DISPERSIVE ESTIMATES FOR SCHRODINGER OPERATORS IN THE
PRESENCE OF A RESONANCE AND/OR AN EIGENVALUE AT ZERO
ENERGY IN DIMENSION THREE: I1

M. BURAK ERDOGAN AND WILHELM SCHLAG

ABSTRACT. We investigate boundedness of the evolution e in the sense of L?(R3) — L2(R3) as
well as L1(R3) — L°(R3) for the non-selfadjoint operator
—A + w—V —Vs

1% A — w+V

H =

where p > 0 and V7, V2 are real-valued decaying potentials. Such operators arise when linearizing
a focusing NLS equation around a standing wave and the aforementioned bounds are needed in the
study of nonlinear asymptotic stability of such standing waves. We derive our results under some
natural spectral assumptions (corresponding to a ground state soliton of NLS), see A1)-A4) below,
but without imposing any restrictions on the edges +u of the essential spectrum. Our goal is to
develop an “axiomatic approach”, which frees the linear theory from any nonlinear context in which

it may have arisen.

1. THE MATRIX CASE: INTRODUCTION

Consider the Schrédinger operator H = —A 4V in R3, where V is a real-valued potential. Let P,
be the orthogonal projection onto the absolutely continuous subspace of L?(R3) which is determined
by H. In Journé, Soffer, Sogge [JouSofSog], Yajima [Yajl], Rodnianski, Schlag [RodSch], Goldberg,
Schlag [GolSch] and Goldberg [Gol], L'(R3) — L>°(R3) dispersive estimates for the time evolution
e P, . were investigated under various decay assumptions on the potential V' and the assumption
that zero is neither an eigenvalue nor a resonance of H. Recall that zero energy is a resonance iff
there is f € L~ (R3) \ L*(R?) for all ¢ > 1 so that Hf = 0. Here L>»° = (z)°L? are the usual
weighted L? spaces and (z) := (1 + ||2)2. For a survey of recent work in this area see [Sch2].

In [ErdSch], the authors investigated dispersive estimates when there is a resonance or eigenvalue
at energy zero. It is well-known, see Rauch [Rau], Jensen, Kato [JenKat]|, and Murata [Mur], that the
decay in that case is t2. Moreover, these authors derived expansions of the evolution into inverse
powers of time in weighted L?(R3) spaces. In [ErdSch], the authors obtained such expansions with
respect to the L' — L norm, albeit only in terms of the powers t=2 and ¢t~ 3. Independently,

Yajima [Yaj2] achieved similar results.
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In this paper we obtain analogous expansions for a class of matrix Schrédinger operators.
Consider the matrix Schrédinger operator
A+ p 0

0 A—p

Vi -V

H=Ho+V =
Vo N

on L?(R3) x L?(R3). Here u > 0 and V;, V3 are real-valued. It follows from Weyl’s criterion that the
essential spectrum of H is (—oo, —p] U [, 00). The discrete spectrum may intersect C \ R, and the
algebraic and geometric multiplicities of eigenvalues may be different (i.e., H has a nonzero nilpotent
part at these eigenvalues).

Such operators appear naturally as linearizations of a nonlinear Schrodinger equation around a
standing wave (or soliton), see below. Dispersive estimates in the context of such linearizations
were obtained in Cuccagna [Cuc], Rodnianski, Schlag, Soffer [RodSchSof1], and [Schl] under various
decay assumptions on the potential and the assumption that zero is neither an eigenvalue nor a
resonance of H. In addition, one always assumes that there are no imbedded eigenvalues in the
essential spectrum.

The emphasis of the present paper is to develop an ”abstract” (or ”axiomatic”) approach, which
frees the linear theory from any reference to a nonlinear context in which it may have arisen. More
specifically, our results will require the following assumptions on H (in what follows, o3 is one of the

Pauli matrices, see (14)):

Assumptions:
Al) —o3V is a positive matrix
A)L_=—-A+pu—-Vi+Vo>0
A3) For some (3 > 0,

(1) Vi(@)] + [Va(@)] S ()"

A4) There are no imbedded eigenvalues in (—oo, —pu) U (i, 00)

Assumptions A1)-A3) hold in the important example of a linearized nonlinear Schrédinger equation,
provided the linearization is performed around the (positive) ground state standing wave. Indeed,

suppose that (¢, z) = eimqu(m) is a standing wave solution of the NLS
00 + AP + [ = 0,
where 3 > 0. Here we assume that ¢ is a ground state, i.e.,
o’ — Ap = ¢?PHL, ¢ > 0.

Is known that such ¢ exist and that they are radial, smooth, and exponentially decaying, see
Strauss [Strl], Berestycki, Lions [BerLiol] and for uniqueness, see Coffman [Cof], McLeod, Ser-
rin [McLSer|, and Kwong [Kwo]. Linearizing around the standing wave solution yields a matrix
potential with V; = (3 + 1)¢?? and Vo = 3¢?5. Hence Vi > 0 and V; > |V;|, which is the same as
Assumption Al). Moreover, L_ = —A + a? — ¢?P satisfies L_¢ = 0 and L_ > 0 follows from ¢ > 0.
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There is a large body of literature concerning the orbital (or Lyapunov) stability (or instability)
of this ground state standing wave, see for example Shatah [Sha], Shatah, Strauss [ShaStr], Wein-
stein [Weil], [Wei2], Cazenave, Lions [CazLio], Grillakis, Shatah, Strauss [GriShaStrl], [GriShaStr2],
and Comech, Pelinovsky [ComPel]. Reviews of much of this work are in Strauss [Str2], and Sulem,
Sulem [SulSul].

The question of when the stronger property of asymptotic stability holds has received a lot of atten-
tion over the past decade. Starting with Soffer and Weinstein [SofWeil], [SofWei2], who studied the
modulation equations governing the evolution of small solitons!, there has been much work also on the
case of large solitons, see Buslaev, Perelman [BusPerl], [BusPer2], Cuccagna [Cuc], Perelman [Perl],
[Per2], Rodnianski, Soffer, Schlag [RodSchSofl], [RodSchSof2]. It is for this purpose, rather than for
the aforementioned orbital stability, that the dispersive estimates of the present paper are of relevance.
Let us note that for the case of small solitons the potentials Vi, V5 will be small and therefore the
matrix operator above becomes easier to treat (this is because of dimension three and analogous to
the case of scalar Schrodinger operators with small potentials, see e.g., Rodnianski, Schlag [RodSch]).
Only for large Vi, V5 can significant (spectral) difficulties arise on the linear level.

It is known that Assumption A2) implies that the spectrum spec(H) satisfies spec(H) C RUIR and
that all points of the discrete spectrum other than zero are eigenvalues whose geometric and algebraic
multiplicities coincide. For this see Grillakis [Gri], [BusPerl] or [RodSchSofl], as well as Section 2
below.

Unfortunately it is unknown at this point how to guarantee Assumption A4), although it is believed
to hold for systems that arise from a ground state soliton as explained above (in 1-d this is known, see
Perelman [Perl], due to the explicit form of the ground state in that case). It would be desirable to
have an ”abstract” approach to this question. But sofar this is unknown, and it is an important open
problem to settle this issue (even for radial potentials). Note that there can be imbedded eigenvalues
for Vo = 0 and V; large and positive. But in that case Assumption A2) does not hold. However,
Assumptions A2) and A3) alone do not imply A4) by an example of Denissov [Den|. Let us remark
that because of these examples where imbedded eigenvalues can exist for our systems even though
the potentials are smooth and decay rapidly, it seems certain that the methods known for the scalar
case (say, commutator methods in the spirit of Mourre theory) alone will not suffice. Some extra
information needs to be used (like A2 plus additional restrictions) to insure the absence of imbedded
eigenvalues.

For the case of scalar Schrodinger operators it is widely known that imbedded eigenvalues are un-
stable. In fact, under generic perturbations they turn into resonances in the complex plane (Fermi
golden rule). Hence, one may hope that A4) holds generically in a suitable sense. However, in the
matrix case the situation is more complicated and imbedded eigenvalues can turn into complex eigen-
values under small perturbations, see Cuccagna, Pelinovsky, and Vougalter [CucPelVou], [CucPel].

More precisely, whether or not this happens depends on the sign of (o3H f, f) where f belongs to the

LSuch solitons only arise in an NLS equation with a linear potential. They are are generated by bifurcation off a

bound state of the linear Schrédinger operator.
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real subspace associated with an imbedded eigenvalue. This is analogous to Krein’s theorem and the
Krein signature in classical mechanics, see MacKay [MacK], or Avez, Arnold [AveArn].

Unlike the self-adjoint case, for our matrix operators H the boundedness of [|e** |55 as |t| — oo
is generally false. Indeed, this is the case in the presence of any complex spectrum. Moreover, even
if there is no complex spectrum, then this operator norm can grow polynomially in ¢ due a nonzero
nilpotent part of the root-space of H at zero. Thus, we are lead to consider the boundedness of
|e** P||2—2, where I — P, is the Riesz projection corresponding to the discrete spectrum. This has
been studied before in the case where the thresholds 4y are neither eigenvalues nor resonances, see
[Cuc, CucPelVou, RodSchSof1]. In fact, the first results on such L? (or H!)-boundedness are due
to Weinstein [Weil], [Wei2] who used variational methods. Such an approach is intimately tied up
with the underlying nonlinear problem because it uses the properties of the ground state. For this
reason, Weinstein needs to assume that he is in the stable (L2-subcritical) case. However, the recent
work [Sch1] requires such bounds also in the super-critical case.

Our first result establishes such an L? bound in the full generality of Assumptions A1)-A4). In par-

ticular, it shows that neither threshold resonances nor threshold eigenvalues affect the L2-boundedness.
Theorem 1. Assume that V satisfies Assumptions A1)-A4) with 3 > 5. Then

sup || Py|ly—p < C

teR
with a constant that depends on V.

In this context we would like to mention the work of Gesztesy, Jones, Latushkin, and
Stanislavova [GesJonLatSta]. They prove, for linearized NLS, that o (e P;) = {z : |z| = 1}.

In order to formulate our main dispersive estimate, we need to introduce the analogue of the
projection onto the continuous spectrum from the self-adjoint case. This is done as follows. First,
let Py be the Riesz projection corresponding to the discrete spectrum of H. Second, let P, be the
projection with range equal to ker(H — ) and kernel equal to (ker(H* — u))*. Moreover, P, = 0
if u is not an eigenvalue of H. Similarly with P_,. We show below, see Lemma 10, that P, are
well-defined, and that Py, P,, P_,, commute. In fact, P;P, = P4P_,, = P,P_,, = 0. Now, define

P.=(I-P)I—-P)I—-P,)=I—-Pj—P_,—P,.

Clearly, P, is the analogue of the continuous spectral projection in the self-adjoint case. It eliminates
all the eigenfunctions, including those at the thresholds (recall that we are assuming absence of

imbedded eigenvalues).

Theorem 2. Assume that V satisfies Assumptions A1)-A4) with B > 10. Then there exists a time-
dependent operator Fy such that

¢tHp, t—1/2FtH <ot 3,

sup || Fel| 1, oo < 00, ’
t 1—o0

If both p and —p are not eigenvalues, then Fy is of rank at most two. Moreover, if +u are neither

eigenvalues nor resonances, then F; = 0.
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In all cases, the operators F; can be given explicitly, and they can be extracted from our proofs with
more work. We carry this out explicitly for the case when +p are not eigenvalues, see formula (58)
below. For scalar Schrédinger operators, such explicit representations of the kernels of F; (in terms of
resonance functions and projections onto the eigenspaces) were derived by Yajima [Yaj2]. His formulas
show that F; has finite rank in all cases, and the same should be true in Theorem 2. It is important
to note that the =2 bound is destroyed by an eigenvalue at zero, even if zero is not a resonance and
even after projecting the zero eigenfunction away (this was discovered by Jensen, Kato [JenKat] for
scalar operators).

Finally, we remark that it was not our intention to obtain the minimal value of § in Assumption A3).
Our results can surely be improved in that regard. Needless to say, the problem of lowering the
requirement on 3 is only one of many remaining issues. More relevant to nonlinear questions seems to
be how to prove A4), and/or how to deal with imbedded eigenvalues when they do occur (in regards
to our theorems). In a similar vein, it would of course be interesting to develop this linear theory when

A2) does not hold. This is the case, for example, when linearizing around excited states, see [BerLio2].

2. THE MATRIX CASE: GENERALITIES

In this section we shall develop some standard and well-known properties of the spectra and resol-
vents of H under Assumptions A2)-A4). It should be mentioned that Assumption Al) seems to be
needed only in order to apply the symmetric resolvent identity, see Section 3 below. However, in this

section we work with the usual resolvent identity and therefore do not need A1).2

Lemma 3. Let 8 > 0 be arbitrary in (1). Then the essential spectrum of H equals (—oo, —p]U [, 00).
Moreover, spec(H) = —spec(H) = spec(H) = spec(H*) and spec(H) C RUIR. The discrete spectrum
of H consists of eigenvalues {zj}évzl, 0 < N < oo, of finite multiplicity. For each z; # 0 the
algebraic and geometric multiplicities coincide and Ran(H — z;) is closed. The zero eigenvalue has
finite algebraic multiplicity, i.e., the generalized eigenspace | Jre ker(H*) has finite dimension. In
fact, there is a finite m > 1 such that ker(H*) = ker(H**1) for all k > m.

Proof. The statement about the essential spectrum follows from Weyl’s criterium. To see this, note

1
that conjugation of H by the matrix [ )
—i

] leads to the matrix operator

0 L.
—iL, 0

where L_ is as above and with Ly = —A 4+ — Vi — Va. We will again denote this matrix by H. Let
Hy=—-A+pand set Wy = =V, + Vo, Wo = —-V; — V5,

0 iH() 7 W= 0 ZWl 7
—iHy 0 —iWs 0

21t seems that one can work with the usual resolvent identity throughout this paper, which would then allow us

(2) Ho =

to dispense with Al) altogether. However, A1) holds in important applications and we find it convenient to use the

symmetric resolvent identity.
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0 Hy+ W,

H=Ho+W =1
—Hy — Wy 0

0

By means of the matrix J = [ )
—i

1 .
] one can also write

Hy+ W, 0

Hy 0
Ho = J, H=
0 Hy + W,

0 H,

Clearly, H is a closed operator on the domain Dom(H) = W22 x W22, Since H{ = H, it follows that
spec(Ho) C R. One checks that for Rz # 0

B (H2 722)71 0
(Ho—2)7' = —(Ho +2) ’ 0 (H2 — 22)-1 1
(@ o )
3) - [ O e [0
(4) (H—2)"1 = (Hy — 2) "= (Ho — )~ [1 + Usd (Ho — z)_lUl] T UsI(Ho — 2)!

where (4) also requires the expression in brackets to be invertible, and with

Wilz 0

U =
' 0 (Wt

) U2:

|W1 |2 sign(W1) 0
0 |Wa|2sign(Ws) |

It follows from (3) that spec(Ho) = (—o0, —u]U[p, 00) C R. Since Vi (z) — 0 and Va(z) — 0 as z — oo,
it follows from Weyl’s theorem, see Theorem XII1.14 in [ReeSim4], and the representation (4) for the
resolvent of H, that specess(H) = specess(Ho) = (—o00, —u] U [, 00) C R. Moreover, (4) implies via
the analytic Fredholm alternative that (H — z)~! is a meromorphic function in C\ (—oo, —u] U [, 00).
Furthermore, the poles are eigenvalues® of H of finite multiplicity and Ran(H — zj) is closed at each
pole z;.

The symmetries of the spectrum are consequences of the commutation properties of H with the

0 1 0 1 1 0
o1 = ) 02 = 9 03 = .
1 0 -1 0 0 -1

Now let us check that the spectrum lies in the union of the real and imaginary axes. Thus, suppose

that
Y\ L (h
<f2> - E(fz)

Pauli matrices

0 iL_
—iLy 0

3Note that since H is not self-adjoint, it can happen that
ker(H — 2)2 # ker(H — 2)

for some z € C. In other words, H can possess generalized eigenspaces. In the NLS applications this does happen at

z = 0 due to symmetries like modulation.
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1
with E # 0 and (}1) € L2\ {0}. Then f; # 0 and f, # 0 and f; L ker{L_}. Hence, g = L_*f,
satisfies
1 1
L’L,L%g= E%
and thus E? € R, as desired. Here we used that /L_L,\/L_ with domain W*%?2(R?) is a selfadjoint
operator. For a proof of this see Lemma 11.10 in [RodSchSof2]. That same lemma also contains a
proof of the fact that for any eigenvalue other than zero the algebraic and geometric multiplicities
coincide.

Let P, be the Riesz projection at zero. Then, on the one hand one checks that
RanPy D ker(H™) for all m > 1.
On the other hand, if ||(H — 2)71|| < C|z|7¥, then
H"Py = 0.

Thus RanP, C ker(H"). See [HisSig] Chapter 6 for these general statements about Riesz projections.
O

It will follow from the next section that N < oo in Lemma 3 provided 8 > 5 (which can probably
be relaxed). Indeed, in that section we will derive expansions of the resolvent (H — z)~! about the
thresholds 4+u which will preclude the eigenvalues from accumulating at these points. Thus there can
only be finitely many eigenvalues, i.e., N < co.

Next, we need to develop a limiting absorption principle for the resolvents (H — 2)~! when |z| > pu.
As observed in [CucPelVou] and [Schl], this can be done along the lines of the classical Agmon
argument [Agm]. For the sake of completeness, we present some of the arguments from [Schl].

We begin by recalling some weighted L? estimates for the free resolvent (Ho — 2z)~! which go by the
name ”limiting absorption principle”. The weighted L2-spaces here are the usual ones L% = (z) = L2

It will be convenient to introduce the space
X, := L7 (R?) x L*°(R?).
Clearly, X = X_,. The statement is that

(5) sup A2 [[(Ho — (A £ ie) Y| x,—xs < o0
[A|>Xo, 0<e

provided A\g > p and o > % and was proved in this form by Agmon [Agm]. By the explicit expression
for the kernel of the free resolvent in R? one obtains the existence of the limit

i (Mo — (A=i€)) "16,)

for any A € R and any pair of Schwartz functions ¢,. Hence (Ho — (A 4 i0))~! satisfies the same
bound as in (5) provided |A\| > Ao > p. There is a corresponding bound which is valid for all energies.
It takes the form

(6) sup [(Ho —2) I x,—x; < o0
z€
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provided o > 1. It is much more elementary to obtain than (5) since it only uses that the convolution
with |z|7! is bounded from L*?(R3) — L?~7(R3) provided o > 1. In fact, it is Hilbert-Schmidt in

these norms. We now state a lemma about absence of imbedded resonances.

Lemma 4. Let 8 > 1. Then for any A € R, |\| > p the operator (Ho — (A £40))~'V is a compact
operator on X_%_ — X_%_ and
I+ (Ho— (AN+40))"'V
1s invertible on these spaces.
Proof. The compactness is standard and we refer the reader to [Agm] or [ReeSim4]. Let A > p. By

the Fredholm alternative, the invertibility statement requires excluding solutions (¢1,12) € X _ 1 of

the system

0 =11 — Ro(A — p+10)(Vihy + Varhs)
0=1y — Ro(*)\ - ,U)(VZwl + Vﬂ/}2)v

where Ry(z) is the free, scalar resolvent (—A — z)~1. Notice that these equations imply that ¢, € L?
and that

0= (o1, Vih1) + (41, Vaba) — (Ro(A — pu +i0)(Vighy + Vaibe), Viths + Varbo)
0= (b2, Vathr) — (Ro(=A — ) (Vathr + Vinha), Varhn)
0= (¢2, Vitp2) — (Ro(=A — ) Vath1, Virhz) — (Ro(=A — p)Viea, Vitha).
Since Vi, V, are real-valued, inspection of these equations reveals that
S(Ro(A — p+i0)(Viy + Vaha), Viths + Vo) = 0.

So Agmon’s well-known bootstrap lemma (see Theorem 3.2 in [Agm]) can be used to conclude that
1 € L?(R3). But then we have an imbedded eigenvalue at \, which contradicts Assumption A4). So
one can invert

I+ (Ho— (A£i0))"'V

on X_ 1 and we are done. O

As usual, one converts the information of the previous lemma into a bound for the perturbed

resolvent by means of the resolvent identity.

Proposition 5. Let 8 > 1 and fix an arbitrary Ao > p. Then

(7) sup A2 ]|(H — (A £ie) 7! < o0
[A|>Xo, 0<e

where the norm is the one from X%+ — Xfé—'

Proof. Let z = XA +ie, A > Ag, € # 0. By the resolvent identity and the fact that the spectrum of H
belongs to R U <R,

(8) (H=2)" =T+ Ho—2)"'V) ' (Ho— 2)~"
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as operators on L?(R?). Because of the \)\|*%—decay in (5), there exists a positive radius ry such that
(Mo~ )7 VIl < 5

for all |z| > rv in the operator norm of X_1_ — X_1_. In conjunction with (8) this implies that

I(H—2)"Y < Clz| 3

2

and (6) that there exist a sequence z, with R(z,) = Ao and functions f, € X_1_ with [|ful|x_, =
1
and such that

for all |z[ > 7y in the operator norm of X1, — X_1_. Now suppose (7) fails. It then follows from (8)
1

(9) I+ (Ho - Zn)*lV]ntIX,%, —0

as n — o0o. Necessarily, the z, accumulate at some point A € [Ag,ry]. Without loss of generality,

zn — A and $(z,) > 0 for all n > 1. Next, we claim that (9) also holds in the following form:

(10) I+ (Ho = (A +i0) " V]fullx , —0

as n — oo. If so, then it would clearly contradict Lemma 4. To prove (10), let
S:=1I+(Ho— (A+i0)"'V

for simplicity. Then

T4 (Ho—2,) 'V =8+ ((Ho — za) " — (Ho — (A +i0)) ")V
(11) = [T+ ((Ho— zn)"" = (Ho — (A +10)) 1) VS~ S.

Our claim now follows from the fact that the expression in brackets is an invertible operator for large
n on X—%—~ This in turn relies on bounds of the form: Given e > 0, there exists § > 0 so that for
Rz > 0, and all 2’ close to z,

-1 -1 5
(12) H(_A —z) —(-A- ZI) HLZ%“HLZ*%*ﬁ < Cs,e |z — Z/|

see [Agm].* O

As in the case of the free Hamiltonian Hj, it is now possible to define the boundary values of the

resolvent (H — z)~1. More precisely, the following corollary holds.
Corollary 6. Let 8 > 1. Define
(13) (H—(A+40))"i= (I + (Ho — (A £i0)) V)" (Ho — (A £40)) "
for all |\| > p. Then as e — 0+,
I(H = (A £ie)™" = (H— (A£i0))7'[| = 0

in the norm of X1, — X_1_ and one can extend (7) to € > 0.

40f course § — 0 as € — 0. Moreover, if § = 1, then one needs € > 1.
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Proof. Definition (13) is legitimate by Lemma 4 and motivated by (8). Thus, the resolvent (H — (A £
i€))~! is well-defined for all € > 0 and |A| > Ag. In view of (12),
[(Ho — (A £i€)) ™! = (Ho — (A £40))"}[| = 0
as € — 0 in the norm of X1, — X_1_. Moreover, by (11) and again (12),
[+ (Ho— (A +i€) 'V~ = [T+ (Ho — (A +i0)) "' V]
= S7HI+ ((Ho — (A +i€) ™ — (Ho — (A +0)) Vs~ ! — 571
=557 [~ (Ho — (A +ie)) ™ — (Ho — (A +40) ") Vs~]"
k=1
tends to zero in the norm of X 1 as e — 0+. O
3. RESOLVENT EXPANSIONS AT THRESHOLDS
In view of Assumption Al), we write
V = —o300* = —030% =: 0109,

where v1 = —0o3v, vo = V* =0,

1 0
14 o3 = .
" )

It follows from (1) that the entries of vy, vy are real-valued and decay like (z)~%/2. Let A\ = p + 22,

where Im(z) > 0 and |z| small. We have the symmetric resolvent identity:
(15) R()\) = (H — )\)71 = Ro()\) — Ro(/\)vl (I + UQRO()\)'Ul)il'UQRO()\).

Recall that (see previous section) the essential spectrum of H is (—oo, —p] U [p, 00). As in the
scalar case [ErdSch], we obtain resolvent expansions at the threshold A = p in the case of a resonance
and/or eigenvalue. Recall that Rg()\) has the kernel

| ] el 0

dr|z — y| 0 —e~V2ut22lz—yl |’

We have a similar representation of Ry(A) for A around —pu. Let

RO(A)(‘T7 y) =

A(Z) =1 + ’UQR()()\)’Ul
= AO + ZAl(Z),
where

AO =1+ ’UQR()(/J,)Ul,

Ar(z) = %w (Ro(A) — Ro(u)) v,

1 1 0
Ro(p)(@,y) = prap— [ 0 —e—VIlo—y ] :

If 8 > 3, then vaRo(A)v; is a Hilbert-Schmidt operator. Hence, ker Ay is finite-dimensional.
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Lemma 7. [JenNen] Let F C C\ {0} have zero as an accumulation point. Let A(z), z € F, be a
family of bounded operators of the form

A(z) = Ag + zA1(2)

with A1(z) uniformly bounded as z — 0. Suppose that 0 is an isolated point of the spectrum of Ao,
and let S be the corresponding Riesz projection. Assume that rank(S) < co. Then for sufficiently

small z € F' the operators
1
B(z) := ;(S — S(A(2) + 8)71S)

are well-defined and bounded on H. Moreover, if Ay = A, then they are uniformly bounded as z — 0.
The operator A(z) has a bounded inverse in H if and only if B(z) has a bounded inverse in SH, and

in this case
(16) A= (A(z)+S) !t + %(A(z) +8)'SB(2)"'S(A(2) + S) L.

See [ErdSch] for the proof.
We use Lemma 7 to obtain an expansion of A(z)~!. Assume Ag is not invertible. Let S; be the
Riesz projection corresponding to 0. As in the scalar case, Ag is self adjoint and it is a compact

perturbation of the identity. Therefore, S = Pyer 4,, Ao + 51 is invertible and
(17) Sy = (Ag+S1)71S; =S (Ag+ 1)L
Also note that, if V satisfies (1) for some § > 3, then

sup [|A1(2)]|ms < oo
z small
Im(z)>0

Thus, A(z) + 51 is invertible for small z. By Lemma 7 we have

AG) ™ = (AG) + 807+ S (AG) + 81) 7 Sum(2) 181 (AG2) + 1)

where
m(z) = % (51 — S1(A(z) + Sl)_lSl)
= _7151 [i(—l)kzk (Al(z)(A() + Sl)l)k] S
k=1

k1
S

SlAl(Z)Sl + i(—l)kszl (Al(z)(Ao + 51)71)
k=1

=: S1A1(O)Sl + zml(z)

We used (17) in the second equality. Let f = (2) and define

1 0 0 0
Plf::/ﬂ@l() O]f(x)dzandpgfzz/mlo 1]f(x)dx.

{
Al(O) = Englvl.

Note that
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Therefore,

m(()) = Z;Slvplvsb

As in the scalar case, if m(0) is invertible, then we invert m(z) using Neumann series. Otherwise, let

Sy = Prerm(o) : S1L* — S1L?. Obviously, m(z) 4+ Sy is invertible for small z. Using Lemma 7, we

have
1 ~ B
m(Z)*l = (m(Z) + SQ) 1 + ; (m(z) +52) 1 SQb(Z)ilsQ (m(z) + SQ) 1,
where
1 —-1
18) b(z) = - (82— Sa (m(=) + 52) 7 )
-1 > o
= 752 [;(—1)%'“ (m1(2)(m(0) + S3)™ ") ] So
=:0(0) + zb1(2),
where
b(0) = S2m1(0)S.
Note that
A — A4(0 >
" mn(z) = 5, A=A g, S ks (A2 (e + 57 8
k=1
Therefore
(20) b(0) = Sam1(0)S,
1 —lr—y 0
= gSQU | | VIRl ]11152
V2
1 |z — yl 0
=35 Ss.
gr 2" [ 0 eVl U2

Below, we will characterize the projections Sy, So and prove that b(0) is always invertible in Sy L.

Lemma 8. Assume 3 > 3. Then
i) f € S1L2\{0} if and only if f = vag for some g € L>~27\{0} such that

(21) (Ho—p)g+Vg=0inS'.
ii) Assume f € S1L?\{0}, then the following are equivalent
CL) f € SQLZ\{O}7

b) Pﬂ}f = 0,

c) f = vag for some g € L>\{0} satisfying (21).

Proof. 1f f € S1L*\{0}, then
Aof = f+vaRo(p)v1f =0

by definition. Hence, f = vog where

g=—Ro(u)vrf € L* 5 (R?)
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by the mapping properties of (—A)~!. Moreover,
g+ Ro(n)Vg=0.

By Lemma 2.4 in [JenKat] this is equivalent with (21). Conversely, if (21) holds, then we set f = vag

which belongs to L? and satisfies
f + UQRQ(,LL)U]_f =0.

Thus, S1f = f, and the first part is proven.
For the second part, suppose that Sy f = f. If in addition Sof = f, then m(0)f = 0 which is the

same as SivPjvf = 0. But then also

(SrwPof, f) = (Pof,vf) = <(P1”f)%>

0

where we have written Pivf = ((Plgf)l). Hence Pyvf = 0. This implies that

g=—Ro(p)vif € L*(R?)

This is a standard property, see for example Lemma 6 in [ErdSch]. In view of the first part of this
proof f = vag.
These implications can be reversed: Indeed, if

g=—Ro(p)vif € L*(R?)

then it follows easily that Pyv;f = 0 which is the same as Pyvf = 0 (see for example Lemma 6
in [ErdSch]). But then also m(0)f = 0, and the lemma follows. O

Next, we show that the Jensen-Nenciu expansion stops after (at most) two steps.
Lemma 9. Assume 3 > 5. Then, as an operator in SoL?, the kernel of b(0) is trivial.

Proof. Assume f € SoL? is in ker b(0). Since b(0) has a real-valued kernel, we can assume that f is
real-valued. Let f = (g) and h = vf = (Z;) By Lemma 8 ii), we have [hy =0, h = —o3Vyg for
some real-valued g = (g;) € L2~ 3~ satisfying (21) and

(22) hy =Vigi + Vagz , he = Vag1 + Viga.

Moreover, since f € ker b(0) (again by Lemma 8), we have

[z -yl 0
(23) <h l 0 _Le—vae—y |*) =0
v

Now use the following fact from [JenKat] (see also the proof of Lemma 7 in [ErdSch]): if [u = [v =0,
and u,v € L?*, s > 5/2, then
1 /1 1
(|l — ylu,v) = —§<m U, Tl *v>

—81{(=A)tu, (—A)" ).
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Thus,

1 :
23) = —87||(=A) " hy |2 + (ho , e~ V2Hz=ylpy =
2 2%

Define f(£) = [ e % f(z) dx. Recall that (see, e.g., [Ste])

e—/2la| ) B
Tm(f) = (& 42u)"",
eﬁw‘ 8

O @

Thus,
(24) 1(=2)" a3 = [1(=A +20) ™ holf3-

On the other hand, by (21), we have

Al -V
(25) 1 2 (91) —0.
1% A=2u+WV; g2
Using this and (22), we obtain
—Ag1 —Vig1 — Vag2 =0 = hy = —Ags,
AQQ*Q/LgQJergQJrVle =0 = hoy = (*A+2u)g2.

Adding the equalities on the left hand side, we obtain
L_(g1—g2) = (A +p—Vi+Va)(g1 — g2) = p(g1 + g2).
Pairing this with g; — g2, we have (recall that gq, go are real-valued)

(L_(g1—92),91 — 92) = i (91113 — llg2lI3)
=0 by (24)

The positivity assumption L_ > 0 implies that ker L_ = span{p} (if ker L_ = {0}, then ¢ = 0.
Otherwise ¢ # 0). Therefore,

g1 — g2 =kp, for some k € R.
Using this in (25), we have
-A-V =V

91
=0 =
Va A—=2u+Vy (gllﬂP)

(A =Vi = V2)g1 + kVap =0,
(A =2u+Vi+Va)g1 — k(A = 2u+Vi)p = 0.

Adding the last two inequalities and using the fact that ¢ € ker L_, we have

_k L k
91—2@ g2 = 2<P-
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(2)-

(—A-Vi+W)p=0 = pp=0 = =0

If k # 0, we use (25) once more to conclude that

A-Vi T

This implies that

Hence, in all cases g1 = go = g. But then
—Ag—Vig—V29=0
Ag —2pg +Vig+Vag =0
which implies that ug = 0 and thus also ¢ = 0. Retracing our steps we conclude that h = 0 and

f = 0. Therefore, ker b(0) = {0} and we are done. O

Lemmas 7, 8 and 9 imply that A(z) is always invertible for small z # 0 and
(26)  A(x)7'=(A()+5) 7

+ 1 (AG) + 87 S (m(2) + 85) "L (A(2) + S1) L+

z

+ ;—2 (A(2) + 51) 7" 81 (m(z) + S2) 1 Sob(2) 1 Ss (m(z) + S2) ' Sy (A(z) + S1) 7.
Note that

) = 5 $ab(0) S + 0(2).

With A = p + 22,

Ry(A) = Ro(A) — Ro(M)v1 (A(2)) ™" vaRo())

1

(27) = —?RO()\)agngb(O)_ngvRo()\) + ...

The most singular term in this expansion can be identified as a (not necessarily orthogonal) projection

onto the eigenspace at the threshold.

Lemma 10. Let 3 > 5. Then the operator P, := —Ro(p)o3vS2b(0) " SovRy(p) is a projection in
L2(R3) x L%(R®) with the property that

Ran(P,) = ker(H — p), ker(P,) = ker(H* — p)*.

Proof. Choose a basis {(;}}_; of ker(H — 1) so that B := {vg1,...,vp,} is an orthonormal basis of

Ran(S2) (which is finite-dimensional). This can be done since v is invertible. Recall that, see (20),

—lz—y| 0

SQb(O)SQ = —SQU s 1 e—VZHlz—yl 0'3’1)52.
87 Von

We denote the matrix of S2b(0)Ss in the basis B by

SQb(O)SQ = {aij};jzl =: M.
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Then, with
vei=(3)
we have
aij = (vpi, S2b(0)S2ve;)
= 0 a;(y)
= [ (o4(), Bi(x 8 e J T
_/( i(2), Bi(z)) 0 L 72% ul ] (Bj(y)) dy d
|z — v —V2plz—y|
= (a St y & > <5z W 7ﬁj>
= ~((=A) i (=A) o) + (A +20) 7 B (A +20) 7 By)
=— <03R0(u) (;Z> , Ro () (;J>> = — (o3 Ro(1)V i, Ro(11)Vp;)
(28) = —<0'3%0i7<ﬂj>~

Here we used that

Ro(p) = l _OA Ai)Q,u] =

Next, write SavRo () relative to the orthonormal basis B:
SavRo(p)f = Z vRo(p) f,ve5)ve;
= _Z [r03Ro(1)Vpj)vp;

= Z fro305)ve;.
J

Hence,
P,f = —Ro(p)o30S2(S2b(0)S2) ' SovRo (1) f
= —Ro(u) o30S, Zw, Yf o305)
= ZRO WM (f,030;)
(29) = —sz Y o30).

The following properties hold:
i) RanP, C ker(H — p) = span{¢1,...,¢r}

i) Puor = ok
iii) ker P, = ker(H* — p)* = span{osp1,..., 030,
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Property 4) is immediate from (29), whereas zz) follows from (28) and (29):

Puor = Z% Yor, o305) Z% g
- Z 901 i,k =

Finally, property #ii) can be seen as follows:
P,f=0< (f,03pj) =0 for each j
& f € span{osepr,... ,U3QOT}L.
Since H* = o3 Hos, we see that
ker(H* — p) = span{os¢1,...,030:}.
The lemma follows. O

Analogously, one obtains expansions around —u which involve P_,. The previous proposition

proves that there is a direct — but not orthogonal — sum representation

L? x L? = ker(H — p)+ [ker(H* — p)]*
as well as

L? x L? = ker(H + p)+ [ker(H* 4 )™
Similarly, for any point z in the discrete spectrum

L? x L? = ker(H — 2)+ [ker(H* — 2)]*.
Finally, it is a simple matter to check the following:

Lemma 11. The pair-wise products of Py, P, and P_,, vanish where Py is the Riesz projection

— 1 -1

with a simple closed contour v surrounding the discrete spectrum.

Proof. Suppose that Hf = pf. Then
_ 1 -1 _
Puf = 2m.]£(zm dzf =0

Hence PyP, = 0. Next, suppose that Hf = zf and H*g = pg where z € C belongs to the discrete
spectrum of H. Then

2(f,9) = (Hf.9) = (f, Hg) = u{f.9)
which implies that (f, g) = 0. Consequently,

RanP; C [ker(H* — p1)]* = ker P,
and thus P, Py = 0. The same argument also shows that
PP ,=P P, =FPP_ ,=P_ ,FP;=0

and we are done. 0



18 M. BURAK ERDOGAN AND WILHELM SCHLAG

4. A SPECTRAL REPRESENTATION OF THE EVOLUTION AND L? BOUNDS

The following lemma develops a representation of the (non-unitary) flow e*** via the resolvents. It
relies heavily on the limiting absorption principle from Section 2. The statement is of course analogous
to the scalar Schrédinger case in which it is a consequence of the spectral theorem and asymptotic

completeness.

Lemma 12. Under our assumptions A1)-A4) with B > 5 there is the representation

) 1 ;
Gt — e (H — (A +1i0)) 7 = (H — (A —i0)) "] dX
TN > p
- R s e,

J
where the sum runs over the entire discrete spectrum {(;}; and P, is the Riesz projection correspond-
ing to the eigenvalue (j, whereas Py, are as above. The formula (30) and the convergence of the
integral are to be understood in the following weak sense: If ¢, belong to [W?2 x W22(R3)] N X1,
then

<61t7'{¢’w> = lim L/}; ezt)‘<[(H — ()\ —|—ZO))71 - (H - ()\ - ZO))71]¢7¢> dA

ZA[zp
+ D (P, 0) + € (Pugp, ) + € (P, )
J
for all t, where the integrand is well-defined by the limiting absorption principle.
Proof. The evolution e*™ is defined via the Hille-Yoshida theorem. Indeed, let a > 0 be large. Then
iH — a satisfies (with p the resolvent set)
p(iH —a) D (0,00) and [|(iH —a— X" < |A|7! forall A>0.
The inequality can be seen as follows:

1+ — (a+ )7 = [[(iHo — (a + X)) 71T + iV (iHo — (a+ 1) ™) 7!

oo

1 C k 1 1
a—i—)\kzzo(a—i—/\) = a—C’—i—)\SX’

IN

t(iH—

as claimed. Hence {e )}, is a contractive semigroup, so that ||e"**||y_q < el for all ¢ € R. If

Rz > a, then there is the Laplace transform

o0
(31) (iH—2)"" = —/ e~ = et gt
0
as well as its inverse (with b > a and ¢ > 0)
) 1 b+ioco
(32) et = “omi ), e (iH — 2) "t dz.

While (31) converges in the norm sense, defining (32) requires more care. The claim is that for any
¢, € Dom(H) = W22 x W22

b+iR
(33) (g,) = — lim = / o ((iH — 2)"16,9) d=.
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b+iR
)
\
6. / L L L
_1“‘ >
b-iR

FIGURE 1. The contour I‘E s

To verify this, let ¢ > 0 and use (31) to conclude that

1 [bHiR ) 1 bR 00 "
. tz (o S\ d - = tz/ —sz / _is dsd
3 [ =T e de = o [ e (G ) dsd
1 [ _gpsin((t—s)R) , ,,
(34) = ;/0 el >b7((t_8) ) (e g, ) ds.

Since e(t=9)b (e*M ¢, 1)) is a C! function in s (recall ¢ € Dom(H)) as well as exponentially decaying in
s (because of b > a), it follows from standard properties of the Dirichlet kernel that the limit in (34)
exists and equals (e, 1)), as claimed. Note that if ¢ < 0, then the limit is zero. Therefore, it follows

that for any b > a,

(e, )
. | R » 1 ouHR )
(35) - _ngnoo{%/b_m e (M~ 2) 6. 0) dz — 5 L et ((iH — 2) "', ) dz}

Consider the contour 1"; s Which is depicted in Figure 4. It has the segment b — iR to b+ iR as its
right boundary, and the left boundary contains semi-circular arcs of radius 6 > 0 centered at each

imaginary eigenvalue® as well as two semi-circles centered at +iy. Otherwise, the left boundary abuts

5This figure depicts the contour for the case where zero is the only point on the imaginary axis that belongs to the
discrete spectrum of ¢H. Generally speaking, semi-circles surround each point of the discrete spectrum on the imaginary

axis, as well as the edges +ipu.
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on the imaginary axis. Now fix R and some small § > 0 and conclude from the Cauchy theorem that

L. Z((iH - 2)” (bde—Z j{ ((i1H — 2) " ¢, 9) dz

2wt Jp+
FR

where «y; are small circles (say, of radius ¢) around the positive eigenvalues {A;}; of ¢H (in the figure

these are indicated by the three dots on the real axis). Recall that the Riesz projection

- = i 1
PAJ’*Zm’ /.(ZH z) dz

satisfies
Ran(Py;) = U ker [(iH — A;)™]
m=1
and that the right-hand side stabilizes at some finite (minimal) M; = M ();). Le.,
Ran(Py,) = ker [(iH — A;)™7].
This is also the minimal M; with the property that®
(36) 1M = (2 = A)HI < Clz = A7
as z — Aj. Now let p;(w) be the Taylor polynomial of e of degree j, i.e.,

e = pj(w)| < Clwl*.

Then
1 tz (s \—1 _ 1 tA; (t(z—=N5) _ . Y. ay N\ —1
(37) 57 f; (i —2) de= 5 ﬁj e (e pi(t(z = \))) (iH — 2) "t dz
1 X . . . —1
+— ¢ eVpi(t(z—iH+iH — X)) (iH —2) " dz
27 i
1 , . . _
=5 eNipi(t(iH — M) (TH — 2) "t dz

Vi

o _
i ?{ (iH — 2)"tdz = "™ Py
27 Js, /

The integral on the right-hand side of (37) is zero by (36). In conclusion, if we let I'y ; be the reflection

of FE s about the imaginary axis ‘R, then

1 1
— e (iH —2) tdz + — 7{ e (iH —2)"tdz
2mi rh, 27 I,
E _ itH
22% F(H —2)” dzf.g e Py, .
J:A;#0 J:X; #0

Note that by the limiting absorption estimate

1
lim 7/ e ((iH - 2) 1o, ¢) dz =
R—00 20 J(iR b+iR] \ ) >

6Under our positivity assumption it follows that the only eigenvalue for which M; > 1 is A = 0. Nevertheless, we

still present this argument in general, since we also want it to apply to A = 0.
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as well as
1

Jim o S e ((iH — 2) "L, ) dz = 0.

Now let c(}" be a contour that is given as follows: Take a straight line is + € with p+ § < s < oo, then
make a circular loop of radius § centered at iu, followed by a straight line is — € with the same s as
before. Now pass to the limit e — 0. Similarly with ¢; . Hence, in view of (35) and the preceding,

(e, 1) = ﬁ / e ((iH — 2) " g, ) dz + ﬁ / e*(((H —2) " ¢, 9) dz

Cs

+) ("6, )
J

= P — (A-+i0)) 1 6,1) — (M~ (A~ i0)) " 6,)] dA
TSI\ Zp+s
(38) + Z<e””P<j¢>, b + €M (Pug, ) + e H(P_u, 1) + O(V5)

where the sum extends over the entire discrete spectrum {(;}; of iH. The integrals over infinite
intervals are to be interpreted in the principal value sense. To pass to (38), we use the asymptotic
expansion of the resolvent (iH — z)~! around +iu. Indeed, by (27) and Lemma 10 the expansion of
(iH —z)~! around z = iy is of the form (ip— 2) "' P, +O(v/3). Sending § — 0 implies the lemma. [

Remark 1. The sum over {; in (30) takes the form

S eittp, = S etip + i
G k=0

G;i#0

where m is the minimal positive integer with ker(H™) = ker(H™*!). This is due to the fact that all

it)k
(k? HE P,

points (; in the discrete spectrum other than zero have the property that ker(H —¢;) = ker[(H —¢;)?].
This typically fails for ¢; = 0.

The previous proposition has the following corollary.
Corollary 13. Under our assumptions Al1)-Aj) the following stability bound holds:
sup [[e P, £, < Ol ]2
>0
where I — Py is the Riesz-projection corresponding to the discrete spectrum.

Proof. Write Ps = P} + P

s

where + refers to the positive and negative halves of the essential

spectrum, respectively. Le.,
P = L

= —A)"tadx
s 27'” F(H )

with the usual ”thermometer” shaped contour surrounding [u, 00). Then it suffices to prove
sup [|e " P f], < O fll2-
t>0
Mainly for clarity of exposition we divide the proof into three cases, namely S; = 0, Sy # 0,52 = 0,

and finally S5 # 0. These operators refer to those arising in the expansion of the resolvent around

A = u. The first case S; = 0 is what is meant by p being neither an eigenvalue nor a resonance.
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Case 1: 51 =0

This case has been treated before, and is a consequence of Kato theory. To see this, write

e_itHPs _ i e’it>\ [(H _ ()\ + ’LO))_l _ (H — ()\ — 10))—1] d)\
211 IA[>p

as explained in the previous lemma. By the symmetric resolvent identity (15)
(H—(A+40))"! = (Ho — (A £40)) "
— (Ho — (A £i0)) " o1 (I + va(Ho — (A £130)) " w1) "toa(Ho — (A £i0)) 7!
It suffices to show that
/ ‘((Ho — (A £i0) T oi (I +v2(Ho — (A £140)) " o) " oa(Ho — (A £10)) 71 f,9) | dX < Ol f12g]2
By our assumption on 4y,
Slip (I +v2(Ho — (A£140)) " v1) o2 < 00
Hence, it suffices to show that
[ ]eatto = £ i0) 7 (o = 0 80))1)] dA < Clflalglz

However, by Kato’s smoothing theory

/ loa(Ho — (A70)) " FI2dA < O] 2

and similarly for g.

Case 2: S #0,5 =0

As in the scalar (self-adjoint) case, we do not expect that a resonance can destroy the L? bound.

We need to check again that

supH/ EN(H — (A +1i0)) 7t — (H — (A —i0))~ d)\H <C.
t>0 ' Ja>p 22
By the Kato theory argument in the previous case
sup / (M (A i0) = (M= (A= i0) M dA| <)
t>0 A>p 252

for any fixed p/ > p. It remains to deal with the integral over a small interval p/ > A > p. Since
ngOandslyéO,

1
(39) R(z) = —;Ro(z)vlSngo(z) + Ro(2) — Ro(2)v1 E(2)vaRo(2)
with a uniformly L2-bounded E(z) for small z, where we have set A = p + 22 and

R(z) = (H — (u+ 2> +1i0))~*, for z > 0,
R(z) = (H— (p+2*—i0))"" = (H— (p+22+i0))~1, for 2 <0
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and similarly for Rg. The second term on the right-hand side of (39) is just the free evolution and
thus is bounded in time. Moreover, the third term can be treated by Kato smoothing since || E(z)||2—2
is bounded for small z. We have reduced ourselves to showing that

(40) supH/ (2)v1SvaRo(2) dz

>0

|z
2—2

Here x is a smooth bump function supported in [—1, 1]. Now let M; for 1 < j < 2 be the matrices

1 0 0 0
M, = ) M, =
0 0 0 1

U(t) := /e”zzx(z) Ro(2)v1Sv2Ry(2) dz.
Then MU (t)M; has the kernel

Denote

eite” giz(le—uiltly—ual) y ()
(41) / |$ » Hy w | r1(u1)cl(u2) duydus dz
R7 — Y — u2

where 71 and ¢; are in L!'(R?). We claim that

(42) Sl>1p [|MLU () Mi]|2—2 < 0.
>0

In view of (41) this reduces to showing that

sup
t>0,u1,us

eit=? giz(lz—uil+ly—uz))
/w X )gw) dadydz| < C|fIl2]g]

|z — ||y — gl

for all f,g € L?(R3). This in turn is the same as

itz izl 1oy ()
(13) sup| [ X @)aty) dodya:

< Clfll2llgll2-

Let
F(r) = X[0,00) (1)1 /52 flrw)o(dw), G(r)= X[O’OO)(T)T/SQ g(rw)o(dw).
By Cauchy-Schwarz,
[Fll2 < Cll fllzzs)s 1Gllz < CllgllL2(zs)-

The following calculation finishes the proof of (42):

= sup ‘ / tz eiz(r+s)x(z)F(T)G(s) drdsdz‘
R3

t>0

zsup’/ 2)G(2) dz

t>0

< ||F||L2(R)||G||L2(]R) = IFlle2@) |Gl 2 w)
< C| fll2llgll2-

Another contribution is given by MsU (t)Ms. The kernel here takes the form

itz?
/ |6—X(2’)€7 V2pta2(jz—ulty—ual),., (u1)ea(ug) duidug dz
R7

z —ully — ugl
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where 7o and ¢y are in L?(R?). The uniform L? bound here is even easier, since

6—\/2u+z2|x—u\ L
| [ s, < ca s,
R3 |z — ul 2
so that the desired L? bound follows by putting L? norms inside the integral.
Finally, we claim that both || MU (t)Mz||2—2 and || MU (t)Mi||2—2 are bounded in t. Without loss
of generality we consider the former.

We first remark that

sup H / M1Ro( )U1SU2(RO(z) — ’RO(O))M2 dZH < 00
t20 2—2

by Kato smoothing theory. Indeed, it is easy to check that

X (2)(Ro(2) — Ro(0))Ma]|a—s < C{ lz| iflz] <1

||t if 2] > 1

Thus we regain the z which we lost due to the singularity of %S . It remains to show that

il}g H / 2) MiRo(z)v1SvaRo(0) My dz” - <C.
This follows from
(a4 \ / 4 em”ﬁxw)f(w)dwdz\ <Clifl.
As before (with F(r) = )1 [g2 f(rw)o(dw)),

(44) _’/ dz‘

< Ixl2IEllz < ClIF|l2 < C|lfll2
and we are done with Case 2.

Case 3: 52 #0
Let I'1(2) = (A(2) + S1)7! and T'y(2) = (m(z) + S2)~1. We proved in the previous section that

these are analytic functions for small z and, moreover, for all small z # 0
Az =Ty (2) + %Fl(z)Sng(z)Sll"l(z)
+ Zizrl(z)51r2(z)sgb(z)—lsgm(z)slrl(z)
see (26). As usual, let A\ = p + 22 with Sz > 0. Then by the symmetric resolvent identity
R(\) := (H—X\)"' = Ry(\) — Ro(N)v1 A(2) v Ro(N)
(45) = Ro(A) — Ro(N)v1T1 (2)va Ro(N) — %RO(/\)vlfl(Z)Slfg(z)Slfl(z)ngo()\)

1

(46) - Z—2R0(/\)U1F1(z)SlI‘Q(z)Szb(z)flSQFQ(z)SlI‘l(z)ngo()\)



DISPERSIVE ESTIMATES 25

provided z is also small. Note that the contributions of the terms in (45) to the L? operator norm
has been dealt with in Case 2. Therefore, it suffices to deal with (46). First, set

T(z) = v1F1(z)SlI‘g(z)Sgb(z)_lSQI‘Q(Z)SlI‘l(z)vg
and write

iRo()\)?)ll—‘l (Z)SlPQ(Z)SQb(Z)_ISQPQ (z)51P1 (Z)UQRO ()\)

T(z) = T(0)

(47) = LRy Ro(A) + 5 o) T(O)Ro()

The first term in (47) only has a z~! singularity, and can therefore be treated as in Case 2. In view

of Lemma 10,

Ro(N)T(2)Ro(X)

z=0

= RO()\)U1F1(z)SlI‘g(z)Sgb(z)_lSgFg(z)Sll“l(z)ngO(/\) =P

z=0
with P being the projection onto the eigenspace at . Now use the resolvent identity again to conclude
that (with Sz > 0)

(48) Ro(MT(0)Ro(A\) = P — 2°Ro(A\)P — 22 PRy(\) + 2*Ro(A\) PRy(\)

Hence, the contribution of the second term in (47) to the L? operator norm of e** reduces to under-

standing the operator norm of
/eitz2z3x(z)Ro(z)PRo(z) dz
with Ro(z) as above (the first three terms on the right-hand side of (48) are straightforward to deal

with). We again need to consider each of the (essentially scalar) operators
/e”zzzgx(z)Ro(z)MjPMkRO(z) dz
for j, k = 1,2 separately. According to (29)

P==> oM;' (-, 050;)

where {g; %=1 1s a suitable basis of ker(H — p) and Migl are some matrix coefficients, see the proof
of Lemma 10. Therefore, the case j = k = 2 is obvious. The case j = k = 1 reduces to establishing
that for any f, g which are the first components of functions in ker(H — u), we have
etz(lz—z1|+ly1—yl)
SUPH/ ————f(@)g(y) derdy dZH <C
t>01JR7 |$ —z1[|y1 =yl 2—2
or by duality that
2 By etz(lz—z1|+ly1—yl)
sup| [ () T fe)glon) dindyn d 0(a)ily) dady] < Cl o]
t>0!J/R13 |93 —z1lly1 — 9
for any pair ¢, of Schwartz functions, say. This is the same as showing that

etz(1zl+1yl)
supl [ € 50(0) S (7 < ) )+ 0)() dadydz| < Clol ol

t>0 |5'3Hy‘



26 M. BURAK ERDOGAN AND WILHELM SCHLAG

We remark that this estimate is different from the ones we encountered in Case 2 since f,g € L? but

not necessarily f,g € L'. We set
F(r) = rX[r>0] /52 (f*@)(rw)o(dw), G(r)=rXp>o /52 (9 %) (rw) o(dw).

Since ¢, € L'(R?), we conclude that F,G € L2. Moreover, 0,F,0,G € L? and ﬁ'(z) = 2F(z),
aTG(z) = 2G(z). To see that 8, F € L2, observe that

10:Fllz < CUV(f * @)z + [T (f x d)l2) < Cllf *Vell2 < Clfll2l VoI

where we applied Hardy’s inequality in the second step. Hence, we need to show that

sup| [ ¢ 2x(200, F(2)0,G() dz| < ClJola ]

t>0

which in turn reduces to proving that
[0 Fll2 < Cllgll2,  [10:Gll2 < Cl¢]2-

For this it suffices to check that

IV(f* )z + lllzl7H(f * D)2 < Cllé]l2.
By Hardy’s inequality the second term on the left-hand side is controlled by the first. Hence, we need
to show that
IV 7l < C.
We recall that f is assumed to satisfy f € L?(R?) and

~Af=Vif +Vaf

for some f € L?(R3). By the assumed decay of Vi, Vs we have Vi f + Vaof € L'(R?) and also
[ s+ vafyis =0
R3
see Lemma 8. Set h = Vi f + Vo f. It follows that |h(¢)| < C|¢| and thus Vf = VGoh implies that

sup [Vf(§)] < C,
EER3
as desired.
It remains to consider the case j = 1,k =2 (j = 2,k = 1 being symmetric). We need to show that

for any Schwartz functions ¢,

cizlel—lyly/2ut =2

T U * D@ ) () dudy dz| < Clo

sup ‘ / eit=” 23x(2)
R7

>0
where f, g are the first and second components, respectively, of functions in ker(H — u). Since
/ e_‘yl V 2pu+22

R3

|yl

we see that we are reduced to showing that

[ #XE@IaFEd: < Clole

g+ )W)l dy < Cllg* Ylloc < Cllgll2ll¢ll2,
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This, however, was already established for the case j = k = 1, and we are done. O

5. L' — L ESTIMATES

In this section, we bound the L! — L operator norm of e P, = ¢ P} 4 " P~ In view of
the previous section, the kernel of e P} truncated to energies close to j, is
1

Kiim g | ePXO It = 040) 7 = (4= (- 0)

where  is an even Schwartz function supported in (—\g, Ag) and identically equal to 1 in (Ag/2, \g/2).

Here )¢ is a small constant which will be determined later. By simple change of variables and redefining

X, we have
1 . oo

(49) K, = —_e””/ e”z2zx(z)72(z)dz,
i oo

where

R(z) = (H — (u+ 22 +i0))7!, for z > 0,
R(2) = (H— (p+2>—i0))"" = (H — (p+ 22 +1i0))~1, for 2 < 0.

We also define

Ro(2) = Ro(p + 2%), for z > 0,
Ro(z) = Ro(u + 22), for z < 0.

Note that, with this definition, for all z € R we have

1 et#le =yl 0
Ro(2)(z,y) = PP 0 _e—\2rr 2 a—y
and
(50) R(2) = Ro(2) = Ro(2)v1A(2) 'waRo(2),
where

A(z) =1+ UQR()(Z)Ul.

We will use the following simple lemma repeatedly. It is used in [RodSch, GolSch, ErdSch].
Lemma 14. Let F € L' be differentiable on R with F' € L*. Then

i) ‘/ e”ng(z)dz

StE,

S t32|F)s.

it) ‘/ eitzzzF(z)dz

Proof. This follows from

) 1
€% (u)] = cft| ™2

and Parseval’s identity. ]
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5.1. p is a resonance but not an eigenvalue. Now, we prove Theorem 2 when p is a resonance

but not an eigenvalue. In this case So = 0 and we have

A2)7 = (Al2) +51) 7 + é (A(2) + 81) 7" Sim(2) 7181 (A(2) + 81) 7

where
(A(2) 4+ 81) 7" = (Ao +51) 7 + D (- 1)F2 (Ao + S1) 7 [Ar(2)(Ag +51) 71"
k=1
=: (Ao + S1) "t + 2E1(2),
(51) m(z)" = m(0) 7 + Y (~1)FFm(0) ! [mi(z)m(0) ]
k=1

=:m(0)"" + 2E5(2).
Thus, using (17), we obtain”
(52) Alz)L = %slm(orlsl
+ (A(2) +51) 7
+ E1(2)S1m(2) 1Sy (A(z) 4+ S1) 7!
+ 51 Ey(2)S) (A(2) +51) "
+ S1m(0) 1S Ey(2)

1

Note that m(0) = —ﬁSlvPlel is invertible in Sy L2. Since P; is of rank one, both m(0) and S; are

rank one operators. Let S1(x,y) = ¢(x)*(y), where ¢ is the unique function satisfying i) ||¢|l2 = 1,

ii) ¢ = vag = vg for a resonance function g, as well as iii) Pyvp = ({) with ¢ > 0 (see Lemma 8).
Using c in the definition of m(0), it is easy to see that®

4me 4me .
(53) S(x,y) = ?Sl(xay) = ?@(x)@ ()
Plugging (52) and (53) into (50), we have
47
R(z) = —CTZRO(z)vlcpcp*ngo(z)

+ Ro(2) = Ro(2)v1 E(z)v2Ro(2)

(54) = %RO(Z)U:&#&ZJ*RO(Z)

+ Ro(z) — Ro(2)v1 E(2)vaRo(2),

where ¢ = vp = —03Vg € L*#~2~ c L' N L2(R3). Using this in (49), we get

1 ., 4mi
Kt<xvy) = feztu(cTKl(xay) + KQ(xay) - Kg(-')f,y)),

™
"We note that the corresponding equation (22) in [ErdSch] has a couple of misprints. It should be replaced with the
equation (52). The rest of the proof in [ErdSch] is not affected by this change.

8<p is real-valued, so ¢* = @t
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where
Kieay) = [ e M@ Ro(@oaiv Ro() o )i
K (z,y) = /_Oo e 2x(2)Ro(2) (, y)d=
(55) Ks(z,y) = /_OO eit’zsz(z)[Ro(z)le(z)ngo(z)](w,y)dz.

1 [ KD K
(56) Kl(xvy) = 167‘[’2 [ K121 K122 )

itz? )
Klll = / ¢ X x(2) ezz(|m7u1|+\y7u2|),¢1 (u1)t1 (ug)duy dusdz
r7 |2 —ually — ugl

itz?
K112 _ _/ € X(Z) eizlr—uﬂ—\/m\y—uﬂwl (u1)¢2(UQ)dU1dU2dZ
R

7 |z — uily — gl

itz? )
Kt :/ =X ety =2 e gy (4 oy (ug) dug dusdz
R

7 |z — |y — ugl

itz?
Klzz_/| e x(2) e~ V2022 (e =y =2 D)y (411 Yobo (g) duuy dusdz.
R7

r — ||y — ug|

29

As in the scalar case, we will prove that K is a sum of two operators the first one is of finite rank

and its L' — L° norm decays like t /2, the second one is dispersive, i.e., its L' — L norm decays

like ¢—3/2. Tt suffices to prove this claim for each of the components of K.

First we consider Kit. Let a; = |x — 1], az = |y — uz| and a = a; + as.

Kl = [ et g ) () s

a1a2

We have (see [ErdSch])

00 imw/4 00

2 e L2 2

(57) / e x(2) cos(za)dz = e W FA /AL (1) du
oo VATt J oo

oim/4
Virt J o
6i7r/4 00
T Vant ) o
oim/4
Viant )
oim/4
HVZE
=:C1 + Cy + C3.

+

e_i(“2+“2)/4t(cos(%) — D)x(u)du

efi(u2 +af+a§)/4t5€(u)du

N iU /4t (gmia’ /4t _ o—i(ai+a3)/4t) 3 (o) dy

e*i<u2+a2>/4t(cos(§) ~ 1D)R(w)du
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In [ErdSch], we proved that the contribution of Cy and C3 in K{! are dispersive, see pages 367-369
in that paper. The contribution of C; is
h(t —ilz—uy|?/4t —ily—wua|?/4t
t—1/2F11(t) = Q |:/ € wl(ul)dul} |:/ € wl(u2)dU2j|,
Vit LJgs |z — ua R? ly — ua
where h(t) = e/t 1= e~ 4 (4 du.

\/E
Now, we consider K72, the others can be treated similarly. Let a = |z — u1| + |y — ua].

ztz
K122 (z,9) / / 7'”2“1/12(u1)1/12(u2)du1du2dz
wo [T — ully — ugl ull\y - U2|

itz za efa\/2p,+22 _ e—a\/2TL
/ /JRG |z — u1||yxf ')u2| a P (1 ) (ug)duy dusdz
t7 2 Py (2, ) + Kizo(z, y).

< 1. Before we prove that Kio5 is dispersive, we note that the kernel of

~

By Lemma 14, || Fa2/1-00

the operator F; in Theorem 2 when p is a resonance but not an eigenvalue is

(58) Fy(y) = Ch®) | L)@ ) @) —Tt(wn(z)Q(wz)(y)]
’ Ar?c? | Qo) (@) T(Wi)(y)  —Qv2)(2)Q(¢2)(y)
_etn(t) | Tu(vn) (@)
T | o) [ L)W —QE2)) |-
where

VIl f(y
du,  Q(f)(x) ::/—f()du.

|z — ul

e—i|x—u\2/4tf(u)

|z = ul

1)) = |

To prove that Kj99 is dispersive we need the following calculus lemma.

Lemma 15. For any k € R define

o x _ /x2+k2
T) = ——¢ .
gr(x) e
Then

lgrells + gzl + klgi [l + [kllg 1 < CP(k)e™ ™,

where P is a polynomial in k.

Proof. Clearly,

4 v

gr(x) = = dx

Hence
llgxlls = 2/ g(x) do = 2¢7 ¥,
0

Next, gx(z) = gr(x/k) where
~ o — kv 932
7)) = e
gr(x) = s 22

Hence,

(59) g N = =9 D16, G =1,2,...
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Note that all derivatives of /1 + 2 are bounded functions. Therefore, by Leibnitz’s formula

39 @) 5 ) el + k|1 + ] G VI,

\/1+ 2
ﬁ are in Ll.
16511 S e ¥ (14 [K|OTD) [ [kleFVIFE | S Py (k)e M,

Note that all derivatives of Thus,

where P;(k) is a polynomial. Using this in (59) yields the assertion of the lemma. O

Let hy(z) := ~V21e?+2% Tn view of Lemma 15 we have the following bounds for h:

\/2ua2+22
halls + PGl S e 1eIve,

T
il
W s
wlal?
Therefore, we have
(60) Faln)] S e ol min( -, - 1)

(m) " lal(n)>" a(m)®”

Note that

ztz
Ki2a(z,y) / /]RG/ e ax(z) ha(abz)z (u1)a(uz)dbdu duadz.

|z —ully — uol

Lemma 14 implies that K95 is dispersive if we can prove that

(61) sup/ / I1(xha( ab N h——— s ()2 (uz) dbduy dus
RS

|z — u1lly — ua|

is finite. Using the Schwartz decay of X and (60), we obtain

| (xcha (ab( ||1—27r/|§|

< / (1 -+ [ban]) ()

< 1e*\/’ja.
~a

/ — ban)hq (n)dn| d€

Using this in (61), we have
~ a2 (u1)¥a(uz)

(61) < sup
R5 |z — u1lly — ua|

duidus < 00.

This finishes the analysis of K. Note that Ks is the low energy part of the free evolution and hence
it is dispersive. Now, we consider K3. Let I; be the first coordinate projection with the matrix

I =[1 0] and I = [0 1] the second coordinate projection. We have

1 lK&l(x,w ~K3*(z,y)

K3(x
(#:9) = 152 —Ki'(z,y) K3 (z,y)
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where
ztz iz(|z—u1|+|y—uzl)
K;l x y :/ / ZX( ) (Ille(z)vgllT)(uhug)duldugdz
o |z — ualy — ug
00 itz? iz|lz—uy|—+/2pu+22|y—us|
K3*(x,y) :/ / ™ 2x(2)e (Iiv1 E(2)vo 1T ) (uy, ug)duy dugdz
RS |z —ualy — el
itz? iz|ly—uz|—/2p+22|x—u1|
Kgl 3;‘ y :/ / c ZX(Z)e (IQUlE(Z)’UQIlT)(UhUQ)dU1dU2dZ
|z — ua[ly — e

(Iyv1 E(2)voId ) (w1, us ) duy duadz

) /oo / eitzzzX(Z)e*\/Q,LH’ZQ(lﬂ?*ulH"y*uQD
T,y) =
RS |z — urlly — ua|
The rest of this section is devoted to the proof of
(62) sup |[K¥ (z,y)| <72, 4,5 =1,2.
z,y
First, we consider Ki!. Denote

du1 dUQ

]g = (X(z)eiz“m_“lH*y_“2b(1iv113(z)v2]¥5(u1’uQ))

6 dz |z — w1y — us

by Fy(2). By Lemma 14, it suffices to prove that

(63) sup || Foyllp: < 0.
x,y

Let us concentrate on the term where the derivative hits x(I;v; EvoI{) (the term where the deriv-
ative hits the exponential is similar):

ciz(le—us | +|y—uzl)
duld’uQ.

Foale) = [ MBI ()

|z — ||y — uel

Note that

nﬁhmmz/

Am/ x(Ior Bos I (€ — |2 — w1 — |y — ua) (s, u2)

duidusg
|z — wi|ly — uaf
déduydus
|z — w1lly — uzf

DB D€~ |2 =]~ |y - uzl)(u1, uz)

dfdul dUQ
|z — urlly — us|

(64) /R 6 / (Lo Eos ITY(€) (s, us)

The second line follows from Minkowski’s inequality and Fubini’s theorem, the third line follows from

a change of variable. Note that I1v1 E(2)vel{ (u1, us) is a sum of kernels of the form
w1 (u1) Eij(2)(ur, ug)wa(us), 4,5 = 1,2, wi,wy € L*(R*) N L>®(R?).
Using this and the inequality (for w € L?(R3) N L>°(R3))

w(-)|

|z — |

2

[l
2 |z—ul<1 |£L’ - u‘Q |z—u|>1 ‘x - U|2

1
S [ et [ e@Pdus,
lul<1 |ul R3

(65)
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in (64), we have

Fool < Y [ RG]

L2—[>2 d§
Therefore, for F, ,, (63) follows from

(66) | lleErel]

de < oo, i,j=1,2.
L2—L2

We shall use the following elementary lemma from [ErdSch].
Lemma 16. For each z € R, let Fy(2) and Fy(z) be bounded operators from L*(R3) to L?(R?) with

kernels K1(z) and Ka(z). Suppose that K1, Ky both have compact support in z and that K;(-)(x,y) €
LY(R) for a.e. x,y € R3. Let F(z) = F1(z) o F»(2) with kernel K(z). Then

[ Rl ae< ([ _IRoll, o[/ _|I&ell, -

Note that L [y(2)E;;(z)] is a sum of operators each of which is a composition of operators from

the list below (here x is a suitably chosen smooth cut-off supported in a small neighborhood of the

origin):
Fi(2) = x(2)(A(2) + 51) 7,
Fy(2) = x(2)Er(2),
Fy(2) = x(2)Sim(2) 751,
Fy(2) = x(2)51E2(2) 51,

and their z derivatives and appropriate projections. Moreover, we leave it to the reader to check
that for each of the combinations that contribute to E;;(z) the hypotheses of Lemma 16 are fulfilled.

Therefore, in light of Lemma 16, the following lemma completes the analysis of Ki'.

Lemma 17. For each of the operators F;, j =1,2,3,4 above,

(7 [ lIE@ll, e <o
The same statement is valid for their z derivatives, too.

Proof. We omit the analysis of F} and F3. Recall that

(A(2) + S1) ™" — (Ao + S1)

Fa(2) = x()Ba(2) = x(2) -

oo

=x(2) Y _(=1)F2" 7 (Ag + S1) 7! [Ar(2) (Ao + S1) 7]

k=1

k

Let x1 be a smooth cut off function which is equal to 1 in [—1,1]. Note that the support of x is

contained in [—1,1]. We have

oo

Fa(z) = S (1M (2)2F (Ag + $1) 7" [y (2) A (=) (Ao + S1) 71

k=1
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Using Lemma 16 and Young’s inequality, we obtain

o [l e

0o k

1) D) ll(Ao + 1) 15+ [ / T CAAD O] laade

k=1 -
By an argument similar to Remark 1 in [ErdSch] it is easy to see that [(4g + S1)~!| is bounded on
L?. Also note that

()25 D) S 1+ €D ((Z)25 1)) 12
(69) S Ix(2)2 Y|z + Hd%(x(z)zk‘l)\lz S AL,
Below, we prove that
(70) / 11 Ger A (€)[l2ade S 1.

If Ao is chosen sufficiently small, using (69) and (70) in (68) completes the proof of the lemma for Fs.
Recall that

1 elz=vl — 1 0
A = —
1(2)(,9) Amzlx — yva(z) [ 0 —e—V2u+2e—y| | —vZilz—y| ] o)

Loy | e X o
= —wy(z U bz —\/2p4220% oy vty
4 0 Jo N db

We have (with h,(z) = ;e—\/m)

(AN () (w,y) =
vy () [ i [ X(E — | —ylb)db o ] o).
4 0 22X = bla — y[n)hpe—y (n)dndb

Hence by Schur’s test, we can bound [ |||X/1Z1(€)\ lla—2 d€ by a sum of quantities of the form

oo 1
m [ s [ R bl @l @by, and
o 1 o
@ s [ [ e = sl B )l o)l b dy

where wy and ws satisfy
(73) jwi ()] [wa(y)] S (@)~ (y) P12 S e — )2

Using (73) in (71), we obtain

x

Z/_O; /01 /R3<y>‘5/2l>/d(€—Iylb)\dydbdé“

[eS) 1
s [ sw [ [ —n) RRE o - yildy b
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<I%il [ )y < o0
R

provided 3 > 6, i.e. |[V(x)| < (x)75~. Now, we bound (72). Using (73) (with 8 = 0) and (60) in (72),

we obtain
Jilz—y|
< b dydbdnd
<72>N[ sup/ //ms nls — y|>|| gy dbd d

=/_Z/_oo/0 /Rslﬁ(é—n\ylb)lwdydbdndﬁ

il [ g
< lIx1 1/ / Yy dn < oo.
—oo Jrs [yl(m)?

Next, we consider Fj:
Fy(2) = x(2)S1B2(2)S1 = x(2)S1 Y (=1)*2*1m(0) 7" [ma (2)m(0)"1]" 8.
k=1

Arguing as in the case of Fy, it suffices to prove that

(74 [ G ©lla—ade < 1.

where x1 is a smooth cut-off function which is equal to 1 in the support of x (i.e. in [—Ag, Ag]) and
which is supported in [—A1, A1]. Recall that

m(z) = 5, M- AO mzsl P21 (A=) (A + S1)1) 1

The second summand can be analyzed as above (here \; is chosen sufficiently small to guarantee the
convergence of the series, and than we choose Ay even smaller). Now, we consider the first summand.
Note that

(T5)  As(e)(y) = 1) =40

(z,9)

z
1 [ Zfol %db 0

- Ew(x) i 0 fol ,/2;Lb+zzb2*€_\/m‘m_yldb u(y)
1 [ — e = yl(1 = b)e=l==vlbap 0

B EW( ?) 0 fol ,/2uizzbz e~ V2u+220 2l g, v1(y)

This can be analyzed as in the previous case. Because of the additional |z — y| term, we need to have
B>8, e |V(z) < (z)=8.
Next, we deal with L F;(z). Once again we omit the analysis of Fy and F3. Note that

?Fz(z) :Z(*l)k* (x(2)2"71) (Ao + 51) 7" [A1(2) (Ao + 51)71]k
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(Ao + S1) 1 [d%Al(z)(Ao + 80 1[4 (2)(Ao + S1)1JF

HM?r

Arguing as above, it suffices to prove that

(76) | 0GR ) ©)lla-ade 5 1
Note that (with a = |z — y|)
d 1 —|z —y| [ beiFle—vlbgp 0
—A1(2)(z,y) = —wvg(x) X 0
5, @) (@, y) = —va(2) [ 0 J2 by (abe)db v1(y)

These are similar to the terms treated above. Therefore (76) holds provided |V (z)| < (z)~5~.

Finally, we analyze d%FLL(z). In view of the preceding, it suffices to prove that
o0 —_—
() | MO 5 1.
—o0
We have

() (o) =

Lo —i [ & — y[2(1 = b)be=lT=lbap 0 .
——U2(T 1 22 1Y
1 d b~ 2ut27b2a—y|
T 0 Jo 5 [\/me } db
These are treated as before; (77) holds provided |V (z)| < (z)~19~. O

Now, we consider Ki2. We omit the analysis of the other components of K3 since they can be
handled similarly. Denote
d ; duyd
/ — (X(z)e”|r—u1|—\/2/t+22|y—“2\(Ille(z)vglg)(ul,uQ)) 11dtn
R

6 dz |z — w1y — vl

by G, (2). By Lemma 14, it suffices to prove (63) for G, ,. Let us concentrate on the term where the

derivative hits x(I;v1 EvaIY) (the term where the derivative hits the exponential is similar):

iz|lx—uy|— 22|ly—u
Gea2) = [ X BE ) () X
’ RO |z —urlly — uzf
Similarly (we denote e~V 2#+%* by ¢,)
dndéduy dus

1Ges©lles < [ [W(TiorBoat o) s, va)efy 2 (6 = 1 = o = )

|z —u1lly — uz|
dndu dus

|z — u1|ly — gl

<swlicl [ [MhoBnil . w)

<supuea||1z/ |6 o)

It is not difficult to see that (using Lemma 15) sup, [|é]l1 < co. Therefore, for G, ,, (63) follows from
(66).

[ dn.
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5.2. The general case. We now prove Theorem 2 in the general case. Using (47) in (46), we have
(78) R(z) = Ro(2) — Ro(z)v1T1(2)vaRo(2)
1
— ;Ro(z)vlf’l(z)SlI‘g(z)SlI‘l(z)ngo(z)

2 (Ro(2)T(2)Ro(2) ~ Ro(O)T(0)Ro(0)
— S Ro(OT(0)Ro(0),
where 'y (2) = (A(2) + S1)71, Ta(2) = (m(z) + S2)~ ! and
T(z) = 0111 (2)S12(2)92b(2) "1 SaT2(2) 511 (2)vo.

Substituting (78) in (49), we have (ignoring 2¢%#)

(79) K; = /_OO eitzzx(z)zRo(z)dz - /_00 eitZQX(Z)ZRQ(Z)’Ulrl(Z)UgRo(Z)dZ
(80) - /_ it x(2)Ro(2)v1T1 (2)S1T2(2)S1 T (2)v2 Ro (2 )d2
(s1) — [ DL RTER) — RoOTO)Ro(0))d

Here, the singular term Z5Ro(0)7(0)Ro(0) in (78) has no contribution since the integral in (49) is a
principal value integral and the integrand is odd. The first operator in (79) is dispersive since it is
the low energy part of the free evolution. The second operator in (79) is also dispersive, which can be
proved by repeating the analysis of K3 in the previous section. The operator in (80) can be rewritten
as a sum of two operators one similar two K7 and the other similar to K3 in the previous section.
The L' — L norm of the former decays like t~/2 and the latter is dispersive. Now, we consider

(81). We can write it as a sum of the following operators:

(82) [ i X(Z)RO(Z)MRO(ZMZ,
(83) 1 it X(z)MT(O)Rg(z)dz,
(84) / gt X(z)RO(O)T(O)wdz.

Since we don’t have an extra power of z, the L' — L norm of these operators decay like ¢~1/2 (see
Lemma 14). First let us consider (83). Note that

T(0)(x,y) = v1(x)(S20(0) " S2) (2, y)v2(y)

is a finite rank operator. Therefore it suffices to study operators with kernel (with the notation

a1 = |£C—U1|, a2 = |y—U2D

eztzzx(z) elzar 1 0
z
—V2h YY)
/]R7 ajas 0 e—V2na1 _—V2ut+z2ay

z
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T
ri () 1 (uz) e 0 duydusdz
ra(uy) ca(uz2) 0 —eV2utEta B
where 71,79,¢1,00 € L%P8/2, This can be rewritten as (with the notation h,(z) =

z e—\/2[L[12+22)
£/ 2pa? 422

/ /1 e x(2)
R7 JO az

l —iry(ug)er (ug)ePa1ta2) ipy (u)eo (up ) et e~V 20H22az

) = dbdudusdz.
ro(ur)cr(ug)ha, (a1b2)et#%2 —ro(uy)ca(uz)hy, (a1bz)e™V2HT="a2 ] e

This operator is similar to the operator K; studied in the previous section. We omit the analysis.

Now, we consider (83). Similarly it suffices to consider operators of the form:

/ e x(z) [ 10
R7 G102 0 —e V2Hm

T izag
r1(u1) c1(uz) e2=1l .
efm“Z_e*\/maz U1adu2az
72 (u1) ca(usg) 0

z

Veit=*y(2) | —iry(ur)e (ug)et=e2 —r1(uy)ca(ug)ha, (azbz)
= _— ) dbduydusdz.
R Jo ay irg(uy) ey (ug)e™V2Ha1 202 1o (4 Yeo (ug)e™ V21 by, (agbz)

Once again this operator is similar to K; studied in the previous section. Now, we consider (82). We

use the following identity

T(z) = T(0) = v (T1(2) — T'1(0))S1 T2 (2) S2b(2) "1 Sala(2)S1 T (2)vg
+ 0151 (Ta(2) — T9(0))S2b(2) 1 S22 (2) 81T (2)vs
+0155(b(2) 7t = b(0) 1) 8oy (2) 81T (2)va
+ v1926(0) 1S5 (T'a(2) — T'2(0)) 81T (2)v2
+ v1520(0) 1S5 (T1(2) — T'1(0))ws.

In view of the analysis of the operator K3 in the previous section, it suffices to prove the bound (67)

for the following basic building blocks:

Fi(z) = x(2)T'1(2) = x(2)(A(2) + 1)~

Fy(z) = x(2)27 (T1(2) = T1(0)) = x(2)2~((A(2) + 1) 7" = (Ao + 51) ™)

F3(2) = x(2)5112(2)81 = x(2)S1(m(2) + 82) ™5

Fi(2) = x(2)27151(T2(2) = T2(0))S1 = x(2)27 S1((m(2) + S2) 7! — (m(0) + S2) 1) S
F5(2) = x(2)S2b(2) 7182 = x(2)S2(b(0) + 2b1(2)) "' S

Fo(2) = x(2)S2271(b(2) ™! — b(0)™1)S,.
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The functions F; with 1 < 7 < 4 were already discussed in Lemma 17. Therefore, it suffices to prove
that

(85) max/ H ‘F ’ Hgﬂz d¢ < .

7j=5,6
Recall that, see (18),
b(O) = ngl(O)Sg
b(z) = b(0) + zb1(2) = b(O)(l + 2b(0)"1by (2))

(86) bi(z) = Sa[ma(z) — - S2 %i )2k Sy (ma () (m (0)+52)_1)k+1 s,
k=1
(87) b(z)™t =3 (=1)727 (b(0)~'bi(2))7b(0) !
3=0

Applying Lemma 16 to the Neuman series in (87) shows that in order to obtain (85), we need to prove
that

N G

Another application of Lemma 16, this time to the Neuman series (86), reduces matters to proving

| IR © o < oo

which was already done in (74). In both these cases, the cut-off functions x1, x2 need to be taken
with sufficiently small supports. This leaves the term
SQ [ml(z) — ma (0)}52
z
from (86) to be considered. In view of (19) and (75),
my(z) —mq(0)
z

52 S2

k+1
So.

0 = _ _
)SQ—FZ(—l)kzk 152 (Al(z)(A0+Sl) 1)
By (70), and Lemma 16, the Neuman series makes a summable contribution to (85). On the other

hand, the contribution of

As(z) — A2(0)
z

to (85) is controlled by the bound (77), and we are done.

Sa Sa
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