basepoint of the white bush By,
iii) For any white tube w which intersects 3, we have

/ @ﬂé:Xw 5 5327]?.
Q1

Proof. i) Note that there are at most 6! tubes through a given point, and (5)
implies that the maximum possible cardinality of a d-separated set of points on 3 is
< 2%%. Hence, there are at most 22*§~! white tubes which intersect 3.
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ii) Part ii) of Lemma 1 shows that the measure of the set of points which belong to
both 8F and 3,, is < 7. The claim follows from the following pointwise inequalities:

q)ﬁ{f 5 Q_k(;_la (8)
Pp,XQi2e SO (9)

To prove (8), note that the angle between the axis of the adjacent tubes is 2 6.
Also note that the distance between the points on 3F and the basepoint of 3F is at
least 2%§. These show that at most 27%§~! many tubes passes through a given point
on f3F.

Proof of (9) is similar, since the points in the complement of 2Q) are at least at a
distance 0° to the basepoint of the bush.

iii) This follows from part i) of Lemma 3.3 and (8). O

We continue the proof of part i) of Lemma 3.1. Fix a black bush segment 3F. Using
part ii) of Lemma 3.3, and remembering that there are at most % white bushes, we
obtain

Z/ Gy, S D gs-cegk (10)
G Y Q1\2Q K
On the other hand, parts i) and iii) of Lemma 3.3 imply that
Z/ Gy, <2767 16%27R (11)
B, Y @1\2Q

Using (10) and (11) in (7), and remembering that there are at most 2 black bushes,
we obtain

log(6—1)
n m n,m
(7) < — min(—, 225715227k <log(d)—(—)Y26%/2-C¢,

which yields the claim of part i) using Tschebyshev’s inequality. [
4. Main lemma in R%; bushfields.

The following lemma is the main lemma for the proof in R®. Let m = [W|, n = |B].
Lemma 4.1. Let d = 5. With the notation in section 2, for any p and v we have
1

i) [z € Qu: Bw(a) 2 1, 0 2 v} S 93O,
5 1
’LZ) |{.T - Ql : (I)W<x) > 14, (I)B > I/}‘ g 6%—Cen‘4m.

vip?



In the proof of the lemma, we use a geometric construction called bushfield. A
bushfield is a set of tubes intersecting a common tube 7; we call 7 the basetube of the
bushfield. We call a bushfield consisting of white (resp. black) tubes a white (resp.
black) bushfield. We begin the proof with the following lemma about the geometric
properties of the bushfields.

Lemma 4.2. Let bf be a bushfield of white §-tubes with basetube w and (3 be a bush
of black 0-tubes with basepoint p. Let Ay be the cylinder Ay = {y € R® : dist(w,y) €
[\, 2\]}. Then
i) If y € Ay, then @y (y) S AL
i) [bf N Ax| < N252; hence, there are at most \*6~* §-separated tubes intersecting
bf NA,.

iii) |(bf N Ax) N (N (p, 6%))| S 6-%6°.

Proof. Using the maps T} that is defined before Lemma 6.2, it is easy to see
that for all s and ¢ in [—1,1], there exists a linear map T, which takes the curve
75 to itself and in particular takes 5(s) to 75(t), such that the entries in the matrix
representation of T¢ and its inverse are bounded by a fixed constant. Because of this
and translation invariance, it is enough to prove the lemma by assuming that W is
a segment around 75(0), and the basetube of bf is the § neighborhood of the line
l(75(0)> 0)'

Note that bf is contained in the 26 neighborhood of the set

Sy = {(1,0,0,0,0) + a(L,t, 8%, £, t)|u € (=1,1),a € (=2,2),75(t) e W} (12)
It is easy to see that Sy can also be parametrized as
Sy = {(u, a,at,at? at®) : u € (—2,2),a € (—2,2),v5(t) € W}. (13)

Using this parametrization, we see that bf N A, is contained in the 2§ neighborhood
of

Sip = {(u, a,at,at’ at’®) : u € (=2,2),|a| € [\/2,2)],75(t) € W}. (14)
Also as before, we define
Sp = {(b,bs,bs®, bs* bs*) : |b| € (67%,2),75(s) € B}. (15)

Note that 5\N (p, §°) is contained in the 26 neighborhood of the set p + Ss.

i) Let bf; be the set of tubes in bf whose direction is 75(t) for some ¢ € [id, (i +1)d].
Note that because of -separatedness every point in R? is contained in < 1 of the tubes
in bf;. Let P be the 26 neighborhood of the 2-plane P; through the origin which is
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spanned by the vectors 75(0) and v5(i0). Note that all of the tubes in bf; are contained
in P?. Also note that the angle between the planes P, and P; is

AL(P, Py) =~ £(75(i0) — 75(0),75(30) —75(0))
£((0,1,46, (i0)*, (i6)%), (0,1, j6, (56)%, (j6)°)) = |i — ;6.

This and the observation that the distance between the points in Ay, and the basetube
is approximately \ show that any point in A, is contained in < % P?’s, which is the
claim of part i).
ii) Note that the volume element on Sy with respect to the parametrization (13)
is
dW = f(a,t)adudadt, (16)

where f is a bounded function. This and (14) prove the first part. The second part
follows from the observations that there are at most A\26~2 §-separated points on
bf N Ay, and at most 6! J-separated tubes pass through a given point.

iii) This is similar to the proof of Lemma 3.2. Using the parametrization (12),
it is easy to check that for p in a dense subset of R®, the intersection of Sy and Sg
consists of < 1 points. Hence, by changing p slightly if necessary and replacing ¢ with
24, we can assume that Sy N Ss consists of < 1 points.

As in the proof of Lemma 3.2 ii), it suffices to prove that the induced Lebesque
measure of the set of points on Sy N Ay, which are in the 40 neighborhood of S3\Q.,
is < 570453,

(16) implies that the measure of a subset of Sy N Ay of the form {(u, a, at, at?, at?) :
lu—uo| < a,|la—ag] < o, [t—to| < $}is S a®. Also note that for fixed ¢, the intersec-
tion of the 2-plane {(u, a,at,at?, at®) : |u| < 2, |a| < 2} with the 46 neighborhood of
Sg is of measure < 0%. This is because of the transversality as in the proof of Lemma
3.2 1). Hence, it suffices to prove that the measure of the set

Sy ={t: Ju,a,b, s such that |F(u,a,b,t,s)| <46}
is < 07°2, where F': R° — R® is the function defined via
F(u,a,b,t,s) =p+ (u—0b,a—bs,at — bs*, at* — bs®, at® — bs*).

Note that any derivative of F' of order less than two is bounded by C' and

1 0 0 0 0
0 1 t t? t?
JE=det| -1 —s —s* —s* —st [ =abCyp >\,

0 0 a 2at 3at?
0 —b —2bs —3bs® —4bs®
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where Cy p is a constant which depends on the distance between W and B only.
Hence, F~!(B(0,46)) is contained in < 1 balls of diameter < 6=<2. This shows that
the measure of the set S; is < 5*5% U

Proof of Lemma 4.1. We prove part i) only.

Let jo be the smallest integer so that ;7 < £. Using Lemma 2.1 as in the proof
of Lemma 3.1, we note that it is enough to prove part i) with q)WZO instead of ®yy,
and W is a union of < 270 < ™ bushes.

Now, we decompose the black tubes into bushfields. Let €2 be the set {®g > v/2}.
Fix a number n € (0, 1) which is determined later. We need the following lemmas.

Lemma 4.3. Let 7 be a black tube. If |7 N Q| > n|7| ~ nd*, then T intersects
> nu? tubes from B.

Proof. Without loss of generality, we can assume that 7 is the d-tube with axis
[(75(0),0). Note that the set 7 N is covered by the black tubes ~ v//2 times. Since
we are trying to find a lower bound for the number of tubes required to cover 7 N €2
v/2 times, we can assume that all the tubes which intersect 7 in a small angle are in
the covering.

Let B; be the set of tubes b in B which intersect 7 and such that the direction of
b is y5(t) for some t € [id, (i + 1)d]. Note that using the tubes in B;, one can cover
the set 7 N Q at most once. This is because of d-separatedness.

The angle between 7 and the tubes in B; is approximately 7. This shows that
lTNo < ‘Z.‘f%; hence, to cover the set 7 N ) with the tubes in B;, we need at least
n(|7] + 1) tubes from B;. This yields the claim of the lemma, since we have to cover
the set 7 N Q approximately v/2 times and 3272 n(i + 1) ~ g2, O

Lemma 4.4. Given n > 0 we can decompose B as

B =B, U B,

where each tube b in B, satisfies |b N Q| < n|b|, and By is a union of S #log(ch)
bushfields.

Proof. Let A be a large enough constant. Choose %log(é‘l) tubes from B
randomly. The following claim yields the lemma.

Claim. With high probability all the tubes b in B with |bNw| > n|b| intersect at
least one of the tubes from the random sample.

Proof of the claim. Lemma 4.3 implies that b intersects at least nv? tubes;
hence, b intersects none of the tubes from the random sample with probability < (1—
"T”Q)n%log(éil) ~ 0. This shows that the above-mentioned probability is > 1 — Cnd“,
which is > % if A is large enough. [J
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Choose such a sample. Let B be the set of tubes which intersect one of the tubes
in the sample and B, be the set of remaining tubes. Obviously, B is a union of
S oz log(o™ 1) bushfields, and any tube b € B, satisfies |bN Q| < n|b|. O

We continue the proof of Lemma 4.1. Note that

v
{(I)WJO > , q)B > V} - {(DWJO > 2 q)B > }U {(I)B > 5 9 <17)
Using Lemma 4.4, we obtain
v
96, (o, 2111 S D 01 (@6, > 21 S mi'n.
beB;

Thus,

{@s, > S} < 2o (18)

Now, we estimate the measure of the set {Q)Wm > p, P, > 5} as in the proof of
Lemma 3.1. Denote the bushfields in B by bf and white bushes by B.,. We have

/(I)B wio = ZZ/ Py P, (19)
b Bu Q1\2Q

where () is the 6°-cube containing the base of [3,,,.

Now, we divide each black bushfield into ~ log(6~!) disjoint segments bf*. The
segment bf" consists of the parts of the tubes which are in the § neighborhood of the
basetube, and for k > 0, bf* consists of the parts of the tubes whose distance to the
basetube is between 281§ and 2*¥5. We have

log(6—

D
(195 > ZZ/ Dy B, (20)

k=0 fk B, YQ1\2Q

Fix a black bushfield segment bf*. Note that, as in the case d = 4, X0\20®s, S
d~¢. Using this and parts i) and iii) of Lemma 4.2, and remembering that there are
at most ™ whlte bushes, we obtain

Z/ By, S 5ok, (21)
Q1\2Q H

On the other hand, part ii) of Lemma 4.2 shows that there are at most 2262 white
tubes which intersect bf*. Using this and parts i) and iii) of Lemma 4.2, we obtain

> / Dy, S 286775, (22)
Q1\2Q

13



Using (21) and (22) in (20), and remembering that there are at most 75 (log(6~ )2
black bushfields, we obtain

log(6—1)
20 5 Y %log )2 min( L, 9%§2)§4-Cegk
o n
< (1 5 s o m 1/253 Cs
< (log(a7) (M)

Thus, using Tschebyshev’s inequality, we obtain
{

>, O > }| < —53*05. (23)

WJO 3
U

Using (18) and (23) in (17), we obtain

(B0 > 11, @5 > v} S Lot + 53 Ce, (24)
1% 'r}]/ MQ
Minimizing the right hand side of the inequality (24) by choosing a suitable 1 yields
the claim of the lemma. [

5. Bilinear Estimate.

In this subsection, we estimate the L' norm of the function min(®yy, ®z). We
need the following numerical inequalities. For proofs see [21]. Let 6 € [3,1] and
a;, by, a,b, x and y be nonnegative real numbers. Then

1-0

min(az, by)® max(ax, by)' ™% < min(x, y)’ max(z, y)' ¥ max(a,b)’ min(a, b)' %, (25)

min(z aj, Z br.)’ max(z a;, Z b)) < Z min(a;, by)? max(a;, by) 7.  (26)
J k J k Jk

The following inequality is an immediate corollary of (26). Let a,b,c and d be non-
negative real numbers. Then

min(a + b, ¢+ d)’ max(a + b,c +d)' 7 <a' b+ ) + (e +d) . (27)

For technical reasons, we work with the function Wy defined below instead of
min(®yy, P5). This is because of the asymmetry of the bounds in Lemmas 3.1 and
4.1. Here, 0 is a dimension dependent parameter in [%, 1].

14



Definition.
Wy := X, min(Pyy, @5)? max(®yy, &) 7,
S := X0, min(P},, D)’ max (D3, Op)' 7,
Ty = xau (B0 + L)
Note that the inequality (27) implies that

\Ifg < Sg + Tg. (28)

By using the estimates in Lemmas 3.1 and 4.1, we obtain an estimate for Ty, and
using the rescaling and induction arguments from [21], we prove the same estimate
for Wy. In some sense, the estimates in Lemmas 3.1 and 4.1 are stronger than the
estimates we need; in the following lemma we bring them into the relevant form using
trivial estimates.

Lemma 5.1. Let 0 = %ford: 4 and 0 = Z—;fordz 5. Letp = %2 and

+L =1. Then

10T < (8% max(|B], W) 7. (29)

Proof. First note that there are < 6! same colored tubes containing a given point.
Hence,

10Tb]loe S 1. (30)

Also note that || ®y|; < |[W|6% L. This and the similar estimate for ®5 imply via

Tschebyshev’s inequality that
W| |B
{Ow > p, 5> v} S0 min(‘7|, %) (31)

i) The case d = 4: Let

Y(u,v) = {z € Q1: dw(x) > p, &5 > v}

and m = |W|, n = |B|. Using part i) of Lemma 3.1, we obtain

1
Y(my) S 65 %min(ty, 0%)
v2uz M
SO T RLIRY LT EAY
< ST
4, s4,\2
— —Ce (5 n(s TZL)S 67% (32)
(vp)3



Summing over the dyadic values of ;1 and v between 1 and 6! gives

Ixq:\ Pwesl:

0100 W00
2/\
Q
)
—~
=9
S
S
=9
S
2
o
i
wloo

Estimating || xg, V/ &DBqDWH% in the same way gives

10T, ||s < 67 (8*nd*m)3, (33)

8
3
Interpolating (33) with (30) yields the claim of the lemma for d = 4.

ii) The case d = 5:
Define Y (i, v) in the same way. Using part i) of Lemma 4.1, we obtain

Y (u,v) S0 06—355.

V2
Using 1 < 071, we obtain

5 :
Y(IM, ) 5 cel 5 <5 05(5 max(m,n)) 67%

9, 3
V/J2 1/,u,2

summing over the dyadic values of u and v between 1 and 6! gives

NI~

< 679%(6° max(m,n))i5 2.

[SIESENIEN]

Ixa B ®II% <

23 4
Estimating || xq, ® g@;vﬂg in the same way gives

Mcﬂ

||5T%| <079 (8 max(m,n))1. O

[SIENENTEN]

Lemma 5.2. Let 0 = %ford: 4 and 0 = %ford: 5. Letp = d%d? and
i + 1% = 1. Fiz two disjoint segments W and B of v4. For any d > 0, we have:
For any d-separated VW and B the following inequality is valid

16|17 S 6-C%(8" max(|B, [W]))aT. (34)

Proof. We begin with the following rescaling lemma.
Lemma 5.3. Fiz 6 € (0,00) (0o is determined in the proof) and assume that the
claim of Lemma 5.2 has been proved for §'=¢. Then, we have

’ L
[0l ) < AT C5((5 max(|B]. W) (35)
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where Q) is a 6°-cube and W and B are d-separated sets of tubes.

Proof. Fix a §°-cube (). For each w € W, let k(w) be the cardinality of the set
of white tubes w; such that w; N @ is contained in the double of w. Let W, be the
set of white tubes w with k(w) € [p, 2u]. Define k(b) and B, analogously. Note that
k(w) and k(b) are restricted to values between 1 and §—¢. Let

V" = xo. min(®y, , Cbgu)e max(®Pyy,, CDBU)I_G-

Note that (26) implies that

Wy <Y 0 (36)
iz

pointwise on (), where the sum is over the dyadic values of ;1 and v. We estimate the
LP norm of the functions UyY. We can assume that p > v.

Let W, be a maximal subset of W, which satisfies the property:

(*): If wy,wy € W, then wy N Q is not contained in the double of wy.

Define B, analogously. Replace the tubes in W, (resp. B,) with their doubles and

let

U = xq. min(CIDV-VM, CIDgV)e maX(CI)V-VM, @gy)l_e.

Note that the maximality of W, (resp. B,) implies that ®yy, < p®y, (resp. Pp, S
v®3 ), which implies via (25) that

U <
Taking the LP norms, we obtain
105"l S vt |y (37)
Finally, note that the property (*) implies that
Wl S 'V, 1B S v Bl (38)

Dilating the cube @ by §~¢, we obtain a cube Q' of side 1 and §'~*-separated sets
Wi, B, of 26'~*-tubes. Hence, we can apply the hypothesis to obtain

-

—E\pHV (€ ' —(1—¢)Ce — A A _d_
|01 T4 (6 Oy < Acd (17900 (50~ max (W, |, |B,[))#1.

Making the change of variables x — 6°x, we obtain

5N 7 gy < A (G max(( W, [BL) TS (30)

17



Using estimates in (38), we have
_ _ 1
max( Wy, [B,1) < max(2, By < Loy, sy, (40)

Using estimate (39) and then estimate

—~

40) in (37) and making the necessary cancel-
lations, we get

(X o T 7 [ g [
< A C (8 max (W], |B, () 7T 86 0 -0 v/ a5
S AT (0 max((WI, |B) a6 W O gl it
S A0TO (0" max(IW], B|)) 767 (41)

the last inequality follows from the fact that p, v < 67° when we note that (1—0)p" >
-4 Using (41) in (36), we have

10l < ZHNWHp N ZA 6=C%(0" max(|W], |B|))#15°

S A maX(!W! 1B))77 6% log(671)?,

since there are < log(67!)? terms in the summation. This yields the claim of the
lemma given that Jy is small enough. [

We continue the proof of Lemma 5.2. Note that the lemma is obvious for § > d,
and we prove the lemma for the values of § such that 6'=¢ > §,. An obvious induction
argument yields the claim of the lemma.

We estimate Tp using Lemma 5.1 and estimate Sy using Lemma 5.3 in the following
way. For each d¢-cube @, applying Lemma 5.3 to the sets nyy(Q) := {w € W :w ~ Q}
and ng(Q) :={beB:b~ Q}, we obtain

18517, < - (6" max(mw(Q).n5(Q))) T

Summing over (), we obtain

 max(my(Q), ns(Q)))

-

16551 <

-

—1

£

CEA (Zé max(nw(Q), nB(Q))>

d

55%?2—06,45 <5dmaX(ZnW(Q),ZnB(Q))> - (42)
Q

Q
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Note that Y, nw(Q) S W/ and » ,ns(Q) < |B|. This is because by Lemma 2.1
each tube belongs to at most one bush; hence, each tube is related to < 1 d°-cubes.

Using these bounds in (42), we obtain

Ce2

16| S 8% A5 C=(6% max(|W), |B])) 7T,

which yields the claim of the lemma. [J
6. Proof of Theorem 1.3.

For possible future usage, we do the rest of the proof in general dimensions.
Lemma 5.2 and the following theorem yield the claim of Theorem 1.3.

Theorem 6.1. Let d > 3 and ¢ > 0. Assume that p, q and r satisfy the
inequalities (2), (3) and (4), and r > q > p. Let W and B be disjoint segments of vgq.
Assume that for any 6 > 0, and for any d-separated VW and B, we have

16 min(®yy, @B)Hg’p,@l) < 67°(6% max(|W), |B|)",

where % + z% =1 and % + % = 1. Then the restricted X-ray transform X s bounded

from the Sobolev space WPC%(Q,) to LI(L").
In the proof of Theorem 6.1, we work with the operator

1
51 J,,

Xsf(1) f(z)dz,

where [5 is the § neighborhood of [ in R?. Xj is simply the operator X thickened by
0. It is easy to see that the adjoint map Xj of X which takes functions defined on
G, to functions defined on R? is defined via

it = [ [ et )dod

The hypothesis of Theorem 6.1 is essentially a bilinear estimate for Xj; in the proof
of Theorem 6.1, we convert it to a linear estimate. The argument is quite standard
and we omit some details; the proof below is a variation of the one in [21].

We need the following rescaling map for the curve 74: Fix a point v4(ty) and
consider the basis {74(to), 75(t0), - .- C(ld_l)(to)} for RY. Define T3 via T3 (Wéj)(to)) =
Niy9(t), 5=0,1,2,....d — 1.

Lemma 6.2. i) Ty takes the curve g to itself, thus taking the vq-rays to v4-rays.
Moreover, we have the following formula:

TR (Ya(t)) = va(N(t — to) + to)-
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i) Ty takes a segment of length N~' centered at v4(to) of the curve v4 to a segment
of length ~ 1.

Proof. We prove that T2 (v4(t)) = va4(N(t — to) + to), which yields the claims
of the lemma. Let A be the d x d matrix whose ith column is 75 '(t), i.e. A =
alto) Vy(te) .7V (to)] and B = diag(1, N, ..., N41). Note that

T (v4(t)) = ABA Y1, ¢,4%, . 14T (43)
Let f(t) = #/. Using the equality

ﬂw=fw»+f%xr»@+m+f@@@93?ﬁ, (44)

and the definition of ~,(t), we have

(t—t0)?® (t— to)d_l]T

[1,¢,..., 19717 = A1, t — t,, A @) (45)
Using (44) and (45) in (43), we have
)2 _4yd—1
T(va(t) = AB[Lt—t, ! 2!150) »en <t(dfoi)! I
_ (N(t—19))®  (N(t—t))" " p
= A[l,N(t —ty), 5 @) | (46)

Using (45) by replacing t with N(t — tg) + to, we obtain
(46) = [1, N(t — to) + to, ... (N(t —to) + t0)¥ Y] = Ya(N(t — to) + to). O

Let s be a segment of the curve 4 of length N~! centered at va(to). We denote
Ty by T, and the subset of G4 consisting of all lines whose directions are in s by G%.
Since T, takes yg4-rays to vg-rays, there is an action Ty : G4 — G4. We give some
more definitions:

Definitions. Let Y be a subset of a metric space. We denote the characteristic
function of N(Y,n) by xy,,.

Let Y be a subset of G}, then we have

(d—1)
() oo o = 855
. 1, d(d—1
(1) Ixzrallor < N5 sl
(iif) Xixv(z) = N7 Xgxny (Tha).
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To prove (i), note that Ty expands s by a factor ~ N by Lemma 6.2, and for any
va(t) € s, Ty expands volumes in H; by ~ N “ This follows from the observations

that

d(d—1)

det(T,) ~ N.N?2.. N1 =N"=7, (47)

and T essentially preserves the lengths in v,4(t) direction. (ii) follows from (i) and
the observation that N (7Y, 0) C TN (Y,C§/N). Finally, (iii) follows from the fact
that T, expands s by a factor ~ N.

Lemma 6.3. Fix a large constant C. Lete > 0, d > 3 and p, q,r be as in Theorem
6.1. Let Z C Gq and R be a subset of RY such that for any v4-ray 1, N(1,6) N R is
contained in a cube of side 1. Let S be a subset of R satisfying:

If x € S, then there are two segments s; and sy of vq4 such that
i) s1 and sy are of length C™1,
ii) The distance between s, and so is at least C™1,
iti) min(X3 (Xzna., ), X5 (Xzne.,)) = n-
Then,

5] S 60" Xzl -
Proof. First note that it suffices to prove the lemma with R replaced with
Q1. To see this, assume that we have proved the lemma for cubes of side 1. Tile

R by cubes of side 1, R = U;Q" say. Let Z' be the § neighborhood of the set
{leZ:N(,6)NQ"#0}. Note that

1S] S SNQ S5 ' Y, Ixz
SO Xz o

q,r 5 6_€HXZ75HZ:,7"’;
the third inequality follows from the fact that p’ > ¢ > r/, and the last inequality

p!
q/7T/

can be obtained by noting that for any ~4-ray I, N(l,0) intersects < 1 of the cubes
Q'

Also note that 74 can be covered with < 1 segments of length slightly larger than
C~! so that any segment of length C'~! is contained in one of the segments in the
covering. The set C of pairs of the segments in the covering has < 1 members and
for any pair of segments s; and s, as in the lemma there is a pair (¢;,¢;) € C so that
s; C ¢;, i=1,2. Hence, it suffices to prove the lemma assuming that the segments s;
and sy are independent of x.

Let Z;, = Z NGy, i = 1,2. Let W (resp. B) be d-separated subsets of Z; (resp.
Zs). Denote the characteristic function of the ¢ neighborhood of w € W in G4 by
D,, and the characteristic function of the C'é-tube whose axis is w by x,. Note that
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XiDy S 0xw. Hence, X527 S 0)., Xw = 0Pyy. Similarly, we have X575 < 69p.

~Y

Using these and the hypothesis of Theorem 6.1, we obtain

’
P
Py

lmin(X5xz,, X5x2) 7, ) S 10 min(@uw, @p)[17, o) < 0-°(8" max(W], |B]))
< 6 max(IN (2, 8)|, IN (Z2, O))7 S 6 lIxzslll o S 0% lIxzally o3

we used the fact that ¢ > 7’ in the last inequality. This yields the claim of the lemma
using Tschebyshev’s inequality. [J
Lemma 6.4. With the hypothesis of Theorem 6.1, we have

X353y v (@uy < 0~ Ixvislly,

for any Y C Gy.
Proof. Below, we prove that

o € Qr: Xixv(x) 2 M S 0N [xvsll . (48)

This yields the claim of the lemma as in the proof of Lemma 5.1. Note that (48) is
obvious for A < 62, where B is a large enough constant. The reason for this is that
the left-hand side is bounded by 1 and the right-hand side is = 1 if X is small and Y’
is non-empty. Therefore we assume that \ > 7.

Now, we prove (48). Fix a sufficiently large constant C' which depends on ¢ and
B. Let A= {x € Q1 : Xjxv(x) > A} and A, be the set of all points z € Q; such
that
i) there are two segments s; and sy of length o of 7,

ii) the distance between s; and ss is between o and Co,
iii) X5 (xvre,,) = C16°A for i = 1,2.

We claim that U, A4, O A, where the union is over dyadic ¢ > 6%, where K is a
constant which depends on B.

Let # € A. Let o be the smallest number such that X} (xyna.)(z) > (Co)®\ for
some segment s of length Co. Note that the lower bound for \ implies that o > 6.
Divide s into =~ C segments s; of length ¢. Since ¢ is minimal, for any segment s;,
X5 (xvna,,)(7) < o®\. On the other hand, ), X5 (xvra. ) () > X5(xvne.)(z) >
(Co)®\. Hence, there should be at least 3 segments s; such that X5(xvna,,) =
C~'o &\, which proves the claim since o > §¥.

By pigeonholing, there is a o such that |A,| = 0°|A|. Using the rescaling maps
and Lemma 6.3, we find a bound for |A,|, which is independent of o.

To do this, consider a covering of v, with C'o-segments s; with bounded overlap.
Let A’ be the set of points z € A, such that the two o-segments in the definition of
A, are contained in s;. Note that A, = U;A%.
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Fix one of the s;’'s. Note that the sets R = T,(Q1), Z = Ts,(Y N Gg,) and
S = T,,(A") satisfy the hypothesis of Lemma 6.3 with n = §~'A\. R satisfies the
hypothesis since T§, essentially preserves distances in 4 direction. Thus, using Lemma
6.3, we obtain

T ALl < 070 N Ixn, vnea sl (49)

Using property (ii) of the map T},, we have

1 d(d=1)
(49) < 5—s<071>\)7p/0 P+ )HXYﬁGsi,mSHS;,w-

Using (47), we have

. __ d(d-1) o (L dd=1) /
B R GV A el (50)
_ , (1 d(d—1)
(3) implies that 0“7 0% ? @757 < 1. Using this in (50), we obtain

AL S 67N I xvna., o5l 0 (51)

Now, note that the sets N (Y N Gy, o) have bounded overlap. Thus, using (51), we
get

A < AL S 6N Y gl
S

Si
S 6N vl S 5N vl

the last inequality follows from the observation that N (Y, cd) C N(Y,0). O
Proof of Theorem 6.1.
Using duality, Lemma 6.4 implies that

1 Xsfllzaqzry S 0771 Nl eri@uy- (52)

Now, we trade e derivatices for the 07¢ factors. This argument is standard, we
follow [19] and omit the details. We can assume that || f||wr-=1. Using a suitable
partition of unity (see, e.g., [19], p.597), one can find functions f;, j = 1,2, ... with
Fourier support in {¢ : [§| ~ 27} such that > 2% || f;|l, < [|f[lw»re = 1 for small 5 and

XF ST+ X fil- (53)
J
Using (53) and (52) with € = 7, we have
||Xqu,r S1+ Z HXTJ'fqu,T S1+ Z2nj’|fj||p <1
J J
which is the claim of Theorem 6.1. [J
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