MAPPING PROPERTIES
OF THE ELLIPTIC MAXIMAL FUNCTION

M. BURAK ERDOGAN

ABSTRACT. We prove that the elliptic maximal function maps the Sobolev space
Wi, (R?) into L*(R?) for all > 1/6. The main ingredients of the proof are an
analysis of the intersection properties of elliptic annuli and a combinatorial method

of Kolasa and Wolff.

1. Introduction.
In 1986, Bourgain [1] proved that the circular maximal function
Mcf(z) =sup | f(z+ts)do(s)
t>0 Jg1
is bounded on LP(R?) if p > 2. Different proofs were given in [7] and [10].

In [8], Schlag generalized this result and obtained almost sharp LP — L9 estimates
for Mc.

In this paper, we attempt to generalize Bourgain’s theorem in a different direc-
tion; we consider a natural generalization of the circular maximal function by taking
maximal averages over ellipses instead of circles.

More explicitly, let £ be the set of all ellipses in R? centered at the origin with axial
lengths in [3,2]. Note that we do not restrict ourselves to the ellipses whose axes are
parallel to the co-ordinate axes. The elliptic maximal function, M, is defined in the
following way: Let f be a real-valued continuous function on R?, then
(1) M f(x) = sup L/ f(z +s)do(s), zeR?

pee |E| Jg
where do is the arclength measure on E and |E]| is the length of E.
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We are interested in the L mapping properties of M.

Proposition 1. M is not bounded in LP for p < 4.

Proof. First, we prove that M is not bounded in L? for p < 4. Let fs be the
characteristic function of the d-neighborhood of the unit circle. A simple calculation
shows that for all z € B(0,1), M fs(z) = §'/%. This is because of the fact that for
all x € B(0,1), there is an ellipse centered at = which is third order tangent to the
unit circle. Therefore, ||M fs||, = 0'/*, whereas ||fs]|, ~ 6'/?. Taking the limit § — 0
yields the claim.

To prove that M is not bounded in L*, consider the function

(2) g5(x) = (|1 = ||| + 6) Y X B02)\B0.1)-

Note that ||gs||s =~ log(1/6)/4. On the other hand, we have Mgs(z) = log(1/6) for
all z € B(0,1) and hence ||Mgs||s = log(1/6) (see [8] for the details). O

In light of Proposition 1, one may conjecture that M is bounded in L? for p > 4.
We are far from proving this conjecture. However, we obtain some estimates for M
in this direction. We state our results for the key exponent p = 4.

The setup is the following; we work with the family of maximal functions:

(3) Msf (z) = Sup ﬁ o f (u) du,

where E° is the § neighborhood of the ellipse E and |E°| is the two-dimensional
Lebesgue measure of E°. We investigate the L* mapping properties of Mj.

Applying M; to the functions in (2), we see that the inequality
(4) [Msflla <A@ flla,  6>0

can not hold if A (§) = o(log(1/6)*/*). On the other hand, estimating the right-hand
side of (3) by 67| f|l; implies that |[|[Msf|l; < 67|f|l1 and estimating it by || f]ee

implies that ||[Msf|lco < ||f|lo- By interpolating these bounds, we see that (4) holds
for A(0) = 61/4.
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Let E° denote the d-neighborhood of the ellipse E. We have the following basic
property of the elliptic annuli. It corresponds to the fact that two distinct ellipses

can be at most third order tangent to each other.

Lemma 2. Let Fy and Ey be ellipses such that the distance A between their centers

is > 62/°. Then

|E5QE5| < §55/4
1 21 ~ A1/4'

We prove this lemma in section 3 (Corollary 10(i)). Now, using this lemma and

Cordoba’s L? Kakeya argument [2], we prove the simple fact that (4) holds for A(§) >
5-3/16

Lemma 3.
| Msflla <073 flla, 6> 0.

Proof. The lemma follows by interpolating the trivial L* bound with the following

restricted weak type estimate:

(5) 1M fll2.00 S 07251 fl|21-

Fix aset Ain B(0,1) and A € [0,1]. Let Q = {x : Ms(xa) > A}. Take a d-separated
set {z1,...,x} in Q. We have

(6) Q] < mé>.

For each z;, choose an ellipse £ such that |E]5 N A| > M. Using Cauchy-Schwarz

inequality, we have

mox < Z|EfﬂA|:/Zng
j=1 A

< |A[2) Z Xk 2
J

1/2
(7) = |A]'"? (ZIE}SHE;?I) :

ak
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Now, we estimate the sum ., |ES N E}| using Lemma 2. We have |ES N E}| <

o given that |z; — zx| > 0%°. Using this, we obtain for fixed j

| —2p|1/4
55/4

8 EENE)| < o672 / ——dr + 672 / Sdx
) 2k:| ! : 12)a;—x| 26%/5 |z — x|/ | —x| S82/°

< 534
Thus,
(9) Y IEINE) S ms

7.k

Using (9) in (7), we have
moX < JA[M2 (mo=34)12,

Hence
2
o g mst 5 (50020

which proves (5). O

We have the following improvement:
Theorem 4. For all € > 0, inequality (4) holds with A (§) = 6—1/657¢.

Remark. Theorem 4 implies that M maps W4’% . into L* for all € > 0. Here W,
is the Sobolev space consisting of functions f such that [|(1 — A)?2f]], < oco.
Theorem 4 is a corollary of the following stronger theorem, which is the main result

of this paper.
Theorem 5. ||M;f|l24/7.00 S 673 10g(8) 74| f]]2,1-

Proof of Theorem 5 utilizes an analysis of the intersection properties of elliptic
annuli. Lemma 2 above and the following lemma are the basic elements of the proof;
we prove them in section 3. The following lemma can be considered as a Marstrand’s

three circle lemma type result for ellipses.
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Lemma 6. Fiz A > 6%/°, d > 6 and v > 1. Take any two ellipses E, and E, such
that the distance between their centers (cq,co Tespectively) is approzimately d. Then

the d-entropy of the set

S:={r cR*:|v—¢| 2 A,i=1,2, 3 an ellipse E centered at x such that
(10)
|‘E5 N E’?l Z 6(5/UA)1/477' =1, 27 }
is S s5q7z ] log(0)|u®/*(§/A)Y/4,

Note that in the proof of Lemma 3 (inequality (8)), we assumed that any two
ellipses can be third order tangent to each other in a given set of ellipses. However,
using Lemma 6 and a combinatorial method of Kolasa and Wolff [4], [11], we can
bound the number of pairs of elliptic annuli which are third order tangent to each
other. This is the main ingredient of the proof of Theorem 5.

This technique was also used in [8], [10], [9] and [6].

Notation.

S1: the unit circle.

Bel = {o e R?: (2202 4 (mz2)2 1),

E°: § neighborhood of the ellipse E.

K: A constant which may vary from line to line.

A< B: A<KB.

A~ B: A< Band A2 B.

A << B: A< KB where K is a large enough constant.

|A]: cardinality or the measure of the set A or the length of the vector A in R2.

2. Proof of Theorem 5.

.Let ACR?, 0< A <1land Q= {xr € R*: Msxa(z) > A}. We need to prove that

|A|1/2 24/7
)

Without loss of generality, we can assume that A C D(0,1). Let {z;}7., be a

9/ < (| log () [¥/45-1/3

maximally ¢ separated set in 2. Note that

(11) 1] < md?.
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Choose ellipses E; centered at x; such that |E2 N A| > A ES| = X\J. We have

m

mix 5 SIENAI= [ 3
j=1 Am

< ALY Xl
j=1

m 1/2
(12) = [A]? (Z !EfﬂEz‘iI)

J,k=1

Let

; 0 8 5 0
SAu = {(J,k) ey — x| € (A,2A),5(E)V4 <|E)NE)| < 5(M>1/4} ,

Using this notation, we can estimate 7} |ES N E}| as

Y IENE S ), Z’SA,u|5(%)l/4+Z5min(m, §576/5)
k=1 §2/5<A<1 Y j=1
1 < Sald oy g
U

§2/5<A<1
where the summations are over the dyadic values of A and the dyadic values of
u € (1, oK ) (since the terms with u greater than a high power of 6! makes negligible
contribution, and Lemma 2 implies that Sa , is empty if A > 6%/ and u << 1).
Now, we find a bound for the cardinality of the set Sa , using Lemma 6. Consider
the set of triples:

: 0 4 4 0 0 .

We calculate the cardinality of @) in two different ways. Let S; = [{k : (j, k) € Sau}|-
Note that there are at least sz triples in ) whose first co-ordinate is 7. Hence, we
have
m m 1/2
(14) [Saul =) 8 <m? (Z s;) S (mlQh)'?.
j=1 j=1
On the other hand, we can choose k; in m different ways, and for fixed k;, there are

at most min (m, ‘;—;) indices ko such that |z, —zk, | € (d,2d). For any such (kq, k2), by
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Lemma 6 and §-separatedness, there are at most 5 min (| log (8) |d=2/2u3/4 (5] A4 Az)
indices j such that (j, k1, ko) € Q. Summing over dyadic d € (§, 1), we obtain
52

15 5 ™log(@) min [0 a2
S 0g min (6A)1/47m .

2
QI $ m) min (m, %)  min <| log (8) |d~Y2u®* (6/A)"/* A2>
d

Using (15) in (14), we have

3/8
12 o M . [ (mu)
|SA,u| 5 (m’QD 5 g| 1Og (5) |1/2 min (W,ml/2A>

2/3
m 1/2 (mu)®/® 1/2 A\ 1/3
SJ g|log(5)| ((SA)US (m A)
ml7/12
(16) S WU%@)’W(UA)M‘

Using (16) in (13) together with the fact that there are at most log(d§)? terms in the

summation, we obtain

- 5 5 g\t ml7/ 1/2 1/4 17/12 £3/1
J,k=1 A U
(17) S m17/1251/6\ log (5) |5/2.
Using (17), (12) and (11), we have
24/7
< 2 < 5/45—1/3 |A|1/2
(15) 91 S mo* S (log (8) P55 =)
which yields the claim of the theorem. 0

3. Proof of Lemmas 2 and 6

Let N'(A,0) denote the ¢ neighborhood of the set A. First, we find a relationship
between the parameters 21, zp, e and f of an ellipse £/ and the measure of the set

N(ES,6) NN (S, 5). We begin with the following basic lemma.
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Lemma 7. Let N be a positive integer. There exist constants Ki and Ky such that

for all o > 0 and for all 6 > 0, we have

N
Z lajla’ > 8 == 3w € (0,K,a) and x5 € (—K,a,0)
i=0
N
such that |Zazaﬁ;| > Kyd, j=1,2.
i=0
Proof. The statement is trivial if @« = 1, and the general case follows from this by the

change of variable y = za. O

Let S] be S'N{z € R? : 25 > 0,|z;| < 2/3}, and d(z,y) denotes the distance
between the points z,y € R2.

Theorem 8. Let d(z,0) = A > 6%°. Then
i) The arclength of ESf N N(S1,6) is < ()4
ii) If the arclength of the intersection is 2 (-2:)V/* for some 1 S u << (A/8§)Y/3, then

we have

(19) lz1] S min(u?P(5A)2 a5/ 0)YY),
(20) If —€’| < min((uA)¥*"4 uPP(5/A)?),
(21) lzo+ f—1] < min((uA)3/451/4,u3/2(5/A)1/2).

Proof. Consider the function

flz) =z + f(L = ((& = 21)/e)*)/? = (1 — 2?)'/2,

Take a point ¢t € (—2/3,2/3) such that |f(t)| < 0.

Note that the set £/ N AN(S!,§) consists of at most four connected components.
Hence, it suffices to prove that there exists 21 € (t—(£)"4,t) and x5 € (¢, t+ ()4
such that |f(z;)| > 6 for j = 1,2, and if z; or 5 are not in the (-%)"/* neighborhood
of t for 1 <u << (A/§)Y3, then (19), (20) and (21) are valid.

We consider the first five terms of the Taylor expansion of f(z) around ¢.
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Let w:= (1 — (t — 2,)%/e?)"Y2(1 — t*)1/2. We can assume that w = 1.

=
&
I
I\
()
=
g
L

—1)(1— 32

_|_

(21 — w4+ t)(1 — t2)—1/2] (z —1)

'Rl +

+

(292 = L) o 0

_|_

(1= 20— w2 o - 0
22) 6

+
= N = DN
T 1 T

(1=t + 42 — " f (1 +4(t — 21)?/e ))} (z —t)*

—_

3 + 4n? f 3e2 +4(n— 21)?
o [t — 50 P ] 0=

net—lz—t,t+|r—t).

=ag+a(z—t)+as(x —t)* +az(x —t)* +ag(z —t)* + Er

Choose u such that >, |ai|(:5)7* = &, we have |a;] < (uA)/46/* for i =
0,1,2,3,4. We have two cases:

(i) u > (A/6)/3. Lemma 7 shows that if we omit the error term Er, then the ar-
clength of the intersection is < ( )13, Tt is easy to see using the hypothesis A > §2/°
that the error term is not significant.

(ii) u << (A/8)'/3. Using the definitions of ag, a;, as and as, we obtain

(23) 2(1— 1) 4 fw™ =1+ 0(9),
(24) eé(t — 21w =t + O((ul) V4534,
(25) Tt = 1 o((un) 542),
(26) eé(t — 2w’ =t + O((ud)?46'/%).

Substituting (25) into (26), we obtain

(27) (ef)*2(t — 21) (1 + O((ud)'26Y/%)) = t + O((ulr)*15"/1),
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which implies that

el/3 t—z t—2x

<f2/3_1) e e

(28) —t = O((uA)¥45Y4).

Substituting (25) into (24), we obtain
f2/3

/3

(29) (t = 21)(1 + O((uA)/26"%)) = t + O((ul)/6%%),

which implies that

4/3
(30) #H(1— %) = 21+ 0|21 — t|(ul) 72612 4 (uA) /45374,

Subtracting (27) from (29), we obtain
(1) (= m)(FY° — ¥ 4 O((uhd)V26Y2)) = O((uA)/514).

Substituting (25) into (23), we obtain

f4/3

(32) 22(1 — t2)71/2 + (%

— 1) = O((uA)Y254/2).

Now, there are two cases |z3| &~ A or |z| = A.
Case a) Assume |z3| ~ A. (32) implies that |e — f?| ~ A. Using this in (31), we

obtain

(33) t—z = O@¥'(5/A)"),
which implies using (29) that

(34) t=O0W*(5/A)V*).

Using the fact e — f2| &~ A and (33) in (28), we obtain

t—Zl

—t = O((ul)>/*5Y/%).

e

This and the definition of w implies that w = 14+O((uA)3/46'/4). On the other hand,
using (33) and (34) in the definition of w, we obtain w = 1+O(u®?(§/A)/?). Hence,

using (25), we have

(35) If —€? < min((uA)3/451/4, u3/2(6/A)1/2).
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Using (33), (34) and (35) in (30), we obtain
(36) 2 S min(a2(5A) 12, w8/ (5 A1),
Finally, using (34) and the estimates for |w — 1| in (23), we obtain
(37) |20 + f — 1] < min((uA)¥45Y4 432 (5 /A)Y?).

Case b) Assume |z;| = A. Using (30), we obtain
(38) [f == At = A
Using (25), we obtain

(w? = 1)(f/e)*P + (f/e4)** — 1 = O((ud)'25"/?),

which implies using (38) that

(39) w? — 1] ~ A.

11

Using the definition of w, we obtain w? — 1 ~ (t — 21)?/e? — t2. Hence (39) implies

that
(40) ‘t_zl—t‘%&
e
Using (27), we obtain
el/3 t—z21 t—=x 3
_ _ ja51/4
(f2/3 1) T =t+ O((uA)7257),

which implies using (40) that

le — f2||t — 21| = A

Hence |e — f?| 2 A and (32) implies that |23] = A. Thus the estimates that we

obtained in case a) are valid.

Applying Lemma 7 (with K70 instead of the ¢ in the lemma, for a sufficiently
large K,), we see that |f(x) — Er| > K&, for some z; € (t — K(§/(uA))"/*,0) and

z9 € (0,t + K(5/(ul))Y4).

Now, we prove that
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for x € (t — K(6/(ul)Y*t + K(5/(uA))/*). Note that the estimates that we

obtained in part a) imply that |[e — 1|, |f — 1| < A. Let h(n) = n(f’j:)’f/z. We have

B S (i) — Zn (A —ap

ed

= () — (Y 1 n (- Ly P

e e ed
n—=z
S (n- . Az =t < (In(e — D] + 2] + Az — ¢
)
< A(—=)%* <6,
S A S0

Finally, we prove that u can not be << 1. Assume that u << 1. Using the
definition of a4 and the estimates we obtained above, we obtain
fo o f N2 2
ag| 2|1 — =] — =1 —w'|—|t* — —
e R B e O S R

t—Zl t—Zl

)21 - w7€i4\ > A,

Hence, u can not be << 1. This yields the upper bound for the arclength of the

intersection. O

Let miny (A + B) denote min(A + B, A — B).
Corollary 9. Let d(z,0) = A > §%/°. Then
i) The arclength of ES NN(S,0) is S (£)Y4,
it) if it is 2 ()Y 1 Su << (A/6)'3, then we have

Hin(\(fe)z/?’ —1+d(2,0)]) < min((uA)>46Y4 432 (5/A)Y?).

Proof. We divide N(S',§) into four segments; N (S',0) = UL, N (S},d), where
N (51, 6) is as before and N (S}, §) is obtained by rotating A'(S7, §) around the origin
im/2 degrees. Note that if the intersection of the ellipse with N'(S?,d) is large, then
its intersection with one of N'(S},d) should be large, too.

Let |[EST NN(S],6)| > (-%)Y4, for some 1 S u << (A/6)'/3. Triangle inequality
and (19) imply that

(A1) min(ly £d(z,0)) < o] S minu/2(68) V2, w?/4(6/2)"%).
The fact that e, f € [3,2] and (20) imply that

[f = (ef)?PP] = |f — €*] < min((ud)*/ 161, u?2(5/A)1?).
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Hence, we have
(42) f—1=(fe)*® =1+ O(min((ul)¥46Y* u*2(5/A)/?)).
Using (41) and (42) in (21), we obtain

min(|(fe)*? — 14 d(2,0)]) < min((ud)**6"*, u*2(5/A)'2).

Applying Theorem 8 (after a rotation) also in the cases where N'(S], ) is replaced
with NV(S}, ), i = 2,3,4 yields the claim of the corollary. O

The following corollary proves Lemma 2. Let E/Y denote the ellipse E¢/ rotated

counter-clockwise by an angle ¢ around its center.

Corollary 10. Let d(z,y) = A > §*/°. Then
i) The measure of the set N(EST0 6) N N (B, 6) is < 6(%)4,
it) if it is 2 6(Z)V4 1 S u << (A/6)V3, then we have

min(|(fe)*’? — (ab)”*(1 £ dup(z,y))]) < min((ud)* 6", u*2(5/A)"7),

where da,b((pl,m)a (Ch, Q2)> = ((pl - CI1)2/@2 + <QI - Q2>2/b2)1/2'

Proof. By a dilation, a translation and then a rotation, we can transform E;(’)lfyg into

St and EY into B¢/t such that ey f; = % (since the area of E¢ is equal to

the area of E%/1 times ab) and d(w,0) = du(z,y). The claim follows by applying
Corollary 9 to E</1 and S*. O

Proof of Lemma 6. By making the suitable translations, rotations and dilations we
can assume that By = St and F, = EZ’I’, where |y| = d. We can further assume that
u << (§)"3, since the statement of the theorem is void if u 2 (£)/2.

Denote u*?(5/A)Y? by ¢, and consider the functions
F(‘r> = (‘$|2,da,b<flf’y>2)7
Glry) = min(|— 14 V7 + (@)1 + V5)).
Theorem 10 implies that the set S is contained in the set

(43) S:={reR?: 2| 2 A, d(z,y) 2> A G(F(x)) < &)
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It is easy to see that the measure of the set B := {(r,s) : G(r,s) < &} is S € (note
that £ < 1).

Below, we prove that the measure of the inverse image of a set of measure ¢ under
F is at most (£/d)"/?(|1log(¢/d)| + 1), which yields the claim of the lemma.

Let B¢ be a set of measure £ and A, be the set where the Jacobian of F', JF, is

less then 7). Co-area formula (see, e.g., [3] Theorem 3.2.3) implies that

(44) FBIS 4]+

Claim. [A,| < %|log(%)| + 1.
Proof. Without loss of generality, we can assume that |y;| = d. Tt is easy to

calculate that

— _ 2 b2
JF ~ %(952 92) _ I2($1 yl) _ x1x2a 11l $2y1.
b2 a? a2b? b2 a?
Hence,
$1y2a2 na21)2

45) A, = {z € R*: —2,2), |22 - < '
(45) A, ={z € z1 € (=2,2), |72 x1<a2_b2)+y1b2)”“|x1(a2—62)+ylb2’}

This shows that if [a®> — b*| << d, then [4,] < 4. Now, assume that |a® — b?| 2 d.
(45) implies that

262
A 1)d 1 1,
A% [ min P ) S Dlog(l+

which proves the claim.

Claim of the lemma follows from (44) and the claim above by choosing = (£d)'/2.

O
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