A NOTE ON ENDPOINT LY-CONTINUITY OF WAVE OPERATORS FOR
CLASSICAL AND HIGHER ORDER SCHRODINGER OPERATORS

M. BURAK ERDOGAN AND WILLIAM R. GREEN

ABSTRACT. We consider the higher order Schrédinger operator H = (—A)™ + V(x) in n dimensions
with real-valued potential V' when n > 2m, m € N. We adapt our recent results for m > 1 to show
that the wave operators are bounded on LP(R™) for the full the range 1 < p < oo in both even
and odd dimensions without assuming the potential is small. The approach used works without
distinguishing even and odd cases, captures the endpoints p = 1, co, and somehow simplifies the low

energy argument even in the classical case of m = 1.

1. INTRODUCTION

We consider equations of the form
ihy = (—A)"Y + V4, reR”, meN

When m = 1 this is the classical Schrodinger equation. Here V is a real-valued potential with
polynomial decay, |V (z)| < (z)~? for some sufficiently large 3 > 0. We denote the free operator by
Hy = (—A)™ and the perturbed operator by H = (—A)™ + V. We study the LP boundedness of the

wave operators, which are defined by

Wy =s— lim et Ho,
t—+oo

The wave operators are of interest in scattering theory. For the classes of potentials V' we consider,
the wave operators exist and are asymptotically complete, [12, 14, 1, 8, 13]. In addition, we have the

intertwining identity
JH)Poc(H) = W f((=A)™)WL.

Here P,.(H) is the projection onto the absolutely continuous spectral subspace of H, and f is any
Borel function. This allows one to deduce LP-based mapping properties of operators of the form

f(H)P,.(H) from those of the much simpler operators f((—A)™).
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2 M. B. ERDOGAN, W. R. GREEN

The usual starting point to study the LP boundedness of the wave operators is the stationary

representation

1 o0
(1) Wiw=u—o— [ REWVIRG(N) = Ry (N]ud),

0
where Ry (A) = ((=A)"™ +V = A)7L Ro(A) = ((=A)™ — X\)7L, and the ‘+ and ‘-’ denote the usual
limiting values as A approaches the positive real line from above and below, [1, 4]. It suffices to
consider W, as W_ = CW,C, where Cu(z) = u(z) is the conjugation operator. Noting that the
identity operator is bounded for all 1 < p < 0o, one needs only control the contribution of the integral

involving the resolvent operators.

Using resolvent identity, we write

2k—1
Ri = 3 (1R (VR + (REVIFRE(VRE).
7=0

We denote the contribution of the jth term of the finite sum to (1) by W; and the contribution of
the remainder by W, ;. To study the L” boundedness of W, we need to consider whether A is in a
neighborhood of zero or not. To that end, let x € C§° be a smooth cut-off function for a sufficiently

small neighborhood of zero, with X = 1 — x the complementary cut-off away from zero. We define

oo

Wit = 5= [ XOVREOVIRENVRG () VIRS () = Ry (W,

Whigh,ku = ZLm ; X RGNV RE N (VR (W) VIRG (A) = Ry (M)]udA.

Throughout the paper, we write (z) to denote (14 |z[2)2, A < B to say that there exists a constant

C with A < CB, and write a— := a — € and a+ := a + € for some € > 0. Our main result is

Theorem 1.1. Let n > 2m > 2. Assume that |V (z)| < (x)~#, where V is a real-valued potential on
R™ and B > n + 4 when n is odd and 8 > n + 3 when n is even. Also assume that zero is a regular
point of the spectrum of H. Then Wigy 1, extends to a bounded operator on LP(R™) for all 1 < p < oo
provided that k is sufficiently large.

In fact the proof we supply works for all k if 2m < n < 4m. We need sufficiently large & when
n > 4m due to local singularities of the free resolvents. We note that this result is new only in the
endpoint cases p = 1,00 when m > 1 and n > 2m even. The main novelty is that our method applies
to all cases n > 2m,m > 1,1 < p < 0o in one self-contained argument, see Proposition 2.1 below.

To put this result in the context we recall that the first LP? boundedness result is the seminal paper of
Yajima, [15], for m = 1. By controlling the Born series terms, the result was shown to hold for all 1 <
p < oo for small potentials. To remove this smallness assumption, the main difficulty is in controlling

the contribution of Wiy ;. The behavior of this operator differs in even and odd dimensions. In



WAVE OPERATORS FOR HIGHER ORDER SCHRODINGER OPERATORS 3

[15, 16, 17], Yajima provided arguments that removed smallness or positivity assumptions on the
potential for all dimensions n > 3. Yajima later simplified these arguments and considered the effect
of zero energy eigenvalues and/or resonances in [18] when n is odd and with Finco in [5] when n is
even for n > 4.

We now give more details in the case m > 1 to state the new corollary of our result above on the
L? boundedness of wave operators. Let H? be the Sobolev space of functions with ||(-)°F(f)||2 < oo,

where F(f) denotes the Fourier transform of f.

Assumption 1.2. For some 0 < § < 1, assume that the real-valued potential V satisfies the condition

4m+1l—n

i) [[() 7T V()| < C when 2m < n < 4m —1,
i) [[()F°V ()| s < C whenn =4m — 1,
iti) H]—"(()”V())HL w15 < C for some o > 24" 4 § when n > 4m — 1.

n—2m—23a -1-6
In [3], by adapting Yajima’s m = 1 argument in [15], it was shown that the contribution of the

terms of the Born series may be bounded by
IWjllzo—ze < TV, o

where ||V||,,m denotes the norm used in Assumption 1.2 when m > 1 for the different ranges of n
considered. In addition, it was shown that if |V (z)| < (z)~” for some 8 > n + 5 when n is odd and
B > n+4 when n is even and if k is sufficiently large (depending on m and n), then Wygn 1 is a
bounded operator on LP for all 1 < p < oo.

Combining these facts with Theorem 1.1, we have the following result which is new in the case n

is even.

Corollary 1.3. Fizm > 1 and let n > 2m. Assume that V satisfies Assumption 1.2 and in addition

i) |[V(z)] < {x)=P for some 3 >n+5 when n is odd and for some 3 > n + 4 when n is even,

it) H = (—=A)"+V(z) has no positive eigenvalues and zero energy is regular.

Then, the wave operators extend to bounded operators on LP(R™) for all 1 < p < co.

By applying the intertwining identity and the known L' — L°° dispersive bound of the free solution
operator e~ *(=2)" and for (—A)%e”t(_&m7 we obtain the corollary below. The second bound
below was observed in [2] for the free operator, and was used to obtain counterexamples for the LP

boundedness of wave operators.

Corollary 1.4. Under the assumptions of Corollary 1.3, we obtain the global dispersive estimates

le™ " Poc(H) flloc S 6727 [|f1-

n(m—1)

1 == e Poc(H) flloo < It~ 21 f]1-
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The LP boundedness of the wave operators in the higher order m > 1 case has only recently been
studied. The first result was in the case of m = 4 and n = 3 by Goldberg and the second author,
[6]. Here the wave operators were shown to be bounded on 1 < p < co. More recently in [3], we
proved 1 < p < oo boundedness in the cases when n > 2m and m > 1 for small potentials or n
odd for large potentials. In [11], Mizutani, Wan, and Yao considered the case of m = 4 and n = 1
showing that the wave operators are bounded when 1 < p < co, but not when p = 1, co, where weaker
estimates involving the Hardy space or BMO were proven. This recent work on higher order, m > 1,
Schrodinger operators has roots in the work of Feng, Soffer, Wu and Yao [4] which considered time
decay estimates between weighted L2 spaces.

The paper is organized as follows. In Section 2 we collect facts about resolvent operators needed to
prove Theorem 1.1. In Section 3 we establish the main technical tool, Proposition 2.1. In Section 4 we

prove several technical lemmas which, in particular, show that Proposition 2.1 implies Theorem 1.1.

2. RESOLVENT EXPANSIONS

In this section we lay the groundwork to prove the low energy result, Theorem 1.1. It is convenient
to use a change of variables to respresent Wje,, 1 as
oo
B[ AR R (YR OB (VRS )Y (RS (12) — R (2] A
We begin by using the symmetric resolvent identity on the perturbed resolvent R$(A2m). With
v=|V]z, U(z) = 1if V(z) > 0 and U(z) = —1 if V() < 0, we define M+ (\) = U+ vRF (A2m)v.
Recall that M is invertible on L? in a sufficiently small neighborhood of A\ = 0 provided that zero is

a regular point of the spectrum. Using the symmetric resolvent identity, one has
RNV = REN) oM T (A) .
We select the cut-off x to be supported in this neighborhood. Therefore, we have
m [ i \om
Wiows = — / XA TIRE(NF)0L L (ANo[RE (AP™) — Ry (A2™)] dA,
0

where Tg(A\) := MT(\)~! and for k > 1

k k

(2) Te(A) = UvR{(A2™) (VRS (A*™)) ’1vM+(A)-1v(Rg(A2m)V) ’1R3(A2M)UU.

To state the main result of this section, we define an operator T': L? — L? with integral kernel T'(x, y)

to be absolutely bounded if the operator with kernel |T'(z,y)| is bounded on L?.

Proposition 2.1. Fizn > 2m > 2 and let " be a A dependent absolutely bounded operator. Let

D)= s [PO)@yl+ s MO0 @,y)]].
0<A<X0 1<k<[51+1



WAVE OPERATORS FOR HIGHER ORDER SCHRODINGER OPERATORS

For 2m < n < 4m assume that T' is bounded on L2, and for n > 4m assume that r satisfies

3) Ba,y) S (o) 3 ()8

Then the operator with kernel

(1) K(ep) = [ XOW R P RE 0[RY (2™) — Ry (2] (o, )
is bounded on LP for 1 < p < oo provided that 8 > n.

Note that Theorem 1.1 follows from this proposition and the following

Lemma 2.2. Fizn > 2m > 2. Assume that |V (z)| < (x)7?, where B > n + 4 when n is odd and

B >mn+ 3 when n is even. Also assume that zero is a reqular point of the spectrum of H. Then the

operator Ty (N\) defined in (2) satisfies the hypothesis of Proposition 2.1 for all k when 2m < n < 4m

and for all sufficiently large k when n > 4m.

We prove Propostion 2.1 in Section 3, and provide the argument for Lemma 2.2 in Section 4. To

prove these results we need the following representations of the free resolvent given in Lemmas 3.2

and 6.2 in [3].

Lemma 2.3. Let n > 2m > 2. Then, we have

+/\2m ei/\\yfu\
Ry (A" (y, u) F(Aly — ul).

T ly—upem

nt+l

When r > 1, we have |FN)(r)] < r™ 2 =2m=N for all N. When r < 1 and n is odd, we have

~

|FON) (1) < 1 for all N. When r < 1 and n is even, we have

1 N=01,...,2m—1,
IFM @SS Jlog(r)| N =2m,

r2m=N_ N> om.

These estimates won’t suffice for our purposes; we also need to take advantage of cancellation in

the difference R (\2™) — Ry (A2™).
Lemma 2.4. Let n > 2m > 2. We have

[RE (™) — Ry ()] (y,w) = A2 [0 By (Aly — ) + e~ 0= F_ (Aly — )],
where Fy are C* functions on R satisfying for all j >0, r € R

1—n

|2 Fs(r)] < ()= .
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Proof. By the splitting identity, we have

(5) (R = Ro I(N*™)(y,u) = [Rg — Ro 1(3)(y, ).

m>\2m72

Since, [Rf — Ry ](\?) is a multiple of the imaginary part of R. Since this may be expressed as a

multiple of (lyfu‘ )i Jn2 (Ay — u|) with Ju—2 a Bessel function of the first kind, we have

(RS = RoIA™)(y,1) = Con n A272"A 2N "y i(Aly — ul)® =2 A" F(Aly — ul),
j=0

where |¢;| < % This proves that F is entire and with bounded derivatives for |r| < 1. Since cos(r) > 3

for |r| < 1 we can write

5 L X(OFE) X))

F = .
(r)x(r) 2 cos(r) 2 cos(r)
For |r| 2 1, using the representation (ignoring constants)
— A 51 A |y—u —iA|y—u
(R = Ry J(\)(y,u) = (|y - u|) (™=l (Aly = ul) + e~ (Aly — u])),

where w4 (r) = O(|r|~1/2), we see that

~ . n n

X(r)F(r) = e"X(r)r' " Fwi(r) + e7"X(r)r' " Fw_(r)).

This yields the bounds for |r| 2 1 after identifying

X(r)E(r)

Fe(r) = 2 cos(r)

+X()r' T Fws(r).

O

Remark 2.5. The effect of A derivatives on F(Ar) and Fy(Ar) can be bounded by division by A, i.e.,
for all N =0,1,2,...; and for all n > 2m > 2, we have
ntl l—mn

(6) O FOwr)| S AN () 2 O F () S ATV ()

This is clear for Fy+ and also for F' except when n is even, N > 2m and A\r < 1, in which case the

bound also holds since
rN[FN ()] S N ()2 N SN ()TN = AN,
Another corollary of Lemma 2.3 is
Corollary 2.6. Let E(\)(r) := Ry (A\2™)(r) — R (0)(r). Then, for A\r < 1, we have
OV EA)(r)| S AN N =0,1,2,

When \r 2 1, we have

1—n n+1
2

[EN)(r)Sr=A

—2m+r2m—n7 and
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1—

n ntl
TN 2 N =12, ..

OXEN () S 7

Proof. First consider the case \r < 1. For N = 0, the claim follows from the mean value theorem

and Lemma 2.3. For N > 1, again by Lemma 2.3, we have for odd n
Ao E)| S AV pNp2m=n < ap?mntt,

The proof for n even is similar, using an adjustment for N > 2m as in the remark above.

When Ar 2 1, the worst case is when the derivatives hit the exponential, which gives the inequality
when N > 1. When N = 0 the two summands correspond to the contributions of Rg (A*™)(r) and
RE(O)(r). 0

3. PROOF OF PROPOSITION 2.1

We say an operator K with integral kernel K (z,y) is admissible if
swp [ K Gg)ldy+ s [ (K(z)]do < .
zeR™ n ycRn n
By the Schur test, it follows that an operator with admissible kernel is bounded on LP(R™) for all

1 < p < 0. We are now ready to prove Proposition 2.1.

Proof of Proposition 2.1. Using the representations in Lemma 2.3 and Lemma 2.4 with r; = |2 — 2|
and 7o := |29 — y| we see that K(x,y) is the difference of

n—2m
’I"l 0

(1) Ki(z,y) = /R eujulza) / N eANTET2) )V AP TIT(N) (21, 22) F(Ar1) Fie (M) dAdz1 d 2z,

We write
K(z,y) =Y K;(,y),
j=1
where the integrand in K is restricted to the set 71,72 < 1, in K5 to the set 1 = 79 > 1, in K3 to
the set ro > (rq), in K4 to the set 1 > (r2). We define K; 4 analogously.
Using the bounds of Lemmas 2.3 and 2.4 for Ar < 1, we bound the contribution of | K1 +(z,y)| by

2 (21, 22)dz1d2s.

/ ,U(Zl)v(zQ)Xrl,’l"gsl"’
R2n

Therefore
[ sl S 1P g 1 51,

uniformly in y. Similarly, provided that 2m < n < 4m,

/IKl,i(fay)\dy STz e lollzzllo() e = 2772 S 1
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holds uniformly in z. When n > 4m, we use the decay bound (3) on I' to obtain

/ Ky 2 (0, )dy < / (21) ™" (22) B Ny S 1,

which implies that K; is admissible.

For Ky, we restrict ourself to K _ since the + sign is easier to handle. We integrate by parts twice
in the X integral when A|ry — 75| > 1 (using (6) and the definition of I') and estimate directly when
Alr1 — ra] < 1 to obtain

n—2m

f TR >
Ko (ay)] 5 [ SRR st [5Gty — ) () Az
R2n 1 0

+/ (1)L (21, 22) (22)Xr1m2>>1/ X(A)A" 73X (>\|7’1*7”2|)<>\7"1>172md/\dzldz2
]RQn 0

ryT [ry —raf?

T [es) n—1 1-2m
5 / U(ZI)F(Zl’ Z2) 2(Z2)X7'157‘2>>1 / X()\))\ <)\T1> 5 d)\ledZQ
R2n . 0 (Alr1 —r2))

1
Therefore, passing to the polar coordinates in z integral (centered at z;) and noting 1 — 2m < 0, we

have

A 2m
Ky _(z dx</ // (z 21, 29)v(2 drid\dz1dz
Juacanes [ [ ] enlen siten i sdnaidads

A" 2m—1
/ / / v(z1)T zl, 29)v(29) ————dndAdz1dze S 1,
R27 (n)?

uniformly in y. In the second line we defined = A(r1 —r2) in the ;1 integral and used n—2m—1 > 0.
Since 11 & 7o, the integral in y can be bounded uniformly in x and hence the contribution of K5 is

admissible. We now consider the contribution of

0(21)V(22) Xy > (ra)

(8) Kisloy)= [ <o
R27

1

/ ei/\(’miTz)F()\rl)X()\)F()\) (Zla ZQ)AnilFi ()\7“2) dAdz1dzs.
0

When Ary < 1, using (6), we bound |Fy (Ar2)|, |F'(Ar1)| < 1 and estimate the A integral by v [(z1, 22),

whose contribution to K4 is bounded by

/ U(zl)v(’z?)f(zlvZQ)XT1>>(T2)
R2n

e le ng .
Ty

Which, by Lemma 4.1, is admissible.
When Ary 2 1, we integrate by parts N = [n/2] + 1 times (using (6)) to obtain the bound

m /0Oo ‘3/1\\1 [F()\Tl)?()\h)X()\))‘n_lr()‘)(zl’ 22) Fe (Ar2)] ‘dA

N\

d\

n—1

1
—-N "“rl —29m— —2m \p—1— j3
S E A2 317“12 A 32’8 (A (21,22)|
1 n—=2
0<j1+jz+is+ia<N, ji>0" 7y (Arg) =
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1
ntl _om—N= Bn—1_oo i
Sry? (21, 22) E 1 Nz 2meji—j2—z—Ja )
0<ji+j2+Js+7ja<N,j; 20" 71

ntl_om_ N~ 1 n— ntl_ om— ~
<yt 2m NF(zl, 22)/ AZEE2m=N gy <yl am=N log(r1)T (21, 22)-
1

1

In the last inequality we noted that % —2m— N > —1, so the X integral is either bounded or grows

like log(r1) < 7~ for r; < 1. Noting that [2] + 2 > n + L, the contribution of this to (8) is

5/ U(Zl)v(zz)xn>><rz>dzleQ_
R2n

n-‘r%—
™

By Lemma 4.1, this is admissible.

We now consider K3, which is the most challenging case. Using (5) in (4), we write

©) Kalwoo) = [ Xeumiorlanolz)
| OIRE OB )T, 205 O2) - Ry O] dddndie
We write
RE (A7) = Ry (0) + [R§ (V") = R (0)] =: G + B(N),
T(A) = T(0) + [C(A) — T(0)] =: T(0) + T4 (\).

Here Gy = R{(0) = cpmry 2™, By considering R (A>™)T'(\) as a perturbation of Ry (0)T'(0), we
can show the kernel is admissible and capture the endpoint, p = 1, oo, boundedness. We first consider

the contribution of GoI'(0) to Kj:
/ Xrastrny0(21)0(z2) Go(r)T(0) (21, 22) / MOVIRE (A2) = Ry (2)](r2) dAdzdzs.
R2n 0

Identifying the A integral as a constant multiple of the kernel of x(v/—A), we may bound it as
O((ro)~™) for all N since x(|¢|) is Schwartz. Therefore, we have the bound

/ XT2>><T1>v(zl)v(zg)rfm_"rgn_lf(zl, 29)dz1dzo,
RQn

which is admissible by Lemma 4.1.
It remains to consider the contributions of R (A2™)I'1(A) and of E(A\)I'(0). The former can be

written as

V(21 )V 22 ) Xr, T1 Ooirlrg n—
/R (z1) i{f_)% > >/O AIET) B )y (AT (V) (21, 20) B (Ara) dAdz1da.

When Ay < 1, using [Ty (A)| < AL, which follows from the mean value theorem, and (6) to directly

integrating in A\, we obtain the bound

V(21)0(22) Xy (ry) =
/]ZQZn r?_er;tj—l ) F(Zla Z2)d2'1d227
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which is admissible by Lemma 4.1. When Arg 2 1, integrating by parts N = [n/2] +1 times, we have
the bound

v(21)v(22) Xro>(ry o0 _ e
(o) [ M) [T O (KON TN 1,2 (3] | dhdzsdz
R2n 7“1 |7”1 i?“2| 0

We estimate the X integral by (noting that A7 \0§3I‘1| < AT and using (6))

1
=1 ntl . 1 s _mn—=1_ .
<ry 7 I(21,22) » ) Zm =g \n—lmdz \L=ds N =T mdag )\
0<j1+jo+js+ja<N,ji>0"

n—1 1

S T;TF(Zth)/ <>\7‘1>T_Qm)‘n;l_(%]_ld)‘

1

T2

e I TP
57.2 5 1—\(21722)( )\2 2 2d)\—|— 7’12 A 2 d>\>

min(%,l)

T2

Note that n — [§] = [§] is used in the final integral. The first integral is at most log(rz). Since
2-l 4+ N >n+ 1, its contribution to (10) is at most

/ v(21)0(22) Xy
R2n

)~
T 1>F(Zl,22)d21d227

n—=2m n+ts—
1 )

which is admissible by Lemma 4.1. Similarly, the second integral is bounded by r?iZm after multiplying

n—1

the integrand by (Ar1) 2z . Contribution of this to (10) is at most

/ v(21)v(22) Xy
R2n

n+%
T

Tl) f(Zl, zz)dzleQ,

which, by Lemma 4.1, is also admissible.

We now consider the contribution of E(A)I'(0):

(11) /]R v(21)v(22)Xry () ['(0) (21, 22) /Ooo A2 B(A) (1) X (M)A F (Ara) dAdzydzo.

Using Lemma 2.3 and Corollary 2.6 when Ar; < 1. Using this when Arp < 1 and using |T'(0) (21, z2)| <

I'(z1, 22), we bound (11) by direct estimate by

/ U(Zl)v(z2)XT2>><r1>f(zly22)
R2n

n—2m—1_n-+1
™1 )

dz1d227

which is admissible by Lemma 4.1 since n — 2m > 1.

When Arg 2 1 and Arq < 1, we integrate by parts N = [n/2] 4+ 1 times to obtain

/Rzn 7“2NU(Zl)v(Zz)Xm>><n>f(Zh22)/OOO ‘55 [E()\)(Tl)X()\)X(Arl)%(Mz))\"_lFi(Mz)]‘ dXdz1dzs.

Using Corollary 2.6 and (6), we bound this by

1
/]R2 r;NT}+2m*”v(Zl)U(ZQ)XT2>><T1>F(21,222)/71 )\n—rn/ﬂ—l()\rz)T dMdz1dzo
To

el -
,S/ r2n 2r%+2m7”v(z1)v(zg)xT2>><h>F(z1,zz)dzldzg,
R2n
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which is again admissible by Lemma 4.1.

It remains to consider the case Ar; 2 1. Integrating by parts once we rewrite the X integral in (11)

(12 = [T oy B )] KON F ()
(13) s [T B0 (r) 05 [RORXOIN P ()]

For the second integral, (13), we integrate by parts N = [%]| more times using (6), to obtain the
bound

1 e ns
Neal 2 LR EO @I N
T2 J1+72<N, 0<j1,52 "1

Using Corollary 2.6 we bound this by

1 1

1 — n-3_ i lzn _ L

Nﬁ{ T%m L Nd)\—l- E Til z \n 2m—1—ja .
N+§+§ T—l ) ) o 7-*1

"2 ! J142 <N, 051,52 771

The first integral takes care of the additional term that arises in Corollary 2.6 (for Ar 2 1) in the case
j1 = 0. Letting {n/2} =n/2 — |n/2], we bound this by

Tin/2}+%+2m7’n {n/2}+3% Tin/2}+%

+ry

<
~ n+{n/2}+3 ~ n{n/2}+3°
T2 Ta

whose contribution is admissable by Lemma 4.2 since rg > (r1).
For the first integral, (12), we integrate by parts N = [ ] more times after pulling out the phase

€1 to obtain the bound

[ BN ] AT a

I
rs 2 e £ relN <N 0<r e /T

Nl

E\)(r1) = e” " O\ E(A) (1))

Using Corollary 2.6, we bound this by

1 ntl_o
1 AT 2 m —1_ - .
—_— > p Q)2 T s gy
nt{n/2}+5 R A pr—2m
Ty J1+j2<N, 0<j1,52 " "1 1

1 /1 P 1
[ Az—2m—{n/2} p<  —
~ 1 n-3 ~  pain 1

r;+{n/2}+zrl T St r2+{ /23

which is admissible by Lemma 4.1. (Il
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4. TECHNICAL LEMMAS

It remains only to prove Lemma 2.2 stating that the operators I'y(\) defined in (2) satisfy the
bounds needed to apply Proposition 2.1. This follows, with some modifications, from the discussion
preceeding Lemma 3.5 in [3]. For the convenience of the reader, we sketch the argument here. In
addition, we will state and prove two lemmas on admissable kernels that were used in the proof of
Proposition 2.1.

We write n, to denote n + 4 if n is odd and n 4 3 if n is even. The bounds in Lemma 2.3 and
Corollary 2.6 imply that the operator R; with kernel
(14) R;(x,y) = v(z)v(y) oilig1 |/\max(0’j_1)8§;733'()\2m)(m, y)|

satisfies

n _(no1 .
Rj(z,y) Sv@(y)(jz —yP T + e —yP ), >0,

Therefore, R; is bounded on L?(R™) for 0 < j < [%] + 1 provided that [V ()| < (z)7? for some
8 > n,. Indeed, when n < 4m, it follows because R; is Hilbert-Schmidt. Also the second term
in the bounds above is always Hilbert-Schmidt. When n > 4m, we identify |z — y|[*™~" (similarly
|z — y|?™+17") as a multiple of the fractional integral operator I, : L>° — L*~?. Using the decay
of v(z)v(y) and identifying o = g suffices to apply the Propositions 3.2 and 3.3 in [7] and establish
boundedness on L2.

Similarly, £()) := v[R{ (A?™) — R (0)]v satisfies by the discussion above and Corollary 2.6 that
IEMz2—r2 S A
Now, we define the operator
Ty :== U +vR{ (0)v = MT(0).

By the assumption that zero energy is regular, T} is invertible, see e.g. [4]. Note that by a Neumann

series expansion and the invertibility of T we have

oo

(MO =D (DR HEWN T D"

k=0
The series converges in the operator norm on L? for sufficiently small A. By the resolvent identity the
operator 9Y [MT(\)] ! is a linear combination of operators of the form

017 T v (0 R (A2m™)) oM (N1,

j=1
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where > N; = N and each N; > 1. From the discussion above on R;’s this representation implies
that

(15) S A ON=D DM ()] (2, )]

is bounded in L? for N =0,1,...,[2] + 1 provided that 3 > n,.
Recalling the definition of T'x()), (2), and noting the L? boundedness of R;’s above we see that

sup AmaX(O’N71)|8/]\V (UURS'()\Qm)(VRS’()\Qm))k_lv) (x,y)|
0<A< Ao

is bounded on L?. This yields Lemma 2.2 when 2m < n < 4m.

When n > 4m we need stronger bounds on the kernel of I';,(A). We write the iterated resolvents

(16) AN 21, 2) = [(REOP™V)IREOP™)] (21, 22).

For odd n > 4m. If k — 1 is sufficiently large depending on n,m and |V (z)| < (z)~ 2 ~, then

sup [N ALAN, 21, 22)] S (21)%(22)7,
o<1

for 0 < ¢ < 2#3 = [27 4+ 1. This follows from the pointwise bounds on R; above. The iteration of the
resolvents smooths out the local singularity | — -|>™~". Each iteration improves the local singularity
by 2m, so that after j iterations the local singularity is of size |z — -|*™/~". Selecting k — 1 large
enough ensures that the local singularity is completely integrated away. See [3] for more details. For

even n > 4m we get a better bound since we need fewer derivatives:

sup [APOLDHLA(N, 21, 20)] S (21) % (20) 2,
0<A<1

e

forogﬁg%:f%}—i—l.

Finally, recalling that
Tr(\) = UvAN)vM =Y (\vAN)oU

yields Lemma 2.2 when n > 4m.

The following lemmas were used frequently in the proof of Proposition 2.1:

Lemma 4.1. Let K be an operator with integral kernel K(x,y) that satisfies the bound

K (2, 9)| < / v(21)v(22)T (21, 22) X {Jy— 20| (21 —2)
) ~ R2n |;13 — Zl|n72m*k|22 - y|n+g

} dz1 dzo

for some 0 < k <2m —n and ¢ > 0. Then, under the hypotheses of Lemma 2.1, the kernel of K is

admissible, and consequently K is a bounded operator on LP(R™) for all 1 < p < co.
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Proof. We first consider integration in y,

F ) —z zZ1—x —z zZ1—x
/ |K(x7y)|dy5/ v(21)v(22)L (21, 22) X {Jy— 2o (21 >}/ Xly=zsl> =} g
n R27 n

|.Z‘ _ Zl‘n72mfk |22 _ y|n+l

Writing the y integral in polar coordinates centered at zo, and noting that |22 —y| 2 1, we bound this

by

v(z1)v(22)T (21, 2 <
/ IK(%y)IdyS/ (|;) (Zj,)l(zni,f)/ r= 1 dr dzy dz
n R2n - 1

5/ v(z1)v(22)0 (21, 22) dz1 dos
R2n

|ZZ? -2 |n—2m—k

If 2m < n < 4m, then the singularity in z; is locally L? and one bounds this as
/ K (2, y)ldy < [lo(-)e —**27 |2 Tllzos2flo(22)ll2 S 1,

uniformly in . If n > 4m, one has

/ |K(x,y)|dy 5/ U(Zl)v(22)<21>_7_<22>_7_ le dZQ 5 <x>k+2m—n 5 17
n R2n

|1. -2 |n72m7k

uniformly in z since k 4+ 2m —n < 0.
Next, integration in « follows identically when |z — 21| = 1 noting that since |y — za| > |21 — 2| we

have
1 < 1
7 — 21| k| 2y — y|P T [z — 2|2y — y|r 2R

If |z — 21| < 1, we use polar co-ordinate in = centered at z; to bound with

v(z1)v(22)0 (21, 22) X {ly—2a151} [ o
/n |K(m7y)|dx§/R% |z2—y\"+f{|y 2 }/0 p2mk=l g g i

5/ v(21)v(22) (21, 22) dz1 dzo.
R?n

Which is bounded uniformly in y.

We also need the following bound.

Lemma 4.2. Let K be an operator with integral kernel K (x,y) that satisfies the bound

r —z 21—T - ¢
|K($,y>| 5/ 'U(Z])'U(Zz) (21’22)X{|y 2‘>>< 1 >}|.I' Zl' le dZQ
R2n |29 — y|+t

for some ¢ > 0. Then, under the hypotheses of Lemma 2.1, the kernel of K is admissible, and

consequently K is a bounded operator on LP(R™) for all 1 < p < oc.
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Proof. Without loss of generality, we may assume that |z —z;| > 1. If not, we may bound |z — 2 |* <1
and apply Lemma 4.1. We consider the y integral first and use polar co-ordinates centered at zo to
see

oo

/ |K(z,y)|dy < /Rz v(zl)v(22)f(zl,z2)|x—z1|£/ 10 dzy dzy

|z—21]
§/ v(z1)v(22)0 (21, 22) dz1 dzg < 1.
R2n

The bound holds uniformly in x.

For the z integral, we use polar co-ordinates centered at z; to see

v(21)v(22)T (215 22) X{|y—22|> (21 -2 z2mul
/n |K(Ivy)|dx§/R2n |Z2_y|1’7:{<tll 2‘ <1 >}A r +e ldrdzl ng

< / v(zl)v(22)f(zl,22) dzy dzg S 1,
R2n

uniformly in y.
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