A BILINEAR FOURIER EXTENSION THEOREM AND
APPLICATIONS TO THE DISTANCE SET PROBLEM

M. BURAK ERDOGAN

ABSTRACT. In this paper, we obtain a weighted version of Tao’s
bilinear Fourier extension estimate for elliptic surfaces. This im-
plies improved partial results in the direction of Falconer’s distance

set conjecture in dimensions d > 3.

1. INTRODUCTION

In [11], Tao proved the following bilinear Fourier extension estimate.
Let S={z € R%:24=22+..+22 |} and do be the surface measure

on S. Let 1i denote the Fourier transform of the measure p in RY,
) = [ e duta), ¢ e R
Rd

Theorem A. Let d > 2. Let Sy, Sy be compact subsets of S with

d(S1,S2) > 1. Then for all ¢ > ‘%2, we have

(1) | f1do f2do||aray < Call fillr2(ao) | f2l 22 (o)
for all f; € L*(do) supported in S, j =1,2.

This theorem is proved in [11] for d > 3. For d = 2, it has been
known for a long time and is basically the Carleson-Sjolin Theorem
2]. Previously, in [15], Wolff obtained Theorem A for the light cone in

general dimensions. Tao’s proof relies on and extends the ideas in [15].

Date: February 22, 2005.
2000 Mathematics Subject Classification. Primary 42B10.

Key words and phrases. Distance sets, Fourier restriction estimates, Hausdorff
dimension, fractal measures.

This work was partially supported by NSF grant DMS-0303413.
1
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We consider the following weighted version of the inequality (1). Fix
a € (0,d). Suppose H : R? — R satisfies

(2) [Hllo <1,

(3) / |H(u)|du < r*, Yz eRY Vr>0.
B(z,r)

For which ¢ and «, the inequality

(4) | frdo fodo||Laaey < Cagall fill L2 (do)l f2ll 22 (o)

holds for all f; € L?(do) supported in S;, j = 1,27

Obviously, (2) and Theorem A imply that (4) holds for ¢ > =2, We

improve this range of ¢ for a < dizz.
Theorem 1. Let d > 3 and « € (0,d). Assume that H satisfies (2)

and (3). Then, under the hypothesis of Theorem A, (4) holds for any
4o d+2))‘

q> qo(a,d) == maX(17min<d+2a—2’ d

There is no reason for this theorem to be optimal. In fact, it should
be possible to improve the range of ¢ for each o € (0, d). However, this
theorem significantly improves the known estimates for the decay of
L? spherical averages of the Fourier transform of fractal measures (see
Section 3). Using this we obtain improved partial results in the direc-
tion of Falconer’s distance set conjecture in dimensions 3 and higher.
Let E be a compact subset of RY. The distance set, A(E), of E is
defined as

A(E) ={lzx —y|: 2,y € E}.

In [5], Falconer conjectured that:
Conjecture. Let d > 2. Let E be a compact subset of R?. Then,

d
dim(E) > 5 = IA(E)| > 0.

Here || is the Lebesgue measure and dim(-) is the Hausdorff dimension.

Falconer’s conjecture is open in every dimension. In [5], Falconer

gave an example showing that %l in the conjecture is optimal and
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proved that dim(E) > %! implies |A(E)| > 0. Bourgain [1] improved
this result in every dimension, and in particular proved that in R2,
dim(E) > % suffices. Later, Wolff [14] proved that in R?, dim(E) > 3
suffices. This is still the best known result in R?. See [3] for a simplified
proof of Wolff’s theorem. In [4], using Theorem A the author proved
that dim(FE) > ‘;Ejﬁ% suffices. See [14], [8], [3] and [4] for some varia-
tions and related results. In this paper, using (a variant of) Theorem 1,

we prove

Theorem 2. Let d > 3. Let E be a compact subset of R with

1
+ -

dim(E
im(E) > 3

Then |A(E)| > 0.

Remark 1. Wolft’s result in [14] and Theorem 2 relies on a method
developed by Mattila [7, 8]. As it is noted in [14], 5 is the best possible
exponent (in R?) one can obtain using this method. In R3, the best
possible exponent is g However, it may be possible to prove Falconer’s
conjecture in dimensions d > 4 using Mattila’s approach. In particular,
it will be clear from the proof of Theorem 2 that the inequality (4) for
a = d/2 and for all ¢ > 1, if true, implies Falconer’s conjecture in R,
d> 4.

Remark 2. As in [4], the assertion of Theorem 2 can be extended
to distance sets with respect to general metrics. Let K be a convex
symmetric body. Assume that the boundary of K is smooth and has
non-vanishing Gaussian curvature. Define Ag(E) = {dk(z,y) : 2,y €
E}, where df is the distance induced by K. Then, the statement of
Theorem 2 holds for Agk.

We prove Theorem 1 in Section 5. In Section 2, we describe some
extensions of Theorem 1. In Section 3, we describe Mattila’s approach

and in Section 4, we prove Theorem 2.
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List of notations

Xa: characteristic function of the set A.

B(z,r):={y: |z —y| <r}.

d(A, B): the distance between the sets A and B.
Ar(C):={z e R¥: ||z| — R| < C}.

C': a constant which may vary from line to line.

A< B: A<SCB.

A~ B: A< Band B < A.

AKB: AL %B, for some large constant C.

|Al: length of the vector A or the measure of the set A.

2. SOME EXTENSIONS AND COROLLARIES OF THEOREM 1

Following the remark on page 1381 of [11], one can easily extend
Theorem 1 to more general elliptic surfaces. First let us recall the

definition of elliptic surfaces from [13] and [4].

Definition 1. We say ¢ : B(0,1) C R¥! — R is an (M, gq)-elliptic
phase if ¢ satisfies

i) [l < M,

ii) $(0) = V¢(0) =0, and

ii1) For all x € B(0,1), all eigenvalues of the Hessian ¢u..;(v) lie in
[1— 9,14 €]

We say S is an (M, eg)-elliptic surface if S = {(z,y) € B(0,1) x R C
Re:y = ¢(x)} for some (M, eo)-elliptic phase ¢.

We recall the following properties of elliptic phases (see, e.g., [13, 4]):
I) Let ¢ be an (M, eg)-elliptic phase and B(zq,n) C B(0,1). Let
1
P (p(axn + zo) — d(xg) — nz - Vo(x0)), x € B(0,1).
Then ¢ is a (CyM, eq)-elliptic phase.

I1) Let S be a smooth compact submanifold of R? with strictly pos-
itive principal curvatures. Note that for any ¢ > 0 and for any s € S

there is a neighborhood U, of s and an affine bijection a, of R? such
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that as(Us) is an (M, gp)-elliptic surface, where M depends only on d,
|o|lc= and the principal curvatures at s. Moreover, by using a par-
tition of unity, we can write S as a union of affine images of finitely
many (M, eo)-elliptic surfaces.

We have the following generalization of Theorem 1.

Theorem 3. Let d > 3 and o € (0,d). Let H be a function satisfying
(2) and (3). For any M > 0, there exists g > 0 such that the following
statement holds.

Let Sy, Sy be compact subsets of diameter =~ 1 of an (M, e)-elliptic

surface in RY with d(S, Sy) > ﬁ. Let o be the Lebesque measure on

S. Then for all ¢ > qo(c, d), we have
(5)  |fidorfzdos| Lama, mrary < Cumgdll fill 12y don) | foll L2(55.d02)
for all f; € L*(do) supported in S;, j =1,2.

In the application to the distance set problem, we need the following

corollary of this theorem. Recall that

Definition 2. A compactly supported probability measure j is called

a-dimensional if it satisfies
(6) w(B(x,r)) < Cur®, Vr>0,Vr € R%

Corollary 1. Let p be an a-dimensional measure. Let 3 > 0 and
BR™Y2<n < 1. Let I, Iy be subsets of Ag(3) ={z € R:||z| — R| <
B}, satisfying

dlam([]) R R777 .7 = 1727 d([h [2) ~ RT]
Then for any q > qo(a, d)

(7) 1 F1 foll Lagawy < BRD 507 || filla]| foll2,

for any functions f; supported in I;, j = 1,2.
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We need the following version of the uncertainty principle in the
proof of the corollary. For a proof see, e.g., [4] and [16, Chapter 5]. Let

© be a Schwartz function satisfying
(€)= 1, for [¢] < 2 and (&) = 0, for [¢] > 4.

For each ball D C R? fix an affine bijection ap of R? which maps D
to B(0,1). Let ¢p := poap.

Lemma 2.1. Let i be an a-dimensional measure in R*. Let D be a
ball of radius s in RY. Then the function up := |op| * pu satisfies

i) lupllo S 547,

i) lppll S 1,

i) pp(B) = [z up(y)dy S, for any ball B of radius v > 100s~".

Proof of Corollary 1. Note that f;* fo is contained in a ball D of radius
~ Rn. Therefore

(8) | f1fellLaqany = [1(f1f2) * bl La(an)
A~ A~ 1 /
SN i Fall oo peamy 011

5 ||f1f2HLq(HD)'

Let e be the unit vector in the direction of the center of mass of
Iy Ul Let {e; = e,es,...,eq} be an orthogonal basis for R%. Let
T : RY — RY be the linear map which satisfies

1

T(el) = R—n261,

1
T(€j> = R—nej, ] = 2,3, ...,d,

In view of I) and II) above, C; = T'I; is contained in ~ Rinfneighborhood
of an affine image of a surface Sj, j = 1, 2, where the surfaces 51, S, sat-
isfy the hypothesis of Theorem 3 (with M independent of R, n, I3, I5).
Let g;(x) = f;(T"'z), j = 1,2. Note that g; is supported in C},
7 =1,2. We have
~ 1
fi(§) = et (T)

3;(T71(€)) = (Rn)"ng;(T~'¢), j=1,2.
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Therefore,
~ 1/q
9) N ifellzaun) = (Bn)*n® [/|$71(T_lx)gAQ(T_lﬂf)lquD(x)dw}

- i | [1a@a@ o o]

_d o1 d—a .
= (Rn)zd ”72 1(Rn) ”gngHLq(de)a

where H(x) = (Rn)* %up(Tz). Using Lemma 2.1, it is easy to see that
H satisfies the conditions (2) and (3) (possibly with a constant other
than 1 which can be scaled out). Since g; is supported in Cj, using

Theorem 3 we obtain
P g
(10) 19192 pardz) S R—772||91||2||92||2-
We also have
_d _1 .
(11) lgillz = (Bn)"2n"2|| fjll2, 7 =1,2.

Using (8), (9), (10) and (11), we have

d—a

~ d 5 1 g
| f1foll Lo S (Bn)**an® < (Rn) Rng(Rﬁ) D All2l 2l

= BRy) 5075 || full2 ] folo-

3. APPLICATION TO THE DISTANCE SET PROBLEM

In [7] (also see ([16, 8]), Mattila developed a method to attack the
distance set problem. Mattila’s approach was used in [7, 1, 14, 6, 4].
We refer the reader to [14] and [4] for the following version of Mattila’s

theorem.

Theorem 4. Fiz o € [4, 4] and gy € [1,2] such that (1 + qio) > d.
Assume that for all ¢ > qo, for all a-dimensional measures p, for all

R > 1 and for all f supported in Ar(1), we have

(12) [ £ dut)] < CuB T 5 1)
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where [V is the inverse Fourier transform of f. Then Falconer’s con-

jecture holds for «, i.e.

dim(E) > a = |A(E)| > 0.

In light of Theorem 4, Theorem 2 is a corollary of the following

Theorem 5. Let o € (0,d) and q > qo(ev,d). For all a-dimensional
measures i, for all R > 1 and for all f supported in Ag(1), (12) holds.

Like Theorem 2, Theorem 5 was first proved in [14] for d = 2.
Remark 3. By duality and the uncertainty principle (see [4]), the
inequality (12) implies that for every [ < >

AR | p2(sa-1y) S R

In fact, one can easily keep track of the constant C, , in (12) and obtain

the statement

(13) (R | z2(s0-1) < CagR™7V/ La(pe),

for any < g (sce [14, 3]). Here I,(p) is the a-dimensional energy of

e | R = o [ Tgitene

Combining the result of Theorem 5 with the previously known partial
results [7, 9, 14, 10, 8, 3, 4], we see that the inequality (13) holds for

every

the measure y,

% a € (0, %51,
d—1 d—1 d
d—1 ac [ 9
(14) 5< 4 ’7 2 2
e oe [0,
ol a € [H2.d).

The range of [ is optimal for each a € (0,2) for d = 2 (see, e.g.,
9, 14, 3]). In higher dimensions, the range is optimal for a < % (see
[9]). However, there is no reason to believe that the range is optimal
fora>%andd23.
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4. PROOF OF THEOREM 5

The proof is same as the proof given in [4] except a minor change in
the inequality (22) below. Fix o € (0,d). Let f be supported in Ag(1)
with L? norm 1. Below, we prove that for each ¢ > go(, d)

d—1_ o
(15) 1 2y S B 72
(12) can be obtained from (15) using Cauchy-Schwarz inequality. As in
[4], we use the bilinear approach. It suffices to prove (15) for functions
f supported in a subset of Ag(1) of diameter < R. Consider a dyadic
decomposition of Ag(1) into spherical caps, I, with dimensions 2 x 2" X

... X 2" for
R < 2" < R.

We say [ has sidelength 2" and write ¢(I) = 2". The unique cap of
sidelength 27! which contains I is called the parent of I. Let I and J
be caps with the same sidelength. We say I and J are related, I ~ J,
if they are not adjacent but their parents are.

Let fr := fx;. Asin [4], we have

(16) 1/ 1172 < Z Z 17 £ N 2t ey + Z 12 172

1 = ~
Ry comen UD=2"I~J Ielg

= Sl + 52.

Here Ig is a set of dyadic caps with sidelengths ~ R: satisfying the
finite overlapping property:

) IS vl st
Il

First, we obtain a bound for S,. Since each I € I is contained in
a ball D of radius CRz, we have fY = fY oY, (¢p is defined in the

Section 2). Using this and Cauchy-Schwarz inequality, we have

1 1 1
(18) < (7 P+ el llepllE S (717 * leb))z.
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Using this, Fubini’s theorem and Lemma 2.1, we obtain
(19)

d-a d-a
17 12 ) < /lfzv($)|2(u* lopl)(@)de S IR = | fill2R =
Using (19) and (17), we obtain

= > 1 ey SR DR S RIS = R
Ielp Il
This term is harmless since 5% < d — 1 — 2, for a € (0,d).

In the remalmng part of the paper we prove that for ¢ > go(a, d),
S, < R4, By a standard L2-orthogonality argument (see e.g. [13,
15, 3, 4]), it suffices to prove that for each ¢ > gy(«, d), for each n and
I ~ Jwith |I| = |J] =2"

(20) LAY £ et ) < CagaRT 5 frlla]] f1l2-

Let e be the unit vector which is in the direction of the center of
mass of I U.J. Consider a tiling of R? with rectangles P of dimensions
100 x 100% X o X 100%, the long axis being in the direction e. For
each P, let ap be an affine bijection from R¢ to R¢ which maps P to

the unit cube. Let ¢ be a Schwartz function satisfying

(21)  é(x) = xpon(z), © €R, and  supp(¢) C B(0,1).

Let ¢p := ¢poap and frp := %. Using (21) and the fact that the

rectangles P tile R?, we obtain
1571w & 32 [ 1ol o (et

1
(22) S Z 17 PfJP”Lq(u H¢P||L/1(iu

where ¢’ = q%’l.

To estimate ||f}pf) pllLe(, we use Corollary 1 of Theorem 1. Let
Ip be the support of f; p. Note that Ip is contained in [+supp($1\a) C

I 4+ Pyya, where Py, is the dual of P centered at the origin. We have
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Lemma 4.1. [ 4+ Py, is contained in a spherical cap of dimensions

10 X 152" X ... X 182" in AR(10) which contains I.

See [4] for the elementary proof. Using Lemma 4.1 for I and J, we
see that Ip and Jp have diameter ~ 2"; they are contained in Ag(10)
and d(Ip, Jp) = 2". Therefore, Corollary 1 implies that

AL _1
n(d—1-=
1 p el S 277D (2] sl ol
_1l_a

1 _
(23) = Ra2"a D £ plla || £rplle.

Now, we estimate ||¢p|[11(,). Using the Schwartz decay of ¢p, we

have

Jorlign < 327 [ xoplz) dutz).
j=1

Note that 2/ P can be covered by =~ 2% balls of radius ~ 2%”. Since p

is a dimensional, we get

. Mj noa—n —Q noa—n —
(24) loplligy S Y 277 2" "R S 2" R

=1

Using (22), (23), (24) and then Cauchy-Schwarz inequality, we get

—a _nla(l—2 —
LAY Y gy S B0 2705 2N " o]l £
P

1 1
—a ola(1—2 — 2 :
< RTINS g 3 TS ]
I P

Using the Schwartz decay of ¢, the fact that the rectangles P tile R?

and Plancherel formula, we get

—a _n(a(l—2 —
(25) 1A N pra S R 7200920 £ £l

The exponent of 2" in (25) is non-negative and 2" < R. Therefore

o (1—2 —
1A Y et S R4 RO Lol £l
(26) = R5 frllol £l

This finishes the proof of Theorem 5.
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5. PROOF OF THEOREM 1

The proof of Theorem A is quite technical and lengthy. The proof of
Theorem 1 is a very simple modification of this proof. Therefore, we
just give a short sketch of the argument. We warn the reader that in
[11] the letter n is used for dimension. We use the letter d for dimension
and d = n + 1. We also note that the “epsilon-removal” lemma in [12,
Lemma 2.4] which was used in [11] to reduce the proof to a localized
restriction estimate remains valid in our case. Thus, it suffices to prove
the following localized version of (4) for each n > 0
(27)

| F1do F2do | oot (300, ).106) < Craa B fill 2o | foll 2oy VR > 1.

In fact, Theorem 2 can be proved using only the localized version (27)
since we don’t prove an endpoint result.

Fix o < 2 and let go = go(a,d). As in [15], (27) is proved by
induction on 7. It is easy to see that (27) holds for each R > 0 and
for each ball B of radius R if n > «/qo. Now, we prove that if (27)
holds for some > 0 (and for each R and B), then it also holds for
max((1 —d)n,Cd) + Ce for all 0 < §,e < 1. This implies (27) for each
n > 0.

The first step in the proof is a standard wave packet decomposition

in scale R (see [11, Lemmad4.1])

Fido(€) =Y eron,(€), €€ B, j=1.2.
7;

Here, Tj are R'/?-separated R'/?x ... x R'?x R tubes. cr, are constants
and ¢7, are Knapp examples. Namely, each ¢r, is essentially supported
in the tube 7} with a Schwartz decay away from 7; and gz%_ is supported
in a dual rectangle of T} of dimensions RY/2 x ... x R™%/2 x R~! which
is contained in O(R™') neighborhood of the surface S;. The tubes T

are called Sj-tubes. In [11], the wave packets are normalized so that

(28) oz, ||2 ~ RY?, > len? S 1l ao)-
T;
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Moreover, the functions ¢r, are almost orthogonal in the sense that

(20) [ on, s 3 llon -

By dyadic pigeonholing and normalization, we can assume that each c;
is either 0 or 1. Therefore, it suffices to prove that
(30)

| >3 oron,

T €T 12Ty

5 Rmax((l—é)n,Cé)—O—C’s(#T1)1/2(#T2)1/27
L9 (B, HdE)

for all collections T; of S;-tubes and for each 0 < d,e < 1. Cover B
by a collection B of O(RY?) finitely overlapping balls of radius R*~?.
We need the following lemma which summarizes the main part of the

argument in [11].

Lemma 5.1. [11] There is a relation ~ between the balls Q € B and
the tubes in T1 U Ty such that for each T € T1 U Ty

(31) #{QReB: T ~Q} <C.R,
and the following L? estimate holds

(32) H Z o1, P15 ROO+C= R=(@=D/4( 4 ) 1/2(4T,) /2,

(T1,T2)eQ”

S
12(Q)

where Q7 = {(Ty,Ty) € T1 x Ty : Ty £ Q or Ty # Q}.

Remark 4. We use this lemma without any modification in the proof.
It may be possible to get an estimate for || Z(Tl,Tz)eré Sr 01, || L2(0, Hae)
which is better than (32). This would improve the range of ¢ in The-
orem 1 and it may give a better partial result in the direction of Fal-

coner’s distance set problem.
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We have
H Z Z ¢TI¢T2HLQO(B,Hd§) SZ H Z Z ¢T1¢T2HL‘10(Q,Hd§)
TyE€Ty TReTH QeB TiET| TheTs

SZ H Z Z ¢T1¢T2HL‘10(Q,HCI§)

QeB Ti~QTe~Q

+ Z H Z ¢T1¢T2HL‘10(Q,Hd§)

QB (Th,T»)eQ”
:Z[1 + IQ.
The estimate for I; follows from the induction hypothesis. Remember

that Q is a R'%-ball, and ¢r; is supported in O(R™1) neighborhood of
S;, 7 = 1,2. Therefore

LS BRSNS enllll Y onll,

QeB  Ti~Q T~Q
1/2
SRR (S Jonlly Y llorl)
QeB Ti~Q T~Q
SRS (T € Tyt Ty ~ QM € Ty : T ~ Q)2
QeB

5 R(lfé)nJrCs(#T1>1/2(#T2)1/2.

The second inequality follows from (29), the third from (28) and the
last from (31) and Cauchy-Schwarz. Now, we estimate I5. This is the
only part of the proof which differs from the proof in [11]. Let

Fo:= Y. onén.
(T1,T2)€Q#

Using Holder’s inequality, (2) and (3), we have

Q<ZMWM%UWIW%@

QeB

<ZMMWJ/W|QQ

QeB

(33) < I Fll e R .
QeB

Q |,_|
M=

(S
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Using Lemma 5.1 and the definition of ¢y = qo(c, d) for a@ < (d + 2)/2,

we have

(33) 5 R06+CaR—(d—2)/4R%—%(#Tl)l/Q(#T2)1/2
S RCJ+C€<#T1)1/2(#T2)1/2.

This finishes the proof of (30).
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