REGULARITY PROPERTIES OF THE CUBIC NONLINEAR
SCHRODINGER EQUATION ON THE HALF LINE

M. B. ERDOGAN, N. TZIRAKIS
UNIVERSITY OF ILLINOIS
URBANA-CHAMPAIGN

ABSTRACT. In this paper we study the local and global regularity properties of the cubic
nonlinear Schrédinger equation (NLS) on the half line with rough initial data. These
properties include local and global wellposedness results, local and global smoothing results
and the behavior of higher order Sobolev norms of the solutions. In particular, we prove
that the nonlinear part of the cubic NLS on the half line is smoother than the initial
data. The gain in regularity coincides with the gain that was observed for the periodic
cubic NLS [16] and the cubic NLS on the line [12]. We also prove that in the defocusing
case the norm of the solution grows at most polynomially-in-time while in the focusing
case it grows exponentially-in-time. As a byproduct of our analysis we provide a different
proof of an almost sharp local wellposedness in H*(R*). Sharp L? local wellposedness was
obtained in [19] and [2]. Our methods simplify some ideas in the wellposedness theory of

initial and boundary value problems that were developed in [11, 19, 20, 2].

1. INTRODUCTION
We study the following initial-boundary value problem (IBVP)
(1) ity + U + MulPu =0, € R tecR",
u(z,0) = g(x), u(0,t) = h(t).

2s+1

Here A = £1, g € H*(R") and h € H™ 1+ (R"), with the additional compatibility condition

9(0) = h(0) for s > 3. The compatibility condition is necessary since the solutions we are
interested in are continuous space-time functions for s > %

The term that models the nonlinear effects is cubic and the equation can be focusing
(A = 1) or defocusing (A = —1). Nonlinear Schrodinger equations (NLS) of this form
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model a variety of physical phenomena in optics, water wave theory and Langmuir waves
in a hot plasma. In the case of the semi infinite strip (0, 00) x [0, 7], the solution u(z,t) of
(1) models the amplitude of the wave generated at one end and propagating freely at the
other. For an interesting example of such a wave train in deep water waves, see [1].

Our intention is to study this problem by using the tools that are available to us in
the case of the full line. In this case the equation is strongly dispersive, and it has been
studied extensively during the last 40 years. We use the restricted norm method (also
known as the X*° method) of Bourgain, [3, 4], modified appropriately. The idea to use
the restricted norm method in the case of IBVP with mild nonlinearities comes from [11].
Their paper introduced a method to solve initial-boundary value problems for nonlinear
dispersive partial differential equations by recasting these problems as initial value problems
with an appropriate forcing term. This reformulation transports the robust theory of initial
value problems to the initial-boundary value setting. The problem they considered was the
Korteweg-de Vries equation on the half line. In this case to recover the derivative in the
nonlinearity one has to use the cancelations of the nonlinear waves that are nicely captured
by the X*® method. The idea of reformulating the problem as an initial value problem with
forcing was applied in the case of the NLS with a general power nonlinearity in [19, 20]. The
difference is that one has to use Strichartz estimates which are appropriate for dispersive
equations with power type nonlinearities. For NLS on R™ the Strichartz estimates give
sharp wellposedness results. One can also use more standard Laplace transform techniques
to study (1), see e.g. [2]. This is based on an explicit solution formula of the linear

nonhomogeneous boundary value problem

(2) i+ Uy =0, x€RTtERT,

u(z,0) =0, wu(0,t) = h(t).

which is obtain by formally using the Laplace transform. One then can use Duhamel’s
formula and express the nonlinear solution as a superposition of the linear evolution which
incorporates the boundary term and the initial data with the nonlinearity.

We now briefly discuss a short history of the wellposedness theory for (1). The reader
is advised to consult [2] and the references therein for a more comprehensive list of works
related to (1). The problem on a bounded or unbounded domain ©Q € R™ with smooth
boundary and h = 0 has been considered in [6] and [25]. Carolle and Bu, in [9], considered
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the equation (1) in the general case when h is not identically zero. Using semigroup
techniques and a priori estimates they showed the existence of a unique global solution for
g € H*(RT) and h € C*(R™). The result was extended to the general power nonlinearity
case by Bu [7] in the defocusing case. For the general domain € in the defocusing case
Strauss and Bu in [24] prove the existence of a global H' solution if the boundary data
are smooth and compactly supported. Bu, Tsutaya, and Zhang [8] extended the above
result to the focusing case in higher dimensions for a nonlinearity of the form |u[P~*u and
2 < p < 2+ 2. For rough initial data and in the case of the half line Holmer in [19] proved
sharp local well posednesss matching the theory in the full line. Bona, Sun, and Zhang, [2],
addressed some of the uniqueness questions that were left open in [19], and also studied
the equation on bounded intervals. Finally, we should also mention that in the integrable
case (p = 4) Fokas, [17], obtained a solution of (1) when ¢ is a Schwartz function and
h is sufficiently smooth by reformulating the problem as a 2 x 2 matrix Riemann-Hilbert
problem.

In this paper we combine the Laplace transform method [2] with the X*® method [3]
to prove that the nonlinear part of the solution is smoother than the initial data. More

precisely, we prove

2s+1

Theorem 1.1. Fiz s € (0,2), s # 3,2, g € H*(RY), and h € H 1 (R"), with the

'3
additional compatibility condition g(0) = h(0) for s > % Then, for t in the local existence

15

interval [0,T] and a < min(2s, 3,5 — s) we have

u(@, t) — Ws(g,h) € CYH;™ ([0, T] x RY),
where Wt(g, h) is the solution of the corresponding linear equation (1) with X\ = 0.

We note that smoothing results of this type were first obtained by Bourgain, see [5],
for the cubic NLS on R?. Also see [23] for an extension of this result to R", and [12] for
cubic NLS on R. There are also smoothing estimates on the torus, see, e.g., [10], [14], [21],
[16], [13], [22]. For initial-boundary value problems, it appears that Theorem 1.1 is the
first smoothing result. We note that the gain in regularity matches the gain for cubic NLS
both on the torus [16] and the real line [12]. However, for defocusing NLS on the torus the
smoothing gain can be improved for integer s > 2 using complete integrability methods,
see [22].
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As an application of Theorem 1.1 and a priori estimates at the energy level (see Section 6
and [2]), we obtain bounds on higher order Sobolev norms:

Theorem 1.2. In the case s € [1,3), s # 3, g € H*(RT), and h € H*T (RT) N HY(R"),

’2
the solution wu is global and the smoothing statement holds for all times. Moreover, in the

defocusing case ||u|| gs@+y grows at most polynomially, whereas in the focusing case it grows

at most exponentially.

We note that one cannot expect to obtain better than exponential bounds in the focusing
case since the energy estimates at H' level give only exponential bounds, see Section 6.

To prove Theorem 1.1 we combine a variety of estimates for the boundary operator
(solving (2)) and the nonlinearity in X*® spaces. We also need to establish the wellposed
theory in X*? spaces. We obtain the solution of (1) as a fixed point of (17) in X**(Rx [0, T)
after extending the initial data g to R. As such these are limits of smooth solutions, and in
particular they are mild solutions as defined in [19]. Note that by the fixed point argument
the solution is the unique solution of (17), however it is not a priori clear whether its
restriction to R™ is independent of the extension of g. We resolve this issue in Section 4.1.

We now discuss briefly the organization of the paper. In Section 2 we define the notion

2541

of a solution. For ¢ € H*(R") and h € H 1 (RT), with the additional compatibility

condition g(0) = h(0) for s > 1, we are looking for a solution

s+1

241
(3) u€ X*P(R x [0,T)) NCYHE([0,T] x R)yNnCH, * (R x [0,T)).
It is a well known fact that (see (11) below for the definition of the X*° norm)
uwe X (R x [0,T)) ¢ CPH:([0,T] x R)

for any b > % However, to close the fixed point argument we need to take b < % For this
reason we need to prove the continuity of the solution directly via additional estimates for
the linear evolution W{(g, h) (corresponding to (1) with A = 0). The reader should keep
in mind that we estimate two distinct linear processes. One is the usual solution of the
free Schrodinger equation with initial data g which we denote by Wgrg and the other is the
linear solution, W{(0, k) to the IBVP (2). We state and prove these estimates in Section 3,
in particular in Lemmas 3.1 and 3.2, and Proposition 3.3. These estimates also explain the
regularity level of the boundary function h and the selection of the spaces that are used

in order to close the fixed point argument. In the second part of Section 3 we prove the



REGULARITY PROPERTIES OF CUBIC NLS ON R™ 5

estimates on the nonlinear terms of (10), dictated by Proposition 3.4. In Section 4, we
establish the local wellposedness theory, see Theorem 2.4. Uniqueness of the solution is
immediate in the auxiliary space (3). We also present a proof of unconditional uniqueness
(unigeness of mild solutions) in Section 4.1. In Section 4 we also discuss the dependence of
the local existence time on the norms of the initial data. The estimates on the time step
are crucial when we patch together local solutions to obtain a global continuous solution.
This is used in Section 5, where we prove the two main theorems of this paper, Theorems
1.1 and 1.2. Section: 6 is an appendix that presents the needed a priori estimates at the
energy level. As expected the a priori estimates in the case of the focusing case are more

subtle. We close the Appendix with a technical lemma that is used throughout the text.

1.1. Notation.

§@>:a79@>::/;e—Mfgug¢u

(€ = v1+EP

glls = llg]

wew = ([ @@ atera)

For an interval I, we define H*(I) norm as
gl sy := inf { g1l mswy = 9(x) = g(x), x € T},
We also denote the linear Schrodinger propagator (for g € L?(R)) by
Weg(w,t) = eg(z) = F e G()] ().
For a space time function f, we denote
Dof(t) = f(0,1).

Finally, we reserve the notation 7(t) for a smooth compactly supported function which is

equal to 1 on [—1,1].
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2. NOTION OF A SOLUTION

Throughout the paper we have s € (0,2), s # 1, 3. We define H*(R™) norm as

gl =+ := inf {17 ]l =) : §(2) = g(2), = > 0}

wer+). 1 g € H(RY) for some s > 1, take an

Note that we have ||¢/| 5>

1wy < gl
extension g € H*(R). By Sobolev embedding ¢ is continuous on R, and hence ¢(0) is well

defined. We have the following lemma concerning extensions of H*(R") functions.

Lemma 2.1. Let h € H*(R") for some —3 < s < 2.
me®) S || e @y -

i) If 3 < s <% and h(0) = 0, then || X000l ms®) < 1]
ii) If 5 < s < 3, then ||hevenlms@) S ||| s ms)-

w) Ift<s<2 s#32 and h(0) =0, then ||hogallm=w) < ||A|
Here heyen(z) = h(|z]), and hoqq is defined analogously.

i) If =1 < s < 3, then ||x(0,.00)R]

Hs(R+)-

HS(RJr).

The first two parts were proved in [11]. Part i) follows from the weighted L? boundedness

of Hilbert transform and the fact that (€)% is an A, weight for s € (=3, 1). For ii) note

202
that, since h(0) = 0, the distributional derivative of x(9,00)h iS X(0,00)P’, and use i). Part iii)
me S|P sy
mes(r+)- Since f(0) = h(0), by part

Hs(R+)- Since fepen = f, we have iii).

follows from part ii) as follows: let h be an H*(R) extension of h with ||A]
Let f(x) = [h(x) + h(~x)]/2. Note that | f||us@) < |Ihl
i), we have [|(h = )ovenlliecey S I — /]
To obtain iv) note that it follows from ii) for £ < s < 3. Since h(0) = 0, for 2 < s < 2,

woe) S A

hoaa is continuously differentiable, and A/, = (h’ even- Thus, |[hodd|
H(h/)evenl Hs—1(R) 5 ||hl|

To construct the solutions of (1) we first consider the linear problem:

Hs(R) ~ S ks dd|H5 HR) =

Hs—1(RT) 5 ||h| Hs(RT)-

(4) ity + Uy =0, x€RTteRT,

u(z,0) = g(z) € HY(RY), u(0,t)=h(t) e H & (RY),

with the compatibility condition 2(0) = g(0) for s > 3. Note that the uniqueness of the
solutions of equation (4) follows by considering the equation with ¢ = h = 0 with the
method of odd extension. We now construct the unique solution of (4), that we denote by
Wi(g,h), for t € [0,1]. Note that

Wi(g, h) = WE0, h — p) + Wa(t)ge,
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where g, is an H?® extension of g to R satisfying | g.| ms(r+)- Moreover,

mE S gl
p(t) = n(t) [WR(t)geszo’ which is well-defined and is in H 1" (R*) by Lemma 3.1 below.
The properties of the free Schrodinger evolution are well known. To understand the first

summand, W{(0, h), consider the linear boundary value problem (2) with h € H = (R).
Moreover for s > 3 we have the compatibility condition ~(0) = 0. Following [2] we can

write the solution as WE(0, h) = Wih + Wsh, where

(5) Wih(z,t) = - / T B g 52)dp,
T Jo
(6) Wah(z,t) = % /000 P8 51 (52)dB.

Here by a slight abuse of notation

) B(E) = F(xi0mh) (€) = / " ().

We refer the reader the reader to [2] for the derivation of W and W,. Formally, one can
check that both W and W satisfy (2) by differentiation. The boundary condition at x = 0
can be justified by Fourier inversion. To see that the initial condition at t = 0 is satisfied
apply a complex change of variable in W5 noting that his analytic in the lower half plane,
for the details see [2].

By a change of variable and Lemma 2.1, under the conditions above we have

> ~ 2
0 \/ 0GR 8 S Il oy S 1Al
Note that W is well-defined for z,t € R. We also extend W5 to all x by
1 R ~
) Wah(a,t) = [ e 0(30)8h(5)d5,
0

where p(x) is a smooth function supported on (—2,00), and p(x) = 1 for > 0.

Therefore the solution of (4) for ¢ € [0, 1] is given by
Wolg, h) = W5(0,h = p) + We(t)ge, p(t) = n(t)[We(t)ge](0).

We note that W{(g,h) is well-defined for z,¢t € R, and its restriction to R™ x [0,1] is
independent of the extension g,.

The following remark will be important in the proofs of Theorem 1.1 and Theorem 1.2.
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Remark 2.2. Note that Wl(g1,h) — W{(g2,h) = Wl(g1 — ¢2,0). One can also obtain
Wi(g,0) using the method of odd extension. This implies that

W5 (g, 0)]

ety < [Wr(t)Godd| 5s®) = |Godallzs®) S 19| sty

where we used part w) of Lemma 2.1 in the last inequality.

Consider the integral equation

(10) u(t) = n(t)We(t)ge + n(t) /Ot We(t — ) F(u) dt’ +n(t)W5(0,h —p —q) (1),

where

F(u) = n(t/T)ulu, p(t) =n(t)Do(Wrge), and
q(t) :n(t)D0< /0 Wi(t — ') F(u) dt').

Here Do f(t) = f(0,t), and g, is an H® extension of g to R. In what follows we will prove
that the integral equation (10) has a unique solution in a suitable Banach space on R xR for
some T' < 1. Using the definition of the boundary operator, it is clear that the restriction
of u to RT x [0,7T] satisfies (1) in the distributional sense. Also note that the smooth
solutions of (10) satisfy (1) in the classical sense.

We work with the space X*°(R x R) [3, 4]:

(11) lul

Xsb = Ha(Ta €><€>S<T + £2>bHLng'

We recall the embedding X** C CPH} for b > 3 and the following inequalities from [3, 18].

For any s,b we have

(12) In@)Weglix=» < llg]

Hs-

ForanysE]R,OSbl<%,and0§b2§1—b1,wehave

I~

(13) [t /0 Walt — £V F ()t o

Moreover, for T' < 1, and —% <b <by< %, we have

(14) In(t/T)F || xsen S T Fl o0
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Definition 2.3. We say (1) is locally wellposed in H*(RT), if for any g € H*(RT) and
h € H*F (R*), with the additional compatibility condition g(0) = h(0) for s > % the

97
equation (10) has a unique solution in

X*H(R x [0,T]) N COHE([0,T] x R) N COH, * (R x [0,T]),

for any b < 5. Moreover, if u and v are two such solutions coming from different extensions
Gel; Je2, then their restriction to [0,00) x [0,T] are the same. Furthermore, if g, — g in
H*(R*) and h,, — h in H™ 1

2s+1

(RT), then u, — u in the space above.

Theorem 2.4. Fiz s € (0,2), s # £,2. Then (1) is locally wellposed in H*(R") with

' 2 202
~ [C+ |\ gl s )]~ 511, where the constant C depends on llgllr2 + ||| 2001

H™1 (RT)

3. A PRIORI ESTIMATES

3.1. Estimates for linear terms. We start with the following well known Kato smoothing
estimate converting space derivatives to time derivatives. This estimate justifies the choice

of spaces concerning g, h in (1). We supply a proof for completeness.

Lemma 3.1. (Kato smoothing inequality) Fiz s > 0. For any g € H*(R), we have
n(t)Wrg € COH (R x R), and we have

HnWRQHLgoHtL%# S gllas m)

Proof. Note that

Fi(nWWag) (7) = / A+ €)e"G(6)de

N / (7 + E2)e ™ g(€)d¢ + / (T +&)e " g(€)de.
1€1<1

[€]>1

2s+1
We estimate the contribution of the first term to H, * norm by

/ |50 + )] ©)lde < / 56)1d < 1G] <
l€l<1 l€l<1

By a change of variable, the contribution of the second term is bounded by

w/ 2252 pﬁﬂjgmwl ﬁHmigm@’

o 2541
SH/ (T+p) (T +p)lp
L2 1

L2
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By Young’s inequality, we estimate this by

2541 ﬁ?(i P)
1= 30| L2 < gl
\/ﬁ L/J>1
The continuity statement follows from this and the dominated convergence theorem. [

Lemma 3.2 and Proposition 3.3 below show that the boundary operator belongs to the
space (3).

Lemma 3.2. Let s > 0. Then for h satisfying X(0,00)h € H*1 (R), we have WL, h) €
2541
CPH!(R x R), and n(t)WE(0,h) € COH, * (R x R).

Proof. We start with the claim Wyh € CPHS(R x R). Let f(z) = e “p(z). Note that f is
a Schwartz function. Recalling (9), we have
Wah = [ (30555 = [ F(05)F (e 0)(9)d5,
0 R
where
B(8) = Bh(5*)Xpp.20)(B).

Note that by (7) and (8), ||¢|lg: < HX(O’OO)hHHQ%P(R)' Using this and the continuity of

e~ A in H*, it suffices to prove that

Ty(x) = / F(B0)3(B)dp

is bounded in H® for s > 0. This follows from the case s = 0 noting that

O:Tg(x) = /R £ (82)3G(B)dB, s €N,

and by interpolation. For s = 0, after the change of variable Sx — (3, we have

Ty(s) = / F(8)3~15(Ba ).
Therefore,
1Tglie < [ Bl 50605
R
Noting that
=g )I;, = / v [G(Be ) Pdx = / B gy Pdy = B gll3,

we obtain

d
ITgllze < llgl / |f(ﬂ)|7% < gl ze.
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since f € 8. This proves that Wah € CYH:(R x R).
2541
To prove that n(t)Weh € C°H, * (R x R), write

—i 12 —i N —i
Wah = [ 1(50)F(e o) (@15 = [ LFe/ae o = [ T o)
R R R
The claim follows from the using Kato smoothing and dominated convergence theorem
noting that f € L.
Finally, note that

(15) Wih = W1,

where

$(8) = Bh(=5°)Xi0.0) ()
The claim follows as above from (7), (8), the continuity of Wg(t), and Kato smoothing
Lemma 3.1. M

2s+1

Proposition 3.3. Let b < % and s > 0. Then for h satisfying xo.h € H™ 3 (R), we

have

In(®)W5(0, )|

xob S HX(o,oo)hHH%(R)-
t

Proof. As before, define ¢ as
D(8) = Bh(=5")x(000) ().

Using (15), (12), (7), and (8), we have

Wihlxs = [V @l oo S 160 S Ixoo0hll 2

T ®
For W5, by interpolation, it suffices to prove the statement for s = 0,1,2,.... Let f(z) =
e *p(x). Note that

FWoh = / T O (B) R (67)d.
0

Therefore, it suffices to prove the inequality for s = 0 and b = % We have
WE(E7) = [ (= B/ Bh()ds.
0

Since f is a Schwartz function, we have

1 P
L+¢2/p2 2+

17(¢/8)| <
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Therefore

N|=

00 2
Wbl o <[+ €% [ latr = 8l g M(Nas

We divide this integral into pieces £2 4 3% > 1 and £? + 32 < 1. In the former case using
(T = B S AT = )72 (T + &%) S = B)(B* + &), and B2 + € ~ (B> + £7), we have
the bound
| [Ter- gy fe)ia
0 (82 + &)

Using Minkowski’s and Young’s inequalities, we have

s|[e-m il

(82 + €)%

SH/OOO<T—/)> “pilh

In the latter case, we have the bound

Gk / ) ij ol -

Using Minkowski’s inequality for both L? norms we have

/ H52+€2 |§<1|A(52)|d55 /01 5%|ﬁ(62)|d5

1
1=
S [ bl £ ol < ol i e

L2L2

L3L2

BZ

S H/ - 8) 2R a8,

L2

O el < Ixeaohl 4 g

In the second to last bound we used Cauchy-Schwarz inequality. OJ

3.2. Estimates for the nonlinear term. In this section we establish estimates for the
nonlinear term in (10) in order to close the fixed point argument and to obtain the smooth-

ing theorem.

Proposition 3.4. For any smooth compactly supported function n, we have

Hn/DtWR(t—t/)

Proof. The proof is based on an argument from [11].

It suffices to prove the bound above for 7Dq( fg Wg(t — t')Fdt') since X** norm is

| E'|| xs0-b Jor0<s<i,b< 1,
2541
CgHt4(RXR ||F|| 12514b+||F|Xsb fO’I“—<S<5b<—

independent of space translation. The continuity in = follows from this by dominated
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convergence theorem as in the proof of Lemma 3.1. First we consider the case 0 < 5 <

|

Note that
/WRt—tht // =8 (€ ¢ dt de.

Using

FE ) = / e"AF (€, N)dA

R

and . o

/ N gyt _ PItE+A) _

0 i(A+&2)
we obtain

D0</0t Walt — #)Fdt ) = /R %F\(g N)dédA,

Let ¥ be a smooth cutoff for [—1,1], and let )¢ = 1 — 9. We write

. ey
ezt)\ —e it€

n(®)Do / Wt - ) Fat) = n(t) I e VO R N

it N —it&? ~
nlt) [ g O+ e N = n(t) [ <o+ (e N
= [+ 11+ 1II.
By Taylor expansion, we have
et — e 1 i e (—it)F k—1
in+ey ; Kl )
Therefore, we have
= || (t)tk || e ; _ ~
I 0y § Y I [ ctn s )tuin 4 @) Fie Mg s
k=1 t
[0 @+ FEN)
k=1 R
S IEEN)

By Cauchy-Schwarz inequality in &, we estimate this by

s ([ @ma)( [ @i nra)m]

2541 _9s 1/2
S IFlems sup (1) (€)72de) " S IF e
A [A+€2|<1
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The last inequality follows by a calculation substituting p = &£2.

For the second term, we have

2541 1 ~
W [ a0 R ]

L], 2 0 S ]
H™3"(R) L3

S| [ el Pe ]

5"
L3

By Cauchy-Schwarz inequality in &, we estimate this by

[/R<)\>22“(/ <A+§2>12_2b<€>28d§)(/%@(&A)I?dg)dx]w

2s+1 1 1/2
Xs—b Sl)l\p (()\) 2 /</\+§2>2—2b<§>25d§) S IF

1
1 <

S IF

Xs,—b.

1

To obtain the last inequality recall that s < 3, and consider the cases [{| < 1

and |¢| > 1 separately. In the former case use (A + £?) ~ (\), and in the latter case use
Lemma 6.2 after the change of variable p = £2.

To estimate ||IIIHH23T+1 , we divide the ¢ integral into two pieces, €] > 1, €] < 1. We

(R)
estimate the contribution of the former piece as above (after the change of variable p = £2):

By Cauchy-Schwarz in A integral, and using b < %, we bound this by

[0 [ 55w P

L2
lpl>1

[ ims o] < 1
pi>1Jr (A +p)
We estimate the contribution of the latter term by

X(-1,11(€)

(A+¢2)

For b < 1, this is bounded by || F|| xo.—» by Cauchy-Schwarz inequality in £ and X integrals.
This finishes the proof for 0 < s < %

|E(€, \)|d€d.

/ In(t)e ™l 2ee X1, (€)
R2

c 2\ 1 <
SO+ IR N < [

5 2s+1 _ 3
20 T4 T

For s = we use the inequality

1A s S WA+ 1M

The required bound for the L? norm follows from the H 2 bound above.

Note that
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d

= [n(t)Do ( /O t Waa(t — t')th’)}
— /(1) o /O t Wt —¢)Fdt’) + int) /R 2 A‘fm;f;”g? (€, \)dgdA

- n’(t)D()( /0 t Wr(t — t’)th’>

ith _ —it€? . eitA -
i) [ S COFE N inty) [ (A +€)F(g N

g2 (A + &%)
We bound the first integral in the last line using the case s = % we obtained above for
a1 (67 )‘) =

62]3(5, A), and the second integral using the proof of the case II for 62(& A) =
(A + €2 F(£, ). Thus, we obtain

[ brone( [ wse-nra)]],,

2

S IEl g0 + 1G5 + Gl 3 S TFN gm0 +IIF

X%,—ba
for all b < %
Therefore, we have
t F| xs- for0<s<ib<li
H77D0</ WR(t—t/)th/>HH2%#(R) < { | F'[] x5, i > 9 1 2
0 ”F“X%’l_b—i_HFHX%’_b for s = 3,0 < 3.
We obtain the statement for % <s< g by interpolation.
OJ

Proposition 3.5. For fized s > 0 and a < min(2s,

) there exists € > 0 such that for
§—e<b<—, we have

el

Xs+a,—b ~o ”U/’ Xsb

Proof. By writing the Fourier transform of |u|?u = uiiu as a convolution, we obtain
DG Y  CRA L R SR )
§1,€2 J 71,72
Hence

2
a1

Xs+ta, —-b —

/ / s+a 5177—1) (5277—2> (£ €1+€2;7—_7—1+7—2)
§1,€2 J 71,2 <T+£2>

L3L2
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We define

F(& ) =lag, n(€)*(r +&)°
and

()" &) () (€ - &1+ 6)7°
(TH M+ + )T -+ 7+ (§ =& +&)2)b

It is then sufficient to show that

M(&1,8,8,1,72,7) =

2

H/ M (&1, 80, &, 11, 7o, T) f(§1, 1) f(§2, 72) f(§ — &1 + 62,7 — 71 + T2)
£1,82 J 11,712

LZL2

SIFIZ = e

By applying Cauchy-Schwarz in the &1, &, 71, 72 integral and then using Holder’s inequality,

we bound the norm above by

1/2 1/2

H(/ / M2) (/ f2(§1,71)f2(€2772)f2(§—51+§2,T—T1+T2)>
§1,62 J 71,2 §1,62 J 71,2
= H(/ / M2) </ f2(§1,71)f2(52,7'2)f2(5—51+§2,T—T1+T2))
&1,82 J 11,72 &1,82 J 11,72

< MQ) :
B Sflle </§1,§2 /7'1,7'2
= sup (/H / MQ) N2 12 Py

Using Young’s inequality, the norm || f? % f2 * f2||L%L1 can be estimated by || f[|.,,. Thus
T £-T

2

LZL2

LiLL

/ PP (&n) (-4 +&T7—1+7)
£1,62 J 11,12

LiLL

it is sufficient to show that the supremum above is finite. Using Lemma 6.2 in the 71, 7
integrals, the supremum is bounded by

/ ()P (&) (&) (- &+ &) dé,de
(T+E2(7 4+ €2 — €24 (€ — £ 4 &)2)002 1

Using the relation (7 — a)(7 — b) 2 (a — b), the above reduces to
<€>25+2a<£1>—25<£2>—28<€ _ 61 + £2>—25
w [ g arant

o [LOEE) ) B - G+ &)
- p/ 206 — )& - &)-

sup
577-

d&1dSs

SIS
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We break the integral into two pieces. The argument given in [16] shows that

sup (&) (&) (- & + &)~
3 |61 —¢[>1 <(§1 _ £)<€1 _ 52)>1,

|§1—&2|>1

d&1dEs < oo.

To estimate the integral on the remaining set, {|{; — & < 1 or |§; — & < 1}, note that

(16) (€0 — & + &) ~ (E2)(8)-
Therefore, we have

(E)2520(&y) 25(&) (6 — &1+ &) 2 (€)* (&)~

e (& =& - &) d&%”5/<@efxa—@»l

we use the substitution z = (& — &€)(§ — &) in the & integral. This yields

d§d&,

26 =+t ETGT G —1) =+ 6t I T (=GP
and

dr = (26 — £ — &) d& = £/ dx + (§ — &) d&r.

Therefore, the integral above is bounded by

i
= /laz+ € - &P

Using Lemma 6.3 and then Lemma 6.2 again, we bound the supremum of the integral

X dfg

above by
2a — 2a
up/ (&)™ : €)™ (&)™
((§—&)%)2~ 5 &)1
y2a=1+ for s > 1
< sup © .
(g2t for s < ;
For a < min(3, 2s), this is finite. O

Proposition 3.6. For fited 0 < s < 3, and 0 < a < min(2s,1,5 — s), there exists € > 0

such that for s—e<b< —, we have

1
for0<s+a 5, | [l |

3
X s:by

Xs+ta,—b 5 ||u|

1 5
for 3 <s+ta< 5 H|U|2UHX%%M’ S llul %{b
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Proof. For s +a < %, the statement follows from Proposition 3.5.

We now consider the case % <s+a< g Since a < 2s, we always have s > %. Let

S = / <T + €2>S+a*2b*§ <5> <£1>—2S <§2>_28 <£ B 51 + £2>_28 d€1d€2

(THE =6+ (£ — & + &)2)oh2

Following the proof of Proposition 3.5, it suffices to prove that

sup S < 0.
5’7—

We consider the cases % <s+a< % and % <s+a< g separately.
Case 1) % <s4a< % Taking e sufficiently small, we have s + a — 2b — % < 0. Using
the identity (7 —a)(r—b) > (a—b), and noting that 2b+3 —s—a < 6b—2 (for € sufficiently

small), we obtain

d&1d&s

& / (6)(60) 7 (62) {6 — &1 + &)
A R S e

PP i SR
~ <§2 — 5% -+ 5% — (g _ £1 + £2>2>26+%—S—a

d&§1d&s.
We can estimate this for s > % by

[ e e -+ &) aads <1

by using Lemma 6.2 twice.

It remains to consider the case % < s <

1

Since a < min(2s, 3), we have 3 < s +a <

1
5
min(3s, s + 1 ).

Consider the sets A = {|z1—¢| <1 or |[x;—&| < 1} and B = {|z;—¢| > 1 and |z, —&| >

1}. Since on A we have (16), we obtain

(E) (&) (&) (- &+ §2>_25d ey < (€)1-25 (€548
[ e a8 S e e

d&1de.

Proceeding as in Proposition 3.5 by substituting z = (§; — §) (&1 — &) in the &; integral, we
bound this by

() (&)™ () (&)™
| e e s | e
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where we used Lemma 6.3 (taking e sufficiently small). Using Lemma 6.2 (noting that
2(2b— s —a) < 1), we bound this by

<€>274b+2a74s+ for s <

(£)1-1b+2a for s >

=

which is bounded for a < min(2s, %), provided that € is sufficiently small.

We bound the integral on the set B by (after the change of variable & — & + &,
G —E{+&)

/ (E)(6) > (6) > (€ -G+ &) d&idss =
(61— P — )P

Qe et b )

<£1>2b+%—s—a <§2>2b+§—s—a

By symmetry, we have the following subcases |§ + & + & 2 €| and [€ 4+ &1] 2 €], which

d&1de.

leads to the bound (using Lemma 6.2 repeatedly)

w(f Md&)g we Eri Erars) Diag

£1>2b+%fsfa <€1>2b+%fsfa<€2>2b+%fsfa
1

(€ + &) i (g P

dgs

S (g ey g |

e is (€)2-4+204s+  for 35 4 2h — L a<
S (g tmnter ;

h (€)a—2bsta for 3s+2b— 1 —a>1

2
This is bounded for a < min(2s, %), provided that e is sufficiently small.

(NI

Case 2) %§s+a<g. Inthiscases+a—2b—%20. Using

T+ =T+ -G+ -+ &) +26-&)(& - &)
ST+E -G+ E-6+E)D)+{E-6)& - &).

Also noting that in this case s +a — 2b — 3 < 6b — 2 for (e sufficiently small), we have
SS /<f — &) TE (g — &) TR (6) TR &) TE — & + &) P dGdE,
B / ()T E) TR OE+ )P E+ &) E+ & + &) R dGde,
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Here we applied the change of variable & — & + &, & — £+ &;. Considering the subcases
€+ & + & 2 €] and |€ + & 2 |€] we have the bound

s ([l a) )
+ <§>1_28/<§1>8+G_2b_§<5 YIRTIE 4 &) THE + & + &) dE1dE

= 51 + SQ.
Using (&1) S (€ + &)(€), we have
2a 4b /5_’_{ —s+a— 2b—7d€1>

by the restrictions on a,b,s. Using (&1) S (€ +&)(E + & + &) and (&) S () (€ + &) we

have
Sy S <§>é_s+a_2b/<§ &) 4 gy 4 &) dE, S 1

by the restrictions on a, b, s. O
4. LOCAL THEORY: THE PROOF OF THEOREM 2.4
We first prove that
(A7) Tu(t) == n(t)Wr(t)ge + n(t) /t We(t —t')F(u) dt’ +n(t)W5(0,h —p — q) (¢),

has a fixed point in X**. Here s € (0,2), s # £, 2, b < 1 is sufficiently close to , and
F(u) =nt/T)|ul*u, p(t)=n(t)Do(Wrg.), and

¢
o) = n(®)Do( | Walt ~ ) F(w)dt).
0
To see that I is bounded in X* recall the following bounds:
By (12), we have
InWe(t)ge|
Combining (13), (14), and Proposition 3.5, we obtain

xoo S N gellers S gl ms -

ST Jufull xomr S T2 ul) %

X9 —j"r ~Y

xob S [ F(w)]

It /ﬁmt—t (u) dt'|

Using Proposition 3.3 and Lemma 2.1 (noting that the compatibility condition holds) we

have
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(18) Nn@)W5(0,h =p—a) ()l xso SN(h—p - q)x(o,oo)llHLsp(R)

< |lh — s + s S b 2 + s + s .
<l PHH%I(W) HCJHHt2 gy | ”Hf 2 ) lele%l(R) ”q”Ht%(R)
By Kato smoothing Lemma 3.1, we have
S < S .
HPHHt%(R) S llgllers =+

Finally, by Propostion 3.4, (14), and Proposition 3.6 we have

Fll .- for 0 <s <2
H 1 (R) HF|]X%725_3+ +[Fll o3y for 1<s<?
< Téfb— |Hu‘2uHXS’_b for 0 <s < % < Téfbf”u’ 3 ,
~ ul2ull gy 2eegss + [[[uful|xon for d<s<3 7~ .

Combining these estimates, we obtain

ITullxs0 < llg] Son-

1 3
He+) ||h||Ht2%p(R+) + 127" ||l

This yields the existence of a fixed point u in X*°. Now we prove that u € CPHZ([0,T) xR).
Note that the first term in the definition (17) is continuous in H®. The continuity of
the third term follows from Lemma 3.2 and (18). For the second term it follows from
the embedding X®2+ C CYH® and (13) together with Proposition 3.5. The fact that
u € CQ(C)H:S% (R x[0,T7) follows similarly from Lemma 3.1, Proposition 3.4, and Lemma 3.2.

The continuous dependence on the initial and boundary data follows from the fixed point
argument and the a priori estimates as in the previous paragraph. The uniqueness issue is
discussed in Section 4.1 below.

To finish the proof of Theorem 2.4 we need to quantify the dependence of T to initial and
boundary data. By scaling, note that if u solves the equation on [0, \?], then u*(z,t) =
Tu(%, +5) solves the equation with data ¢*(z) = g(%) and h*(t) = $h(5%) on [0,1]. Note
that for A > 1,

2

A
1M 2t ey S Il 2t

197 1oy < llgallz@sy + 197 as ey

<A 1/2H9”L2(]R+) + A2 9l e wey < Ngllze@ry + A28 gl e )
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Therefore, for A=27¢|¢]| ws®+) ~ 1, the solution in [0, A~?] is defined up to the local exis-

tence time T =~ [C'+ ||g||Hs(R+)}*%+l. Here the constant C' depends on [|g|[r2 +/[h]] , 2:1 .,
Alternatively, to obtain a local existence interval without implicit dependence on ||g||z 2 we

call use

_ _1_g _1
M e < Ngallz + 197 e < A7 M1gllze + A2 llgll e < A2 glle,

which leads to T' ~ [C'+ /¢ . This will be used in Section 5

[
below.

4.1. Uniqueness of mild solutions. In this section we discuss the uniqueness of solutions
of (1), also see [19, 2]. The solution we constructed above is the unique fixed point of
(17). However, it is not a priori clear if different extensions of initial data produce the
same solution on R*. Tt is also not clear if the solution we constructed is same as the
solutions obtained in [19, 2]. To resolve this issue, first note that the restriction to R™ of
the solution we constructed (the fixed point of (17)) is a mild solution as defined in [19,
Definition 3]. Therefore, the uniqueness part of the theorem for s > % follows from a simple
argument based on energy estimates which implies the uniqueness of mild solutions, see
[19, Proposition 1]. In particular, the restriction of u to R™ is independent of the extension
ge of g to RT.

We now prove that the restriction of u to R is independent of the extension of g also in
the case s € (0,1/2). Let g1, go be two H*(R) extensions of g € H*(R*"), s € (0,1/2). Take
a sequence f, € H*(R") converging to g in H*(R™). Let f!, f2 € H*(R) be extensions of
fn converging to gi, g2 in H"(R) for r < s, see Lemma 4.1 below. Also take a sequence
hy, € H2(R™) converging to h in H 1 (R*). By the uniqueness of mild H2(R") solutions
the restriction of the corresponding solutions ul, u? to RT are the same. Since, by the

2 are the limits of u!, u?

fixed point argument, the solutions u!, u I uz, respectively, in H"(R),

their restriction to RT are the same.

Lemma 4.1. Fiz 0 < s < i. Let g € H(R"), f € H*(R"), and let g. be an H* extension
of g to R. Then there is an H? extension f. of f to R so that

ng - feHHT(]R) 5 Hg - fHHS(Rﬂv forr <s.

Proof. Fix 0 < s < % We start with the following
Claim. Fix ¢ € H*(R) supported in (—o0,0]. For any ¢ > 0, there is a function ¢ € H*(R)



REGULARITY PROPERTIES OF CUBIC NLS ON R* 23

supported in (—oo,0) such that [|¢ — | gr®) < € for r < s.
To prove this claim first note that x5t — ¥ in L*(R) as § — 0%. Also note by
Lemma 2.1 that ||X(—oo,—6)¢||m@®) S ||¥]

in H" for r < s by interpolation. The claim follows by taking a smooth approximate

mes(r) uniformly in . Therefore x(_oo 50 — ¥

identity k, supported in (—6,0) for sufficiently small 0, and letting ¢ = [X(—oo,—6)¥] * k;, for
sufficiently large n.

To obtain the lemma from this claim, let f be an H? extension of f to R, and let h
be an H*® extension of g — f to R with ||A||gs@) S [lg — f]
¥ =g — f —hwith € = |g — fllgs@+). Letting f. = f + ¢ yields the claim. 0

msr+)- Apply the claim to

Finally, we prove that, for s € (0,1/2), the equation (1) has at most one mild solution.
To see this let v = limv,, be a mild solution with initial and boundary data g,h. Let g.
be an extension of g, and u be the solution we constructed. By the lemma above, we can
extend v,(x,0) to R so that v,(-,0) € H*(R) and v,(-,0) = g. in H"(R), r < s. Let u, be
the H?(R) solution we constructed with initial data v, (-, 0) and boundary data v, (0, ). By
continuous dependence on initial data u,, — u in H"(R), and by uniqueness in H? level,

un‘RJr = U"‘R‘*" Therefore u|,, = wv.

R+

5. PROOFS OF THEOREM 1.1 AND THEOREM 1.2

Proof of Theorem 1.1. Note that by (17), we have for ¢ € [0, T

u—Wg(g, h) =n(t) /0 W (t —t)n(t'/T)|ul*udt’ — n(t)Wg(0,q)(t),

where

o) = Do [ Walt — (e /T’

Therefore, by the embedding X3t C CYH?, the inequality (13), Lemma 3.2, and Propo-

sition 3.4, we have

o — Wi (g, W)l

e S Pl ooy + gl st
t

tel0,T]

< Il oo {“W”wa%+ for 0< s ta<l,
s+a,—5+

- o ||U|U|2U||X%L+%lzi + Infulull yoro—ys  for l<sta<i
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Proposition 3.5, Proposition 3.6, Theorem 2.4, and the local theory imply that

lu = W5(g, D)l co oo S (gl

Hs+a+ 5 H/U/‘ Hs( HQSz_l (R_’_))S’

€[0,T]

which yields the claim. O

Proof of Theorem 1.2. First recall from Remark 2.2 that ||[W{(g,0)]

mo@t) S 9llms @)

Fix T' > 0. Assuming the growth bound ||u||gs@®+) < f(T) where f depends on ||g|
and ||h|
that § ~ (C' + f(T))™*, where C' = C’(HhHHz%P(Rﬂ). For J ~ T/§, we have

Ho(R*)

He1(R+), for some s > %, let § be the local existence time based on f(7"). Note

s
(8) = W (g, ) lzssoqs = | Z ulk®).h) = Wi ys(ulk =00
J
S Z || W(k 1)6 ( ((k - 1)5)7 h)‘ Hs+a(R+)
J
Js
< Z HchS ([“(k W(k ns(u((k —1)0), h)},O)‘ e (i)
J
< 32 8) = W (a5~ D0) ) g S T S (DD
where the implicit constant depends only on [|A]], 2.1 &)’ Here we used Remark 2.2 in

the second and third inequalities.

Recall that
Wy (g9,h) = Wa(T)ge + Wy (0,h —p),

where p(t) = n(t/(T))Do(Wg(t)ge). Therefore, by Lemma 2.1, we have

W5 (g, h)]

ws + [ (h = p)

we S gl

2s5+1
s = (RY)
By applying Lemma 3.1 after we write n(t/(T)) = 21@1 nk(t), we obtain
IWe (g, W)l 1=y < (D)9l .
Using this for s + a and the previous calculation, we obtain
lu(T) | rreta ey S ATV NGllareraqry + Il 2etzems o+ (T) f1(T),

(RF)
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where the implicit constant depends on ||h||H 2641 By In the defocusing case, for s = s; =1,
f(t) = 1, whereas in the focusing case f grows exponentially. This implies that in the
defocusing case

(T), 1<s<3,
weEh Sq (1), 2<s<2

(T)™, 2<s<3,

[u(®)]

6. APPENDIX

We start with a slight improvement of the energy bound from [2]. We note that the

Gagliardo-Nirenberg inequality in one dimension implies that
I za@ry < ClANZ2@nllfell2@s)-

Proposition 6.1. We have the following a priori estimates for the solutions of (1). When
A=—1,
[l < Clglpniail
When X\ =1,
lullz < Ce™,

where C' = C(||gll g, ||hllg2), and D = D(||h||g).
Proof. We present the proof for the focusing case,

(19) iy + Upy + [ulPu =0, v €R" ¢t R,

U(ZB,O) = 9(17), u<0’t) = h(t),

the defocusing case is easier, see below. In what follows we drop R* from || - |

Hs(RT)
notation.

The following identities can be justified by approximation by H? solutions:

(20) O|ul® = =23 (uy)a,
(1) Ouaf? — S Jul") = 2R(us ).,

(22) Ou([ual* + Slul") = =i (uitz)e — (utiz)a].
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We start by estimating ||u||z2. By integrating (20) in [0, 00) X [0, ¢], we obtain

/000 u(,t)[Pde = /OOO lg(z)[Pdx + 23 /Ot (0, s)h(s)ds.

By Cauchy-Schwarz inequality, we have

t 1/2
ks < gliZ: + 20l 5, | / (0, ) 2ds|

This implies by Sobolev embedding on h that

t 1/4
(23) fullz < lglloe +67] [0, 9)Pas]
0

where the implicit constant depends only on ||A||z:.

To estimate ||u,|r2, we integrate (21) in [0, 00) x [0, ¢]:

| wtetpis = [ g
0 0

0 [e%s) t
41 / iz, )] da — - / g(2)] dz — 2R / 0, (0, )W (3)ds.
2 0 2 0 0

Using Gagliardo-Nirenberg and Cauchy-Schwarz inequalities we have

t 1/2
luallZg < gl + Cllulids sz + 20l | / (0, 5) *ds]

Note that y? < A% 4+ By implies that y < A + B. Using this and then (23), we obtain

t 1/4
@) Jualiz Sl + s + [ [ 1ua(0,9)Pas]
0

3 3/4 ' 5, 124 t 5, V4
Sl + gl + [ [ us09Pas] "+ [ [ a0 9)pas]

Finally, to estimate fot lu, (0, 5)|?ds, we integrate (22) in z from 0 to oo:

1 d [ _
a0, 0) + S0, 1)1 = z%/ wiT=dz + iu(0, )1 (0, 1).
0

Integrating this in [0, t] we have

t 1 t
/ lu, (0, s)|*ds = —5/ \h(s)|*ds
0 0

+¢/0°O u(x,t)mdx—i/ooog(x)g’(x)dx+@'/Oth(s)h’(s ds.

~—
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And hence
t

(25) I ;:/ |ug (0, 8)[*ds < [ul| 2 [[uallzz + Nlgllz2llgllm + [l 2]kl g
0

Using (23) and (24) in (25) we have

IS+ 812 AT g+ gl + gl 4 1)
+lgllze + llgllcallgll e +1
Taking ¢ small (depending only on ||hl|g1), we get
LS I gl + llgll22) + Mgl + llgllz + Ngllzzllgl e + L.

This implies that
4/3
15 gl + gl + 1
Using this in (23) and (24), we have

1/3
lullz S llgllee + gl + 1,

lucllzz S Nglle + llgllze + 1.
This implies that
luzllzz + llullze < llgllm + lgllz2 + 1.
Iterating this bound implies that

luzllzz + ullzy < Ce™,

where D depends only on |[|A]| 1.
In the defocusing case we don’t have the term coming from the Gagliardo Nirenberg

inequality. We instead have the following inequalities
lull e S 1+ 1Y,
g2 S 1+ 1Y%,
IS 1+ ullz,
where the implicit constants depend on ||g||z: and ||h||z:. Therefore
1/2

ulla S 1+ [l

which implies that ||u| g1 remains bounded. O
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Finally, we have the following lemmas. For a proof of the former, see [15].
Lemma 6.2. If 8>~ >0 and f+v > 1, then

/ 1 dr < (a1 — az) "oplar — az),

(x —a1)P{x — ax)Y

where
1 g>1
ds(a) ~ log(1+4 (a)) B=1
{a)l=F g < 1.

Lemma 6.3. For fized p € (3,1), we have

1 1
/ dr < T
(@)Py/|z — al (a)~2
Proof. Let A={z:|x —al > 1}, and B ={z : |z — a|] < 1}. Note that
/ ! dr < ! / ! dr < L :
B (z)P+/|x — a| (@)’ Jp \/]x — al (a)?

Finally, using Lemma 6.2, we have

L= s L= S
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