DISPERSIVE ESTIMATES FOR SCHRODINGER OPERATORS IN
THE PRESENCE OF A RESONANCE AND/OR AN EIGENVALUE
AT ZERO ENERGY IN DIMENSION THREE: I

M. BURAK ERDOGAN AND WILHELM SCHLAG

1. INTRODUCTION

Consider the Schrodinger operator H = —A + V in R3?, where V is a real-valued
potential. Let P,. be the orthogonal projection onto the absolutely continuous sub-
space of L*(R?) which is determined by H. In [JouSofSog], [Yaj1], [RodSch], [GolSch]
and [Gol], L'(R3) — L>=(R?) dispersive estimates for the time evolution e"¥ P, were
investigated under various decay assumptions on the potential V' and the assumption
that zero is neither an eigenvalue nor a resonance of H. Recall that zero energy is
a resonance iff there is f € L*77(R?) \ L*(R?) for all ¢ >  so that Hf = 0. Here
L*=7 = ()7 L? are the usual weighted L? spaces and (z) := (1 + |z|?)z.

In the first part of this paper we investigate dispersive estimates when there is a res-
onance at energy zero. It is well-known, see Rauch [Rau], Jensen and Kato [JenKat],
and Murata [Mur], that the decay in that case is t~2. Moreover, these authors derived
expansions of the evolution into inverse powers of time in weighted L?(R3) spaces.
Here, we obtain such expansions with respect to the L' — L° norm, albeit only in

terms of the powers t=2 and t~2. Our results will require decay of the form
(1) V(x)| < C(z)~7,

for some 3 > 0. Our goal was brevity rather than optimality. In particular, it was
not our intention to obtain the minimal value of 3, and our results can surely be
improved in that regard. Our first result is for the case when zero is only a resonance,
but not an eigenvalue.
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Theorem 1. Assume that V' satisfies (1) with § > 10 and assume that there is a
resonance at energy zero but that zero is not an eigenvalue. Then there is a time

dependent rank one operator F; (see (28) below) such that
e P, — VR < CeR
for allt > 0 and F; satisfies

(2) sup || Fyl 11 pe0 < 00, limsup [|Fy|[ 11, e > 0.
t t—o00

The following case allows for any combination of resonances and/or eigenvalue at
energy zero. It is important to note that the =2 bound is destroyed by an eigenvalue
at zero, even if zero is not a resonance and even after projecting the zero eigenfunction

away (this was discovered by Jensen and Kato [JenKat]).

Theorem 2. Assume that V satisfies (1) with § > 10 and assume that there is a
resonance at energy zero and/or that zero is an eigenvalue. Then there is a time

dependent operator F; such that

sup [| |1 <00, ||€" P —tTVPR|, < OtV
t

In all cases, the operators F; can be given explicitly, and they can of course be ex-
tracted from our proofs. The methods of this paper also apply to matrix Schrodinger
operators, as considered for example in Cuccagna [Cuc] or [Sch]. Details of this will

be given elsewhere.
2. SCALAR CASE

Let K, be the operator with kernel

[e.9]

Kag(.9) = = [ €% N0, WIRLO) = Ry (092, g)ax

where

REN) = Ry(\® £i0) = (H — (\* £i0))!
is the perturbed resolvent. By the limiting absorption principle, these boundary
values are bounded operators on weighted L?-spaces, see e.g. [Agm]|. Here y is an even
smooth function supported in [—1,1] and x(z) = 1 for |z| < 1/2; xa,(A) = x(A/ o).
The high energies were studied in [GolSch]:
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Theorem 3. [GolSch] Assume that V satisfies (1) with some [ > 3, then for any
Ao >0
e K € Ot

Hence, in the proof of Theorem 1 and Theorem 2, it suffices to consider the operator

K, for some \g. One can rewrite the kernel of K, as

[e.9]

(3) Ky (z,y) = % / eitAQ)\XAO()\)RV(()\ +0)?)(x, y)d,

—00

Note that R((A 4 i0)?)(x,y) is not an even function of \; rather, we have

2.1. Resolvent expansions at zero energy. In this section, following [JenNen],
we obtain resolvent expansions at the threshold A = 0 in the presence of a resonance.
This is of course similar to Jensen and Kato [JenKat]|, but we prefer to work with the
L*-based approach from [JenNen|. For j =0, 1,2, ..., let G; be the operator with the

kernel .
_ it
G.9) = gl =P
Recall that for each J =0,1,2, ...,
J
(4) Ro(\) = > (i\)G; +o(X), as X — 0.
=0

This expansion is valid in the space, HSj2.0_,12--, of Hilbert-Schmidt operators be-
tween L*° and L*>7° for o > max((2J + 1)/2,3/2).

Let U(x) = 1if V(x) > 0 and U(z) = —1if V(2) <0, v = [V|"/? and w = vU. We
have

V = Uv? = wo.

We use the symmetric resolvent identity, valid for S\ > 0:

(5) Ry(X?) = Ro(N) — Ry(\2JuA(N) " 0Ro(N2),
where
(6) AN = U + vRo(A2)v = (U + vGov) + | Ufo(A?) = Golv

A
= AO + )\Al()\>
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A; (M) has the kernel

1 eNe—vl 1

AN (@, y) = yv(z) (¥),

Am|x — y| v\
1
[ AN (@, y)l = lo(@)] o)l
Therefore, Ay(\) € HS := HS;2_.;2 provided (z)2%v(z) € L®. Also note that

iXe’

A1(0) = ivGrv = —

47

where P, is the orthogonal projection onto span(v). It is important to realize that

A()) has a natural meaning for A € R via the limit R + 0.

Py, a= ||V||1’

First, we consider the expansions of A(A\)™! for A close to zero as in [JenNen]. The
following lemma (Corollary 2.2 in [JenNen]) is our main tool. Note the similarity

between (7) and the symmetric resolvent identity.

Lemma 4. [JenNen| Let F' C C\ {0} have zero as an accumulation point. Let A(z),
z € F, be a family of bounded operators of the form

A(z) = Ag + 2A4(2)

with Ay(z) uniformly bounded as z — 0. Suppose that 0 is an isolated point of
the spectrum of Ag, and let S be the corresponding Riesz projection. Assume that

rank(S) < co. Then for sufficiently small z € F the operators
1
B(z) := ;(S — S(A(2) +5)7'S)

are well-defined and bounded on H. Moreover, if Ay = Af, then they are uniformly
bounded as z — 0. The operator A(z) has a bounded inverse in H if and only if B(z)

has a bounded inverse in SH, and in this case
1
(7) A) P =(A)+ 95 + ;(A(z) +8)1SB(2)1S(A(2) + S) L.

Proof. 1t is a standard fact that
Ran(S) O | ker(Ap).
n=1

By our assumption rank(S) < oo we have equality here, and (Ag+S)~! has a bounded

inverse. Hence, A(z) + S also has a bounded inverse for small z, as can be seen from
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the usual Neuman series. Therefore, B(z) is well-defined for small z and bounded.

Moreover, if Ay is self-adjoint, then
S—S(Ag+85)'S=0

which implies that B(z) = O(1) as z — 0. Suppose B(z) is invertible on SH. Denote
the right-hand side of (7) by T'(z). Then

4 %SB(z)_lS(A(Z) 4 5) = S(A(2) + 5)!
B ES(A(Z) +8)7'SB(2) Tt S(A(2) + 5) 7!

— I+ %SB(z)_IS(A(Z) +8)7 = S(A(x) +5)

s BE)BR)SAR) +5) T = 1.

z

Conversely, suppose that A(z) is invertible. Define
D(2) := 2(S + SA(2)7'S) = 2(A(2) + 9)[A(2) ! — (A(2) + S) 1 (A(2) + 9).
Then
B(2)D(z) = D(2)B(2)
=S+ SA(2)71S — S(A(2) +S)'S — S(A(2) + §) ' SA(2)" 'S
=S+ S(A(z) +S) ' SA(2) 1S — S(A(2) + S)'SA(2) 1S = S,
so that D(z) is the inverse of B(z) on SH. O
Note that Ay as in (6) is a compact perturbation of U and that the essential spectrum
of U is contained in {—1,1}. Moreover, Ay is self adjoint. Therefore, 0 is an isolated
point of the spectrum of Ay and dim(kery,) < co. Let Sy be the corresponding Riesz

projection. Since Ay is self adjoint, S; is the orthogonal projection onto the kernel of

Ay and we have
(8) Sy = (Ag+ S51)71S = S (Ag + S1) 7L
Remark 1. By the resolvent identity we have

(Ao + Sl)il =U — (Ao + 51)71<UG0U + 51>U
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Since |V ()| < (z)73 and 9] is a finite rank operator, we have (vGyv + S;)U € HS,
and hence (Ay + S;)~! is the sum of U and a Hilbert-Schmidt operator. Therefore,
the operator with kernel |(Ag + S;)7'(x,y)| is bounded in L?. This remark will be

useful below when we consider dispersive estimates.

We choose ¢ > 0 sufficiently small so that A(\)+.S; is invertible for |A| < Ag. Using
Lemma 4, we see that, for |A| < Ao, A()) is invertible if and only if

S1— Sy (AN +81) 7' Sy
A

m(A) =
is invertible on S;L? and in this case

1
9) AN TP = (AN +S) 7+ X(A(A) +5) S m(N) TS (AN 4+ Sp)
If \g is sufficiently small, then

(AN +8) 7' = (Ag+ S +i YEAE(Ag 4 S1)~ (Al(A)(AOJrSl)*l)'“.

Plugging this into the definition of m(A) and using (8), we obtain
m(\) = S14,(\)S1 + Z DFARS) (A3 (W) (Ag + 51) ") 5

=m(0) + Amq (),
where
0) = S14,(0)S; = %5, P,8
m()— 1 1()1—@11;17
A (N) — A4(0 -
1( ))\ 1( >51+Z(_1)k)\k51 (A1(>\)<A0+81)71)k+1 S1-

k=1

(10)  m(\) =58,

If m(0) is invertible in Sy L?, then we can invert m(\) for small \ using Neuman series
and hence obtain an expansion for A(X\)~!. Since m(0) has rank one, this can only

occur if rank(S;) = 1.

Otherwise, let Sy : S;L? — S;L? be the orthogonal projection onto the kernel of m(0)
where the latter operates on S;L?. As above, m(\) + Sy is invertible in S;L? for

IA| < Ao (we choose a smaller )\ if necessary), and

(11) 52 52( ( ) + 52)71 = (m(O) + 52)7152.
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Lemma 4 asserts that m(\) is invertible on S;L? if and only if

SQ — SQ (m()\) + 52)_1 52

b)) = .

is invertible on S,L? and
_ 1 _ _
(12) m(A) " = (m(A) + S2) ' + 3 (M(A) + 52) ! Sob(A) Sy (m(A) + S) 7

Note that
(m(X) + S5) ™" = (m(0) + S5)~ Z )+ S5) " (ma (M) (m(0) + Sy) )"
Plugging this into the definition of b()\) and using (11), we obtain

b(A) = Syma(N)S, + Z 1FAES, (ma(A)(m(0) + S2) ) 8,

where b(0) = Sam;(0)S, and

Sa[mi(A) — 1 - —1\k+1
(13) bi(A) = A + 5 Z; 1)RAES, (m(A)(m(0) + S2) ™) Sa.
A simple calculation using (4) (with J = 2) and S35 = 5155 = S5 shows that
(14) b<0> = —SQUGQUSQ.

Since Gy € HS 20,120 for o > 5/2, we have b(0) € HS if |V (z)| < (z)757¢.

Below, we characterize the spaces S;L% S;L? and also prove that b(0) is always
invertible on SyL?. Therefore, for small ), b(\) is invertible. This proves that A(\)
is invertible for 0 < |A| < A¢. Using (9) and (12), we obtain

(15) AN =TV

+ %Fl(A)S1F2()\)51F1(/\)

+ ;2 L1 (A)S1Ta(X)S3b(A) 1 SaTa(A)SiT1(N),
where

Ti(\) = (AN + S1) 7, and Ty (A) = (m(\) + S,) 7

Note that this formula is also valid in the case Sy = 0.
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Lemma 5. Assume |V (2)| < (x)737°. Then f € S1L*\{0} if and only if f = wg for
some g € L*~27\{0} such that

(16) —Ag+Vg=0inS"
Proof. First recall that, for g € L*~2~, (16) holds if and only if
(] + G()V)g = 0,

see Lemma 2.4 in [JenKat]. Suppose f € S;L*\{0}. Then

(Aof)(&) = U(a) f(x) + 22 / W) g, g

Ar ) |z -yl
i = o)+ 2 [ gy
Let
(18) o) =4 [ 4

1

Note that g € L>72~ and f(x) = w(x)g(x) for each z. Moreover, (16) holds since

L Sy L [ Viyely) .
o) = - / =g [T = ol

Conversely, assume f = wg for some ¢ as in the hypothesis. Then f € L*'* and

_ v(z) [ o(y)f(y)
Anf(w) = UGa)f(o) + 2 [ SR ay
%
=v(z)g(z) + Ui:_) / |(xy)—g§|J) dy =v(I +GyV)g = 0.
Note that since g is not identically zero, Vg # 0, and hence f # 0. O

By Lemma 5, we see that f € S;L? implies f € L>'F.

Lemma 6. Assume |V ()| < (x) 7375, Then f € SoL*\{0} if and only if f = wg for
some g € L*\{0} such that

~Ag+Vg=01inS".
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Proof. Suppose f € SoL*\{0}. Note that SoL? C S;L? and, by Lemma 5, we have
f = wg for some g € L27_%_\{0} such that —Ag+ Vg =0in &'. By the definition of
So, we have

S1P,f =0.
Note that S1 P, f = 0 if and only if

Siww=0o0r P,f =0.

In the first case, S, = S; and P, f = 0 for any f € S,L%. We have the same conclusion

in the second case. Thus,

(/mwﬂwdyzo

R3
Using this and (18), we obtain

o) = [ |1 s ave

AT |x—y|_1—|—|m|
RS
This is because
1 1 1
lz—yl  1T+]z| ™ |z —yl(1+|z|)
and f € L?'F,

Conversely, assume f = wg for some ¢ as in the hypothesis. Then

00 =~ [ oo = | 000 dy = e [ o) a

dr ) Lo —yl 1+l (1 + [=])
R3 R3
By (19) the first summand is in L?. Therefore
[ o) ay| - e @)
1+
3
Thus, [v(y)f(y) dy =0 and f € SoL*\{0}. O

Lemma 7. Assume |V (z)| < (x)757°. Then, as an operator in SoL?, the kernel of
b(0) is trivial.

Proof. Assume that for some f € SoL? b(0)f =0, i.e.,

<G2Uf7 Uf> =0.
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. From the proof of Lemma (6), we have

/f

Using this and (4) (with J = 2), we obtain
0= (Gyvf,vf)
(B0

[vf (O
¢
= (Ro(0)vf, Ro(0)vf) :>1/)?:0:>vf:0.
Using this in (17), we obtain f = 0. O

d¢ (by the Monot. Conv. Thm.)

2.2. Dispersive estimate when zero is not an eigenvalue. In this section, we

prove Theorem 1. When zero is not an eigenvalue, Sy = 0 and (15) reduces to

(20) AN~ = (AN + 81) 7" + %(A(A) +81) T Sim(A) T S (AN +51) 7,

where
(AN +8) 7 = (A4g + S1)~ Z VN (Ag + S1) 7 [A1(A) (Ao + 1) 71"
= (AQ+S1) +/\E1()\),
(21) mA) ™ =m(0)7 + 3 (=1 A m(0) 7! [my(A)m(0) 7"

=:m(0)" + AEy(N).

Thus, using (8), we obtain
1
(22) A()\)_l = Xslm(O)_lSl

+ (AN + S1)7!
+ E(N)Sim(N) IS (AN + 51) 7
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+ (AN + 517 S1Ey(M\)Sy (AN +51) 7!

+ (AN + S1) 7 Sim(N) LS E (M)
1
=: =S+ E(\).
L5+ B0
Note that S is a rank one operator. Plugging (22) into (5), we have

Ry(N2) = —%RO(AQ)USURO()\Q)
+ Ro(A2) — Ry(X2)wE(\)uRo(A2).
Using this in (3), we get
Ky (z,y) = Ki(z,y) + Ka(z,y) — Ks(z, ),

where

Ki(z,y) =

) A|z—wu1 |+|y—u2l)
// it X)\o U(ul)S<u1’u2>’l)<u2)duldU2d)\,

1673 |x—u1||y—u2|

—oo R6

Ko, y) = / D )0 (V) Bo(A2) (. )N

(23)
Ky, y) = / 2 M (N [Ro (A0 E(AwRo(W)](, y) .

First, we deal with K. Note that

(24)  Ki(z,y) =

/ / zt)\2 COS()‘(M‘ —up| + [y — u2|))v(u1)5(ul, ug)v(ug)duy dugd.

167?3RS |z — uy ||y — us|
We have
oy o\ V
(25) / 126 0 (A) cos(Aa)dA = / (1726%07)" () (x0 () cos(-a)) (u)e

- / (G (1 4 @) + o (1 — @))du

— 00
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e}

. / pilu?+a?) /4t COS(%)@(U)CZU
2t
o P
T / ei(u2+a2)/4t(cos<1;t) - 1)X>\0< >d

= Cl(t, (1) + OQ(t, a).

Using this in (24), we obtain

—it ™2 [ Ci(t |r — w| + |y — ua)
K = ’ S duyd
1(z,y) 1673 / T —wlly — u| v(uq)S (ug, ug)v(ug)duydus
R6
—it ™2 [ Cot, |z — w| + |y — ual)
’ S dud
1677 / oy S )
Rﬁ
=: Ky (2, y) + Kiao(z,y).
Note that
|Ca(t,a)] < c@.
Thus,

1 1

+
[z —w| |y —

[

ly =]
The last inequality follows from the fact that S is a rank one operator and the

26) [Kuw) <t [ ( ) o) o (u) 1S (s, wa)|deasdu

v()

] TSI

2
< 732

~

following calculation which holds for v € L? N L;

S [ ]

|z = [l
|lz—ul<1 |e—u|>1

/ » ’2du+/|v u)Pdu < 1.

lu|<1

(27)
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Now, we consider K7;. Note that
Cy(t,a) = e *n(t),

where h(t) is a smooth function which converges to ¢ as ¢ tends to co. We have

—ih(t 6i|m_u1|2/4tei|y—u2\2/4t
Ki(z,y) = (t) / v(uy)S (u, uz)v(ug)duy dusy

~ 16m3¢1/2 |z — ui [y — us
RG
i(|lz—up |+ly—ug)? i(lo—uqg 2 +|y—us?)
Zh(t) € 4t —e It
167312 / |z — wi||y — uol v(u1)S(uy, ug)v(uz)dusdug
RS ! 2
(28) =: t_l/QFt(xa y) + Kio(z,y).

Since S is a rank one operator, for each t, F; is a rank one operator. Also note that
by a calculation similar to (26), we obtain sup, , , [F;(z,y)| < 1. Finally, F; # 0 for

all £, and lim;_,, F} exists in the weak sense and does not vanish:
. _ —ic f(@)g(y)
t@g(ﬂf, g) = = / 7 — |y u2|U(U1)S(U1, u2)v(ug) duyduy dzdy

R12

for any f,¢g € S. By a similar calculation, the term K75 is dispersive since

pille—url+ly—u2))?/dt _ jilje—urP+ly—uzl?)/4t| < |z — wi|ly — us
S .
t

K3 is the low energy part of the free evolution and hence it is dispersive. The rest of

this section is devoted to the proof of

(29) sup | Ks(x,y)| S 7%,
z,y
Denote
d
iy (20 (M) Ro(A?)vE(N)vRy(A?))
by F.,(A). By integration by parts we obtain
1 [ itA2
Ks(x,y) = 57 | € Fay(N)dA.
Using Parseval’s formula, we obtain
Is . —
(30) Kalow) = g [ € ol

—00
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Thus, it suffices to prove that
(31) sup || Foyllzr < oo.
x,y

Recall that

etz —u1|+ly—uz|)

Fou = [ 55 oo s wolun)o(us dusdus

RG

W—Umy—W’

Let us concentrate on the term where the derivative hits xy,(A)E(XA) (the term where

the derivative hits the exponential is similar):

iA(Jz—ua [ +ly—us])

duldu2.

FuyN) = / 0 (VBN (a2 (Yo (1)

R6

W—UMQ—W|

Note that

oo

sl = [ | [ GouBre b=l + o = o n, ) s a

W—Umy—m|

—00 RS

- = vu v\u
</ / OBV (&l = ]+ by = wah s, )| g
R6 —

-/ /‘XAO o] 20 e,

z — ||y — ugl

/\HxE )

d¢.

L2—L2

R6 —o0

[0()|

dg

L2—L2

S/H\m 2l

The second line follows from Minkowski’s inequality and Fubini’s theorem, the third

line follows from a change of variable, and the last line follows from the calculation
(27). Therefore, for F,,, (31) follows from

<32> Jliemo

We shall use the following elementary lemma.

I d¢ < oo.
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Lemma 8. For each A € R, let F1(\) and Fy(\) be bounded operators from L*(R3) to
L*(R3) with kernels Ky ()\) and Ky()\). Suppose that Ky, Ky both have compact support
in A and that K;(-)(z,y) € L'(R) for a.e. x,y € R3. Let F(\) = F1(\) o Fy()\) with
kernel K(\). Then

k@] < | [ 17|l | []7e©

Proof. Without loss of generality we can assume that the right hand side is finite.
Note that

dg

2—2

| 70 5 (©)1dg

This implies that

o= NE©, e < o0, 7=1.2

/ () (e y)dE < 00, j = 1,2,

(33) / / Ry(€) (. 20) || Ran) (a1, )| déddey < oo
(34) ilelﬂg/|K1()\)(x,x1)K2()\)(x1,y)]dxl < 00

for a.e. z,y € R3. By definition, for a.e. x1, 23 € R3,

KO\ (a1, 75) = / Ky (1, 22) Ko(A) (@2, 23) dira

R3
and K (-)(z1,z3) € L°(R)N LY (R) by (34) and the compact support assumption in \.

Moreover, for a.e. £ € R,

(35) K (&) (w1, 23) = / / Ky (€ =) (w1, 22) Ks(n) (w2, w3) dndas.

R3 —oo0
To see this final identity, denote the right-hand side by F(&;xq,23). Then
F(-;21,23) € LY(R) for a.e. choice of 1, x3 by (33), and

o0

[er@amic= [ [ [ TR = n) ) Ran)wa ) didrads

—o0 —oo R3 —oo
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_ / Ky (V) (1, 29) Ko (\) (29, ) dad\.

The final equality sign here follows by Fubini and since K;(-)(z,y) € L*(R) for
a.e. choice of z,y by (33). Hence, (35) holds by uniqueness of the Fourier transform.
The lemma now follows by putting absolute values inside of (35) and duality. O

Note that Zk[x»,(A)E(XN)] is a sum of operators each of which is a composition of

operators from the list below (here y () is a suitably chosen smooth cutoff supported
n [—)\0, )\0])2

and their A derivatives. Moreover, we leave it to the reader to check that for each
of the combinations that contribute to E(\) the hypotheses of Lemma 8 are fulfilled.

Therefore, in light of Lemma 8, the following lemma completes the analysis of Kj.

Lemma 9. For each of the operators F;, j =1,2,3,4 above,

d¢ < oo.
2—2

The same statement is valid for their \ derivatives, too.

Proof. We omit the analysis of F; and F5. Recall that

(AN +S1) 7 = (4o + S) !
)

() SN (g 4 57 [AA) (Ao + 571

k=1

Fy(A) = XN EL(A) = x(})

Let x1 be a smooth cut off function which is equal to 1 in [—1,1]. Note that the

support of x is contained in [—1, 1]. We have

= 3 (E O (Ao + S1) 7 (N A (A (Ao + 51) 1]
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Using Lemma 8 and Young’s inequality, we obtain

w0 [ |Fel, s

BBl o+ )7 1% / 1A €l -ad

k

By Remark 1, [(Ag + S1)7!| is bounded on L?. Also note that

OO 1 S 11+ 1€]) OO 1>< 2

S I COX Tl + ( (DAl
(37) <Ak

Below, we prove that

(38) / G A (©)laadé < 1.

If Ao is chosen sufficiently small, using (37) and (38) in (36) completes the proof of
the lemma for F5. Recall that

eiMe—yl _ 1

A1 (A) (2, y) = v(x) v(y)

ATz — y|
1

= ulaey) [

0

Therefore,

1

— 1

(A (€)(e) = poo(@ole) [ 7€ [~ olt)

47
0

Hence by Schur’s test, we have

(39) / [[cAmel] | ae< / sup | / T~ 1 — 910y b dy .

R3 0
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Since y; is a Schwarz function, we have (for each N € N)
1
_ (z—y)™ [l <|z—y
(10) [ it~ 1o = ulab <
J O, > le -yl
We also have

(41) [o(@)llo)] < (@)~ 7(y) 72 < (@ —y) 7

Using this inequality and (40) in (39), we obtain

39) < S B R T }d .
( )N_ngpN/@ " {<§>N, > 1oyl f 7

NS |5\<|y|}
4 / o {<s>-N, =1 7

< 0

provided 8 > 6, i.e. |V(z)] < (2)757. To see the last inequality, fix £ and consider
the integral in y in the regions {|y| < |¢|} and {|y| > |¢|} separately.

Next, we consider Fj:

o0

Fy(A) = x(NS1E>(\) S = x(M)S1 Y (= DFN1m(0) 7 [ma (A)m(0) ]

k=1

s,

Arguing as in the case of F;, it suffices to prove that
(12) [ NG ©laade 5 1.

where 7 is a smooth cut off function which is equal to 1 in the support of x (i.e. in
[—Ao0, Ao]) and which is supported in [—A;, A\;]. Recall that

o Al()‘) _Al(o) = jvi—1 —1\J+1
mi(\) = S S S +]le1<—1) N7 (AN (A + S)7H TS

The second summand can be analyzed as above (here A; is chosen sufficiently small to
guarantee the convergence of the series, and than we choose Ay even smaller). Now,

we consider the first summand. Note that

@) AWy =N )
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1
iNz—y| _ 4 —yl=1 ,
= v(x)e iz —y v(y) /(1 — b)eN==vlb qp,
0

Nz —y|

Therefore, using (40) and (41), we obtain

X191 4551 () (2, y)| = |v(@)|z — ylo(y 1—bxl (€ —blz —y) db

o\

< _.\1-p8/2 <Q? - y>_1> ‘€| < ‘x - y‘
Sl { O, K> lr—yl

Using this and Schur’s test as before, we have
i i o { @=)7 Jel <zl
de/sup/(:c—y>l B2 dy
é H a7 ) ", 1l -y

< 00
provided > 8, i.e. |V(z)| < (z)7%".

X1§1A\25’1 (f)

Next, we deal with -2 F;(X). Once again we omit the analysis of F; and F3. Note
that

iF2()\) = Z(—l)ki (XWX (Ao + S1) 7 [AL(N) (Ao + 51)71]k

X Y AN (Ap + S1) 7'~ [dcf\Al(A)(Ao + 51) AL (A) (Ao + S1) 1

J=1

Arguing as above, it suffices to prove that

(44) / 1O A2 S 1.
Note that
d A0 (2, y) = eNe=vl —j\|z — yle==vl — 1 o)
d)\ 1 x??/ - v(xr )\Q‘x_y‘ y
Ne=yl _i\lz —yl — 1 iNz—yl _ 1
= o) S ) ) )
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= —Ay(\) +iA41(N)

These are similar to the terms treated above. Therefore (44) holds provided |V (z)| <
()~

Finally, we analyze dil)\F4(>\). In view of the preceding, it suffices to prove that

(45) 6T @) la-ade 5 1.
We have h
Ar0) =i ) -2 A
=— 2U($)€M|m_yl - %A2!§3|—$3/_|2y_| e 1“(@/)
i) —iAz — y| ;e"”_m - 1U(y)
These are treated as before; (45) holds provided |V (z)] < (z)710~. O

2.3. The general case. We now turn to the proof of Theorem 2. In view of (5),
(14), and (15), the coefficient of the A™? power in (5) equals

R()(O)Url (O)Sng(O)Sgb(O)_182F2(0)51F1 (O)URo(()) = —Go’USQ [SQUGQ’USQ] _ISQUG().

Lemma 10. The operator GovSs[SavGavSs] ™1 SyvGy equals the orthogonal pojection
in L*(R3) onto the eigenspace of H = —A+V at zero energy.

Proof. Let {1;}7_, be an orthonormal basis in Ran(S;). By Lemmas 5 and 6,
¢j+wGov¢j =0 V1 S]S J

and we can write ¢; = w¢; for 1 < j < J where ¢y € L?, and

/ngjdx:/m/)jdx:(].

Moreover, the {¢; }3-]:1 are linearly independent and they satisfy
¢; +GoVo; =0
for all 1 < j < J. Since for any f € L?(R3), Sof = Zj:1<fa ¥i)1;, we conclude that

J

J
SuGof =Y (f,Gov)v; = =Y (f, ¢3).
Jj=1

=1
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Let A = {A;}/,_; denote the matrix of the Hermitian operator
1
SovGavSy = gsgv(xﬂx — ylv(y)Sa
relative to the basis {1; 37:1. Since ng vy; dx = 0, the proof of Lemma 7 shows that

A = (13, SouGavSat;) = (Goviby, Goui;)
= (GoV i, GoV §j) = (i, b5)-
Let
Q = GovSs[S3vGav85) ' SHv Gy
Then for any f € L?(R?),

J
_ Z GOUS2[SQUG2US2]71'¢]' <f7 ¢]>

j=1

J

- - Z GOUS2¢2'( z] f (b] Z ¢1 zg f ¢j>

i,j=1 ,5=1

In particular,
J
Q¢r, = Z Gi(A™)i (b, 07) = D G A Az = on
3,j=1 i,5=1

for all 1 < k& < J. The conclusion is that Ran(@Q = span{gbj}] 1, and that Q =

on Ran Q. Since @ is Hermitian, it is the orthogonal projection onto span{e;}7_,, as

Jj=D
claimed. O

This has the following simple and standard consequence for the spectral measure.

Corollary 11. Let —00 < Ay < Ay_1 < ... < A1 < Ag < 0 be the finitely many
eigenvalues of H = —A+V. Let Py, denote the orthogonal projection in L?*(R3) onto

the eigenspace of H corresponding to the eigenvalue ;. Then

N oo
% % 1 i _
(46) et =3 "N Py + el G PRE(N) — Ry (V)] dA.
J=0 0
Moreover,
(47) Ry (A) = Ry(A) = Or2(A72)

as X\ — 0+ so that the integral in (46) is absolutely convergent at X = 0.
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Proof. Start from the expression

oo

) 1 ) . .
o / ¢ [Ry (A + i€) — Ry (A — i€)] d\,
0

which is valid for all € > 0 (via the spectral theorem, for example). The formula (46)
follows by passing to the limit ¢ — 0. Indeed, the projections arise as Cauchy integrals

1 dz

i~ -
7 2mi Z— A
¥j

= P,

J

where 7, is a small circle surrounding A;. We need to invoke Lemma 10 in case \g = 0,
since it determines the coefficient of the z~! singularity in the asymptotic expansion
of the resolvent. Once we subtract that singularity, what remains is O(|z|_%), as

claimed. 0

The point of Lemma 10 and Corollary 11 is really to prove (47), since (46) is of
course obvious. One can also deduce Lemma 10 from the proof of the corollary

1

starting from (46), since the most singular power z~' must lead to the projection

onto the eigenspace. However, we have chosen to give these direct proofs.

Proof of Theorem 2. In view of (15),

+ %rlu)slm(A)SlFl(A)

+ %[Fl(A)SlFQ()\)Szb(A)152F2()\)51F1()\) — S2b(0)71S,]

1
+ FSQb(())*lSQ.

Inserting this into (5) leads to

Ry (\?) = Ry(A?) — Ry(A)ul1 (V) vRy(A?)

(48) - %RO(V)vFl(A)Sll“g()\)SlFl()\)vRo()\Q)

(19)  — SR )ML (ST (N Sb(A) ST (A)SITL(A) — Sb(0) ™ SoJula(?)
(50)  — sg(Ro(X) — GoJuSab(0) S0 Ro(X?) — 15 CovSsb(0) " Syu(Ro(X) — Co)
51) ——p,
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The three terms up to and including (48) have already been covered in Subsection 2.2.
Indeed, the only difference here is that we need to incorporate Sy into the expres-
sion (21):

m(A) " = (m(0) + S2)~ Z DN (m(0) + S2) ™" [ma (M) (m(0) + S2)~']"

= (m(0) + Sy) ™' + AEa(N).

The term (51) has been dealt with in Corollary 11. Now, we consider (50). Note that
when we plug Ry into (3), then the term corresponding to the first summand in (50)

is (with the notation S = S3b(0)7'Ss, a1 = |y — y1| and ag = |z — z1| + |y — 1|)

ztA2 eiMlz—z1| _ 1 piAly—u1 5 .
// )\47r|x—x1‘47r‘y yl‘v(xl) (@1, 1) v(y1)derdyy

—00 RG

Zt)\z sm()\a2) —sin(Aay)
= dxidy;d
1673 // o )\|I T = o] v(x1)S (21, y1)v(y)dzdy,

—00 R()

_ // e 7005(/\b)db< DS @ v 4 iy

1673 |z — 21|y — 1]

—00 RG

= t7V2F (2, y).

Arguing as in (25), we obtain

S(xy,
|Fy4(z,y)] = c // o /4t/x,\0 (u+b) + X (u— b)]db (|$)—;1|1|yyl)y(1| )dx 1dy1du

oo R6

///mo (w+D) + 15 (u_b)|Iv(:vl)l\S(ﬂfl,yl)!!v(yl)\dudbdxldyl

‘:U_mlHy_yly

R6 a3 —oo

v(xy)||S (1, v
< HX>\0||1/| 1 || 1 yl)“ (y1)|dx1dy1
|?J y1|

S1

This inequality holds independently of ¢,z and y. Therefore,

v(21)S (21, y1)v(y1)
ly — y1l

sup [Pyl $1 andJim Fio(ay) = [ doady,
R6

The second summand in (50) can be treated similarly.
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Now, we consider (49); it can be written as
(49) = )\71R0<)\2)UE3(/\)'UR0()\2)
with
AE3(A) i= —T1(A)S1T2(A)Sob(A) 1S o(A)SiT1 () + Sab(0) 1 Ss.
Clearly, the terms resulting from FEj5 resemble K3 from (23). However, we do not have
an extra A at our disposal, which implies that instead of (29) we will only obtain a t2

power. The details are as follows: if we plug Ry into (3), then the term corresponding

to (49) is (up to constants)

e g el B daydyr d\
[ [ o e e e B o) ddin

By the arguments that lead from (30) to (32), we conclude that the absolute value of

this expression does not exceed

I ]o | [ Eate)

uniformly in 2,y € R3. To bound this integral, we use Lemma 8. Write

de.

L2—12

E3(A) = =AY (T1(A) = T1(0))SiT2(N) Sab(A) 7 SaT'2(A) SiTa(A)
— SIATHTo(A) = T2(0))Sab(X) "1 S2T5 (A)SiT 1 (A)
— SoATHB(A) T = b(0) 1) S, T (M) ST (N)
— S5b(0) 1S AT (Ta(A) — T2(0))S1T1(A)
— 55b(0) 'S ATHTu(A) — T4(0)).

Consequently, we need to prove the bound of Lemma 9 for the following basic building

blocks (we dropped the subscript \g):

F(A) = x(VT1(A) = x(A)(AN) + S1) ™

Fo(A) = x(MATHT1(A) = T1(0)) = x(MATH(AN) + S1) 7 = (Ao + S1) ™)

F(A) = x(N)SiTa(N)S1 = x(A\)S1(m(A) + S5) 1Sy

Fi(A) = x(MATS1(T2(A) = T2(0))S1 = x(MAT'S1((m(A) + So) ™" — (m(0) + S2)7")S:
as well as

F5(A) = X(N)S2b(A) 1Sz = x(A)S2(b(0) + Abi(A)) 'S
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F(A) = x(\)SA™H (0(A) ™ = b(0) ™) S

The functions F; with 1 < j < 4 were already discussed in Lemma 9. The only
difference here is the appearance of Sy in F3 and Fy (for the function E, see (21)).
But this does not effect the bounds from Lemma 9, which implies that we only need

to prove the following claims concerning the new terms Fy and Fg:

(52) max

dé < 0.
=56 §

2—2

Recall that, see (13),
b(O) = —SQUGQUSQ
b(A) = 0(0) + Abs () = b(0)(1 + Ab(0)"'b1(N))

(53) b(n) = 22N = mi(O)]Sz % S (1N, (ma (W) (m(0) + S2) 1) S

A =1
(54) b(N) ' = Z(—l)w(b(o) 'b1(A))b(0) "

Applying Lemma 8 to the Neuman series in (54) shows that in order to obtain (52),

/I

Another application of Lemma 8, this time to the Neuman series (53), reduces matters

we need to prove that

d§ < .

abi (@[,

to proving
[ 1w @1, d€ <

which was already done in (42). In both these cases, the cut-off functions x1, x2 need
to be taken with sufficiently small supports. This leaves the term
Sg[ml()\) — my (0)]52
A
from (53) to be considered. In view of (10) and (43),
mi(A) —my(0)
A

A
— S, Q(A) SQ+Z ARG, (A (A)(Ag + S1) 1) S,

S S
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By (38), and Lemma 8, the Neuman series makes a summable contribution to (52).

On the other hand, the contribution of

Ax(A) — As(0)
A

to (52) is controlled by the bound (45), and we are done. O

SQ SQ
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