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ABSTRACT. We prove a family of dispersive estimates for the higher order Schrédinger equation
iug = (—A)™u + Vu for m € N with m > 1 and 2m < n < 4m. Here V is a real-valued potential
belonging to the closure of Cy functions with respect to the generalized Kato norm, which has critical
scaling. Under standard assumptions on the spectrum, we show that e~ " P, (H) satisfies a |t|~ 2m
bound mapping L' to L>® by adapting a Wiener inversion theorem. We further show the lack of
positive resonances for the operator (—A)™ 4V and a family of dispersive estimates for operators of
the form \H|ﬁ_# e tH P, (H) for 0 < B < 5. The results apply in both even and odd dimensions

in the allowed range.

1. INTRODUCTION

We consider the higher order Schrodinger equation
ihy = (=A)™p 4+ Vb, ze€R", meN,

with a real-valued, decaying potential V' in n spatial dimensions when 2m < n < 4m.
We denote the free higher order Schrddinger operator as Hy = (—A)™ and the perturbed operator

by H = (—A)™ + V(z). The free solution operator e~ *Ho satisfies the dispersive estimate
He_itHOHl—mo < Cn,mm_ﬁ-

We show that, with P,.(H) the projection onto the absolutely continuous subspace of H, that the
solution operator e~ P, .(H) satisfies the same bound for a class of scaling-critial potentials. That
is, due to commutation relations between powers of the Laplacian and dilations, perturbing Hy by a
re-scaled potential of the form V,.(x) = r"~2™V (rz) obeys the same dispersive bounds as perturbing
by V. The admissible class of potentials in our argument is invariant under the scaling from V to V..

A natural way to capture scaling properties is through the use of Kato-type norms. For 0 < a < n,
we define the a-Kato norm in R™ to be

(1) IVl = sup / V@l g,

yern Jrn |2 =yl
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When a = 0 this is the L!(R™) norm. The Kato norm with o = n — 2m has critical scaling with
respect to the higher order Laplacian in the sense above, and naturally arises in that V(—A)™™ is a
bounded operator on L*(R™) precisely when V € K"~2™. In our main results we consider potentials
in the closure of Cy with respect to the X" ~2™ norm and we denote this subspace K.

To state our main theorem, we recall that a resonance at energy A is a distributional solution to
Hv = M\ with ¢ ¢ L?(R™), but in a slightly larger space depending on the dimension and order of
the Laplacian. For H = (—A)™ + V, a resonance occurs when (1+ |z|)7¢ € L? for some o > 2m — %.
It may similarly be characterized in terms of non-invertibility of certain operators related to the free

resolvent. Here, and throughout the paper, we write A < B to mean there exists a constant C' > 0 so

that A < C'B. Our main result is

Theorem 1.1. Let m € N be such that 2m < n < 4m, and take V € I, the closure of Cy functions in
the K"=2™ norm, is real-valued such that the operator H = (—A)™ +V has no eigenvalues on [0, o0)

and no resonance at zero energy. Then,
le™ "™ Poc(H)[| 15 po S [¢] 72

In particular as part of the proof of Theorem 1.1 we obtain the fact that the operator H has no
resonances in (0, 00) under the assumption that there are no eigenvalues in (0, 00), see Corollary 5.3
below.

To motivate our second main result we note that the Fourier transform of the function efl¢/*" |€|Fme

on R" is bounded provided that —5- < a < § — 5% see Lemma 4.3 below for a proof of this when
n = 1. By scaling and letting 8 = a + 5, this implies the following family of dispersive estimates for
HQ = (_A)m:

[[Ho|?~zm e o1, oo S 7P, 0< B < 2
Dispersive estimates of this type (with § = %) were used by the authors in [10] in dimensions n > 4m
to construct counterexamples to the LP boundedness of the wave operators for insufficiently smooth

potentials. The obstruction in [10] is not present in lower dimensions. Here we prove

Theorem 1.2. Let m € N be such that 2m <n < 4m. If V € K is real-valued such that the operator

H = (—A)™+V has no eigenvalues on [0,00) and no resonance at zero energy. Then,
1|72 e Poo(H) | 1 S JH77,
provided that 0 < 3 < 3.

Note that Theorem 1.1 is a special case of this when 8 = 3% € (1,2).
Dispersive estimates in the case of m = 1 are well-studied in all dimensions. See, for example, the

recent survey paper [23], and the references therein. When m = 1 and n = 3, dispersive bounds for
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scaling critical potentials were proven by Beceanu and the second author, [5] by applying an operator-
valued Wiener inversion theorem. This type of inversion was first used by Beceanu in [3]. It was later
extended by Beceanu and the second author in [6] studying a three-dimensional wave equation, and
by Beceanu in [4] to study the wave operators in three dimensions. Bui, Duong and Hong employed
the Wiener inversion results in a further study of a three-dimensional wave equation. Beceanu and
Schlag further refined results on the structure of the wave operators in three dimensions, [7, 8]. Hill
used the Wiener inversion method to study the case of n =1 and m = 1,2, [20]. We adapt the Wiener
inversion technique to the polyharmonic case m > 1. We note that this is first time this method has
been used in even dimensions, or on higher order operators for scaling-critical potentials.

The literature on dispersive estimates for m > 1 has blossomed recently. First, local dispersive
bounds were considered as maps between weighted L? spaces. Feng, Soffer and Yao proved local
dispersive bounds for fourth order Schrodinger operators, when m = 2 and n = 3 or n > 4 in [14].
The third author and Toprak considered global, L' — L> estimates in the case of n = 4, and the
case of n = 3 with the first author, [19, 13]. Global bounds were proven by Soffer, Wu and Yao when
n =1, [24], and by Li, Soffer and Yao when n = 2, [21].

Feng, Soffer, Wu and Yao proved local dispersive bounds when n > 2m in [15] assuming that
|V (z)] < (14 |z|)~? for some 8 > n. Global dispersive bounds are established as a consequence of the
first and third author’s work on the LP boundedness of the wave operators provide 5 > n + 3 when n
is odd, [11], and S > n + 4 for n even, [12]. When n > 4m some measure of smoothness is needed to
ensure global bounds hold, see [11, 10]. In all cases, there is a substantial gap to the scaling-critical
decay, which roughly corresponds to 8 > 2m. We also note that while earlier results require bounded
potentials, our results allow for local singularities.

The paper is organized as follows. First, in Section 2, we collect necessary facts about the higher
order Schrodinger resolvent operators and Fourier transforms of related functions. In Section 3 we
recall the framework for an operator-valued Wiener theorem that we wish to use to establish the
dispersive estimates. In Section 4 we prove Theorem 1.2 which includes Theorem 1.1 as a special case.
Finally, in Section 5 we prove Proposition 3.2 to ensure that the Wiener algebra machinery applies to
the higher order Schrodinger operators and as a consequence establish facts about the spectral theory

of H with V e K.

2. PROPERTIES OF THE RESOLVENT

Our analysis relies on a careful analysis of resolvent operators. In this section we collect some needed
facts about the resolvent operators and use them to prove results used in the proof of Theorem 1.2.

Our work relies on understanding properties of the perturbed resolvents RE(2) = ((—A)™ +V —2)~1
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where the ‘4+” and ‘—’, denote the limiting values of the resolvent as z approaches [0, c0) from above
and below respectively.

We have the splitting identity for z € C\ [0, 00), (c.f. [15])

m—1
1

weRo(wezm )(,y)
=0

(2) Ro(2)(z,y) = ((=A)" = 2)"H(z,y) = ——
where w; = exp(i27f/m) are the m'" roots of unity, Ro(z) = (—A — 2)~! is the usual (2"¢ order)
Schrodinger resolvent. Using the change of variables z = A\2™ with \ restricted to the sector in the

complex plane with 0 < arg(\) < 7/m,

m—1

Z weRo(weA?) (2, y).

£=0

1
m)\2m72

3) Ro(A\*")(@,y) = ((=A)" = X*™) "Nz, y) =

By the well-known Bessel function expansions, for n > 3 odd we have

n 3
4 B2 etzlz—yl o j N 0
(4) o(F)@y) = ZCwlw yl'= 3(2) > 0.
=0

Even dimensions are more complicated due to the appearance of logarithmic terms. We need detailed
information on the limiting resolvent operators R‘jﬁ()\zm) as A approaches the positive half line.

In what follows we need to extend the resolvent to A € R. Recall that Ry(2?) has a logarithmic
branch point at the origin. By taking a branch cut on {re=""/2™ : r > 0} we can guarantee that
Ro(N)(z,y) extends continuously on A € R. However, on the negative half-line, the exponentials
experience exponential growth in A. Using the splitting identity, (3), we insert n(A|lz — y|), a smooth

cut-off to the interval (—1,00), on the exponentially decaying terms of the resolvent to form:

m—1
v 1
) REO)00) = s [REO2) 00 + 3 00— sl ol )
=1
We combine resolvent representations in [11] with asymptotic expansions in [15] for the following
representation of the resolvent. We write (z) := (1 + |z[2)2 and f(r) = O((r)?) to denote that
|0k f(r)| < (r)P~F for each k =0,1,2,....

Proposition 2.1. In dimensions 2m < n < 4m, we have the representation

GEN\z —y]) _ el FE [z —y))
|x_y|n—2m |:U_y‘n—2m .

Ry (A*™)(x,y) =

When n is odd, G*, F* € C*®(R), and on (—K,o0) for any K < oo, they satisfy |(F*)™)(r)| <
(ry* 2 2m=N (GEYN(P)| < (1) 2 N = 0,1,2,.... In addition, the Taylor expansion of G*

at zero is of the form ag + c4r™ 2™ + .. Moreover, when n = 4m—1, F¥(r) = ¢+ O({r)~1), where

c is the same for + and — cases.
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When n is even, G, F* are C™ away from the origin, and the bounds above hold on (—K,00)\
(=1,1). On (—1,1), we have G*, F* € C?>™~', and the bounds above hold for N = 0,1,2,...,2m —1.

In addition, we have the expansion
GE(r) = ag + dgtrnfzm o4 dE, ™2 doy ™ log(|r]) + EE(r),
where E*(r) is C*™ and satisfies, |0N E+(r)] < r?™=N for each 0 < N < 2m.

Proof. We drop the + signs in the proof and consider only the + case, the — case follows easily.
This representation is a refinement of Lemmas 3.2 and 6.2 in [11], which considered odd and even
dimensions respectively, adapted to considering the dispersive estimates. Here we consider the function
G without extracting the oscillatory phase and its derivatives at zero in more detail. The bounds on
the derivatives of F are in [11]. For G, the claims follow by writing G(r) = € F(r) and applying
the bounds for F'. By combining the phase with F', we note that the large r decay of G is slower for

derivatives. For odd n, we take advantage of the explicit formulas (4) and the splitting identity to see

n—2m m—1
n—2m m r—y
GOV — ) = 2 — " Ro () 9) = I [ (020, 9) + 3 welto(wh?) (e, )]
{=1
. _ m—1 1
eyl (w2 —1)Nz—y| 3
= =l (P Ol =)+ 3 e P e~ o)

Here Py(s) indicates a polynomial of degree k in s. This also implies the final claim for F when

n = 4m — 1. Note that c¢ is independent of the £ signs because ”ng =2m — 2 is even.
The claim on the Taylor expansion at zero can be obtained by re-writing the expansions in Propo-
sition 2.4 of [15], see (2.6), one has:

m

G(r) =ap + Z e T2 L B(r)
j=0
where E(r) has a zero of order 2m + 1 in r and ag, ¢; are constants. Since 2m < n < 4m, we see that
2m

the G(r) has a leading order behavior ag + ¢r™~

For even n, the expansion on (—1,1) follows from equation (2.7) in [15]. O

By construction, Ro(A) have the same properties as Ro(A2™) in Proposition 2.1 and Lemma 2.2

below for A € R. Therefore, by a slight abuse of notation, we will use G and F' to denote
Gz —y|) =z = y|" " Ro(M(z,y), F\z —y|) = o —y|" > "R (M) (2, y).

Using Proposition 2.1 we obtain the following bounds on the Fourier transform of the function G and
its derivatives. In the lemma below for v ¢ Z we define 77 by analytic continuation with a branch cut

on the negative imaginary axis.
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Lemma 2.2. For any k = 1,2,... if n is odd, or k = 1,2,..., 5 if n is even, and any vy such that

min(0,k +2m — n) <y < 2m — 2L, we have

]:(’/"YG(k)(’I")) € L'(R).

Moreover, the Fourier transform is a finite measure if v = 2m — "—H

Proof. We first consider the case when n is odd. Note that for |r] < 1, G®(r) =
pm min(Ok+2m=n) g, (1) for some Ey € C2. Therefore, the Fourier transform of rYG®) (r)x(r) is in

L' by the second part of Lemma 2.3. For |r| > 1, we have

k
rGE) (1) = " Z ik FD(r).
=0

By Proposition 2.1, we have

& ) () ntl_om—N+
’(ZC]‘,]CT’YF J (r)) ’ <(ry =z ™ 7.

j=0
When v < 2m— ”—H using the first part of Lemma 2.3 below, the Fourier transform of this function is
in L'. When v = 2m — %1 the leading contribution from the sum above comes from the j = 0 term.

We get ce'” + e”O((r}‘ ) Hence, the Fourier transform is a sum of an L' function and a Dirac-6.

+1 n+1

When n is even, the proof above is valid for || 2 1 when v < 2m — 222, The case of v = 2m —
requires slightly more care. Here we recall the representation of the second order resolvent in terms

of Bessel functions,
n—2

RO o) = § (o) HEL Ol =)
By the splitting identity, (3), we have
m—1
o =y RE O @00) = o e 3 el o Ao =)
£=0

Hence we may write
G(r = m77t+2 Z Wan 2 )

The Bessel function has an expansion of the form (c.f. p.364 of [1])) as |z| = o0

=, /2 (1 +5(z))
w4

where |EM(2)| < 272N for all N =0,1,2,.... Above we consider the same branch used in defining

(1)()_ i(

71,2

r7. By the exponential decay when £ # 0, it suffices to consider the case of wy = 1:

k
G ) =Y Z“*L“M/W <1+5( ))

j=0"
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As in the n odd case, the leading contribution is from the j = 0 term. Again, we have ce’” + 6((r)_1)
which suffices to prove the claim.

For |r| < 1, we have
rIG®) (r) = corm mMnORFIm=IEY g Gy R o P Y Tog(|r]) 4+ 1 B (1),

The terms before the logarithm are controlled by the second part of Lemma 2.3 by the choice of . We
now turn to the logarithmic term. In the worst case (when v = min(0, k£ + 2m — n)), the logarithmic
term is pmin(m=kdm=n)1o0(|r() which is at worst rlog(|r|) (when k = 2 = 2m — 1), which is also
controlled by Lemma 2.3. Finally we note that |E®) ()| < r?"~* and may be differentiated at least
one time with [E*++1(r)| < p?m=k=1 by Proposition 2.1 noting that k+ 1 < 2 + 1 < 2m. Therefore,

|rY EF) (r)| < prin@m=kdm=n) “anq its derivative is bounded and again Lemma 2.3 applies. O

Lemma 2.3. If f is C', supported on R\ (—1,1), and | f9) (r)| < |r|77=¢ for some e > 0 and j = 0,1,
then f is in L'(R).
Furthermore, if [ is continuous and compactly supported in (—2,2) and its distributional derivative

is a function satisfying | f'(r)| < |r|=¢ for some € < 1, then f is in L*(R).

Proof. Since f € H!, f(p) = |p|~tg(p), where g € L?. Therefore f is integrable on lp| Z 1. It remains

to prove that f is integrable as |p| — 0. Note that by an integration by parts (taking p,r > 0)

fon=| [ o wn- [ P

1
1 o
Spe_l—&-/pr_edr—k/ o dr < ph.
1 1orTep
P

This yields the first claim.

For the second claim, we first note that J?E L2N L by the first assumption. Ife < l , then f € H!
and hence f € L'. We now assume that <e<1 Fixpsuchthat 1 <p< ¢ 1 <2 then f' € LP. By
Hausdorff-Young, we have f’ € L*". Further, since f is also bounded, <§>f(§) € L?". Now, we note

[11de < (171 e 1ROl < .

We make some elementary observations about how the Kato norms are related.

Proposition 2.4. For all z,y,z €e R, and 0 < a < 3 <7,

1 < 1 ( 1 + 1 )
|z —2|P|z —y|yTo=B Yz —ylo Nz — 2|7 |z —y[r/

As a consequence, for any 0 < a < B <n—2m and V € K"72™,

) lvo [ %

o SV len—zm || fllxce-
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The first inequality can be verified by examining the regions where |z — z| < %|x — y|, where

|z—y| < 3|lz—y| and where |z —2z|, |z—y| > F|z—y|. The norm bound then follows by applying Fubini’s

V(z)
7y|n—27n+o¢76

theorem and using the pointwise inequality to dominate f]R" FEELE dz by |z —y|™e.
Our goal is to understand the perturbed resolvent operators R‘i, We do this by relating the

perturbed resolvent to the free resolvents, specifically by applying the resolvent identity, we may write
(7) REN™) = (I -+ Rif (A2™)V) R (A*™)
=REN™)(I +VRE(A*™)) ™"

To employ the Wiener inversion machinery for the operators (I + Rg(A>™)V) and (I + VRE(A2™)),
we need another extension of RE(A?™) to the real line in A\. We cannot use Ro()) here since the
spectral assumptions are not necessarily valid for I + Vﬁo (A) when A < 0. To this end, we extend
the free resolvents as follows:

Ry (™) A20

~t
Ro (N =
(8) TO= R A<o

~+
With this extension the spectral assumptions of Theorem 1.2 can be used to show that (I+V Ry (N))
~
and (I +Ro (A)V) are invertible for all A € R. For notational convenience, we often omit the A
dependence of these operators as well as the & signs. To keep the different extensions used clear, we

also introduce the notation
(9) My=(I+ReV)™, M, :=(+VRo) "
To establish the results in Theorems 1.1 and 1.2, we show that the inverse operators above are well-
defined in an appropriate sense. The next section explores these operators in depth.
3. AN ABSTRACT WIENER THEOREM

The operator-valued Wiener inversion theorem we will use is an application of the one proved in
[5]. In particular, I + Vﬁi()\) is a function of A taking values in B(L'(R")), the set of bounded
linear operators on L*(R™). Its Fourier transform with respect to A (and with p as the dual variable)
will be integrable in the sense described below.

Given a Banach lattice X of functions on R™, let the space Ux consist of Borel measures T supported

on R*27 for which the marginal distribution of |T'|, formally written as

M(T)(x7y)=AIT(p7w7y)|dp

and more precisely defined by

M(T)(E) := |T|(R x E) for all Borel subsets £ C R*",



DISPERSIVE ESTIMATES FOR HIGHER ORDER SCHRODINGER OPERATORS 9

defines a bounded integral operator on X. The natural norm on this space is
1T lery == 1M (T)]|5(x)-

With M denoting the finite complex-valued measures on R, we note that elements of Ux also act

as bounded operators on X;M, through the formal convolution

TF(p,x) :/n/RT(p*U,z,y)F(my) dody.

This equips Ux with the structure of a unital Banach Algebra whose identity element 1 is given by
the measure 0,—g X 0z—y.

One may define the Fourier transform of T' € Ux with respect to the p variable by

T\ z,y) = / e T (p, z,y) dp.
R

For each A € R, the kernel T'(), z,y) is dominated pointwise by M(T), hence ||f()\)HB(X) <N T Nles -
Given two distinct Banach lattices X and Y of functions on R", we define Ux y as in [5] to be

the set of Borel measures T supported on R**2" such that M (T') defines a bounded integral operator

from Y to X. For the same reason as above, ||1A“()\)||B(Y7X) < T |lux .y - It is straightforward to show

that the expected algebraic relations,

~

(10) 15T etz < ISty | TNesy.,  and - (ST)(A) = SNT(N),

both hold in this degree of generality. We also write f(/\) € FUxy T elUxy.
~+
A key step in our proof of the dispersive bounds is to show that (I+VRq (A\))~! € Fldy1, that is it
—~+
has a Fourier transform in Uy:. It follows by duality that (I+Ro (A)V)~! belongs to Fidr. Control
of the operator inverses will follow from the following result once we verify that all the conditions are
satisfied for X = LY(R") and T = F(VRo(-)).
Theorem 3.1. [5, Proposition 3.1] Suppose T' € Ux is such that
a) For some N > 0, éin}) TN (p,z,y) — TN (p — 8, 2,9) ||y =0.
—
b) Fx}gnoo ||X|p\2RT||L{X =0.

If I+ f()\) is an invertible element of B(X) for every A € R, then 1 4+ T is invertible in Ux .

Our argument to handle the full range of cases 2m < n < 4m makes use of some intermediate Kato
norms as defined in (1). We will need to verify that the conditions of Theorem 3.1 are also satisfied

for X = K%, 0 < a <n—2m. In particular, in Section 5, we will prove
Proposition 3.2. Under the conditions of Theorem 1.1, we have that
| Myl Friea <00 for 0 <a<n—2m, and ||M||ru,- < oo,

where M, = (I + Vkvo)*l and My = (I + ’kvOV)’l.
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The proof of this proposition appears in Section 5 below.

4. PROOF OF THEOREM 1.2

In this section we use Proposition 3.2 to prove Theorem 1.2, from which Theorem 1.1 follows as a

special case. By the well-known Stone formula, we may write:

. 1 [ . .
(11) |H|P~2me "M P, (H)f = / e MNP [RE — Ry J(N) f d
0

T 2mi

Inserting a smooth, even cut-off function x with x(y) = 1 on [—1,1] and x(y) = 0 if |y| > 2, with

L > 1 along with the convenient change of variables A — A?™ we have the oscillatory integral:

_n m [ —itA%™ \2mB—n+2m—
(12) (HP e P (H)(H/L) = T [ e iy (L) E(N) a,
where
(13) B(N) = [Ry; — RyJ(3°™).

Our key observation is

k qk
Theorem 4.1. Foranyk =0,1,2,..., L”;lj , a suitable extension ofx‘zkfg,(f‘) to X € Risin Flpo 1.

Proof. We start with the case k = 0. Note that by the resolvent identity, we can rewrite E()) as
B\ = (I +Rg(\™V)THRY = RgI(A*™) (I + VRg (X*™)) 7.

We extend the boundary operators to R as in (8) introducing the operators M,., My, (9). By Propo-
sition 3.2, we have M, € FlU;: and My € FlUp .
1
From the splitting identity, (3), since w? A\? ¢ [0,00) for £ # 0, we see that

[Rg — RoJA*™)(z,y) _ [Ry — Ry](A\?)(2,y)

An—2m An—2 ’

where R is the usual second order resolvent. By [17] in odd dimensions and Lemma 3.5 in [18] for

even dimensions, one has that

T —-Ry T
(1) 5 = B JOO@ ) _ gaje )

for some g € C2. (When n is odd g € C*, while g € C3~! when n is even.) Moreover, for |r| > 1,

1—n

we can write g(r) as a linear combination of e** f(r), with |f™) ()| < (r)~2" ~N. This implies that

+_—122m
g € L', and hence the Fourier transform of (Rq 7%\‘11]_(2‘7,1 @) s in Uree r1. The claim for k = 0 now

follows from (10).
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. AOA[RT —R1(AZ™ . . S
Now we consider )‘f,fi(,i‘) — 20 ‘;\n,g,‘,ﬁ]( )| We restrict our attention to the contribution of R$,

the argument for Ry, follows analogously. By the resolvent identity, (7), we may write Oy R, (A*™) in

terms of the free resolvents as follows:
(15) NRE(NT) = (I +REN*™V) ARG (V™I + VRS (X)) !

We extend the boundary operators to R as above introducing M,., My, (9). The middle resolvent
in the above expression must be handled in a different manner since it’s differentiablity to multiple
orders at zero is crucial for our analysis. We use the operator Ro(A)(x,) (see (5)) for this, and hence

+ 2m
extend % to R as follows

AR (V)

/\n—2m

GI(>\|£C1 — QIJQD
()\|$1 _ x2|)n—27n—1 e

Me Mr = ME

By Lemma 2.2 with v = 1 4+ 2m — n, the Fourier transform of WE;% is a finite measure, and hence
the operator in the middle is in FUp~ 11, which again suffices by (10).
For higher derivatives, we only consider the contribution of R?}, and we extend the operators to R

as above. The following identities are helpful for differentiating (15) further.

NI+ REN™MV)H = (I +R§N™V) TR (NI + VRS (X)),
DI +VRIN™) ™ = [T+ VREN™)TVOARS (V™) (I + VRS (A™)) L.

. MOk RY . o PN
With that, Srlma- can be extended to R as a linear combination of the degenerate term, M, =725 M,

where all derivatives act on the inner resolvent, and terms where at least one of M, or M, are

differentiated which are of the form

)\k . I L
=z Me[03 Ro(V)] [H MTVG?RO()\)} M,,
=1

where ko, k; are all > 1 and their sum is k.
Proposition 3.2 states that M, € FlUp~ and M, € FlUxa« for 0 < a < n — 2m. Recall that
LY(R™) = K°. We will distribute the powers of A into the product as follows.

Aok Ry ()

Nn=om [ﬁMTVA’”“a’;%oM)}MT,

i=1

M,
where k; = min(k;, |2m — ”7“]) for eachi=1,2,...,] and kg = k — > ki.
Note that the kernel of A\ 3]/\”750(/\) has the form

(Azy — 22))M GF) (A|z; — 22))
|21 — ao|n—2m—(ki=ki)
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Lemma 2.2 implies that the Fourier transform of r’%iG(k")(r) is an L! function or finite measure since
ki < |2m — ol | and k; > k; +2m — n. The fact that k; < | 252 | ensures that the upper and lower
bounds are compatible with one another.

As a consequence, Proposition 2.4 implies that V)\f“iafiﬁo()\) belongs to Flya; xei-1 with a; —
i1 = k; — l~fi provided ;1 > 0 and a; < n — 2m. Similarly, Proposition 3.2 gives us M, € Flye;
for any «; in that range.

Start with ap = 0 so that K = L!(R"). This gives a sequence 0 = ap < a3 < ... < a7
where the maximal value of o is achieved when I = 1 and k; = k — 1 is as large as possible. Thus
ar < %52 —1—2m— 2| =n—2m — 1 as desired.

Putting all these pieces together with (10) yields

I
[H Mrvxkia’;iﬁo@)} M, € Fllo 11
i=1
with ay = Zi(ki — ]‘%1)
. )\feoakoﬁo()\) _
Now we consider the leftmost operator Mg%. Recall that kg = k — Zi k; and ky =
E—=>", k;. Thus ko — ko = > (ki — INfZ) = ay. We have the expression

Moo, (A) G (Aay — a)) 1

An—2m ()\|.T1 _ x2|)n—2m—7;o |.131 - .132|a1 .

We once again check that Lemma 2.2 applies (with v = ko+2m—n). Here kg+2m—n < |2m— ohl| <

2m — "T'H because ko < k < L”T_lj And it is clear that ko + 2m — n > ko + 2m — n because kg > k.

. Ao gFo R o (0 . .
The end result is that —3—7~— € FUp~ xor. Proposition 3.2 places M, € FlUr~. The claim
k qk3
follows from one last application of (10). Finally we consider the degenerate term Mg)‘f,,*/fWMr.

Using Proposition 2.1, for k = L”T’lj, we have

N Ok Ry (M)

oz = Az =y G (A — ).

Here’y:2m+k—n:2m—"7+lWhennisodd, and vy =2m — 5 —1<2m — when n is even.

n+l

2
Lemma 2.2 applies to show that the Fourier transform is a finite measure when n is odd and in L*
when n is even, which along with the mapping of M, and M, suffices to prove the claim.

O

Remark 4.2. In the proof above, consider the case k = 5 — 1 when n is even. We claim that

every term, except the degenerate one where no derivatives act on My or M,., can handle one more

derivative. Namely, that

A o {Me (05 R (V)] “i[ MTVa’;iRO()\)} M,}

n—2m
A =1
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has an extension to R which is in FlUpe 1 provided that I > 1 (nondegenerate), ko, k; are all > 1
and their sum is k = 5 — 1. This is because the derivative will be a linear combination of products
of similar form with at least two factors 8’;1730, i=0,1,..,J, J > 1, and with § = ZiJ:o k;. For
i=1,2,...,J, let ki = min(k;, 2m — "T'H) (as opposed to having the floor of the second term in the
minimum). And let EO =5 - ZE < "T_l since each 7@’; > % and there is at least one of them.
Therefore we can use Lemma 2.2 with v = Eo +2m—n<2m— "TH All other conditions are satisfied

as in the proof above.
The following lemma will be useful in the proof of Theorem 1.2.
Lemma 4.3. Form >1 and —1 < a < m — 1, we have the bound
)2
o0
Here the inverse Fourier transform is understood in the sense of distributions.

Proof. This follows by scaling from the fact that e~ A1 >0 has a bounded Fourier transform on
R provided that m > 1 and —1 < o < m — 1. To see this, first note that we can take A\ = 1 and

consider
/ NN (A /27,

where x is a smooth cutoff for A =~ 1 and j € N.
By van der Corput lemma, noting that the magnitude of the second derivative of the phase is

A 2/(2m=2) "we can bound the integral by
230Dy Do (/211 5 27701,

This implies the claim for « < m — 1 by summing in j. When o = m — 1 and |p| % 21(2m=1) " we
instead use the nonstationary phase estimate 27(@=2m+1) — 9=im which allows us to sum in j for

each fixed p. O
We are now ready to prove Theorem 1.2 which includes Theorem 1.1 as a special case:

Proof of Theorem 1.2. We divide the integral in (12) into two pieces and rewrite it as follows (ignoring

constants):

n —i 2m mB— 1 E )\
[HP e P ENE/D) = [ e L ¥ N7 ) s 4

e : 2m 1 E
[ e ) () g A =5 T T,
0
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where E()) is the extension of E()) given by Theorem 4.1 and Y = 1 — x is a smooth cutoff for the
set |A| 2 1. Note that by Fourier multiplication formula and Theorem 4.1 with k& = 0, we have for all
B8>0

E(\)
||I||L1_>L°° S H An—2m

‘]_—71 (emt,\2m ]lbo)\zmﬁqx()\“

FUpoo 1

1

)|

).

S [eme x| s 1.
L}

Before we consider the second piece, note that Ey,,(X) := x(A/L)X(A|t|z% ) E()) satisfies the claim of

Theorem 4.1 by product rule and since for each j = 0,1, .., the Fourier transform of
o ~ 1
N [x(VL)X(A[t=7)]

is in L', uniformly in L and t. We therefore write

I = / i yama1 BLald) g
0

An72m

Let K = [251] and let 3 = K + € for some € € (—K, 2]. We integrate by parts K times." There
are no boundary terms due to the support of the cut-offs. One acts the operator (%ﬁ)f( on the

non-oscillatory part of the integrand, leading us to control the contribution of integrals of the form

K
1 Z i omp 1 (2m- 1)K — (K —k a’fEL,t(A)
k=0

K
1 2 ~
— TKE ok / e~ N2me L B h(A) dA,
k=0 R

~ k qk
where Ey ;1 is the extension of %ﬂm given by Theorem 4.1.

We estimate the L' — L norm of these integrals using Lemma 4.3 with o = m — 1, Theorem 4.1,

and Lemma 2.3 together with the support of Ey ;:

K
L < |-k = H —1( —itA*™ ym—1 H
il S Bas Wl [ (65 o )|

m—2me
2m

x |t (A7) ™ K (10A[E| 7 )

|7,
SRR E S e
This yields the full claim when n is odd and the claim for 8 < %‘1 when n is even. The case n even,

"T_l < B < 5 requires more care. Fix n even: 2m < n < 4m, and fix 8 € ("T_l, 5]. It suffices to

I fact, if g € (k— %, k+ %] for some k = 0,1, ..., K, then it suffices to integrate by parts k times. In particular, for

the proof of Theorem 1.1, we need the claim of Theorem 4.1 only for k =0, 1,2, since 8 = ﬁ € (1,2).
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consider the term /7, as the bound for I holds for all 8 > 0. Integrating by parts K = 5§ — 1 times as
above leads us to (16). We first consider the contribution of the terms k =0, ..., K — 1:

)\n72m

K- oo k ok
tiK Z Ck/ efitkzm)\Qm(ﬁfK)fl)‘ 5>\EL,t(/\) d\.
k=0 0

We integrate by parts one more time to obtain (the constants ¢ are allowed to vary from line to line)

K
1 m NOYEL +(A
K+ ZC’“/ eI A\2m(B—K 1)~ 17“( )d)\

An—2m
1T —itAP™ \ 2m (B2 )—1 =
= Z A D w0 FL e k(N) dA
k=

1 o \ N .
=g o / XUyl 7 (837 A2 )R (10A] ) Bl (M) d.
k=0

Here we use that x(10y)x(y) = X(y) to insert the new cut-off. This allows us to scale away the division
by A term and obtain the needed factor of |t|~2. As above we estimate the contribution of this to

HIIHLlﬂLOo by

21
_Bgal ~ _ _y2m _
[t -+ kZ:O |B.esW .., H]—" 1(6 X 3 11A>0)Hm

x [[(It]2m X)) F(10A]] 77

1

_ L 1 _
[y, SR S 12,

~

The contribution of the term k = K = g — 1 is more delicate:

i/oo AP \2m(B—K) - (ANEOTEL (V) QL
tK 0 )\n 2m

First note that by the Remark 4.2, all the terms in 85 Ep +()\), except the degenerate one, can be
handled by another integration by parts as the terms k = 0, ..., K — 1 above. We therefore focus on
the degenerate term:

K

1 /006 NPT\ 2m (- K) (/\\t|2"‘) (/\/L) )\ [6 o\ )]M,.d/\.
0

tK

Pairing this with L' normalized test functions f and g we have

2m K 5 N
/R/ e~ \ZM(B—K) 1 \¢| 7 ) (A/L)AnA 5= [OX Ro(A) (2, y) | M (X, z,y) dAdxdy,
where
M\ z,y) == M (N () () M,V (9)(@).

It follows from the proof of Theorem 4.1 (the case k = 1), that the Fourier transform of a suitable

extension of AOxM (A, z,y) isin L} . when 2m < n < 4m — 2 and n even. In this range rG’(r) has
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a well-behaved Fourier transform by Lemma 2.2. Therefore, in the discussion below, we will treat the
derivative of this term as division by A.
We write the kernel of the operator X Ro()) as

CEa—yl) | Fz—y)

iXz—y
¢ iz — y[n—2m-K T jg — y[n—2m-K-

Here F}, is supported on Alz — y| 2 1 and F; on the complement. Note that, ignoring the scaling
factor |z — y|, F, is the low energy part |r| < 1 of G (r) in Lemma 2.2. Also note that the upper
bound on v in the lemma is due to the high energy part. Therefore we can differentiate F, one more
time in A as the terms k£ = 0,1,.., K — 1 above.

It remains to consider the contribution of the first summand (high energy part). Ignoring the

spatial integrals, we write the )\ integral as

1 > — AT iAo — 2m(B—K)— )‘K Fh(>\|$—y|) Ve
w ) e o=yl \2m( BED M XN D)= |x_y|n_2m_KM()\,x,y)d)\.

1
Note that the phase has a critical point at A\g = (@) 2m-1 Let ¢(n) be a smooth cutoff for the set

mt

In| ~ 1 and let ¢ = 1 — ¢. Consider the contribution of ¢(A/Ao):

1 oo F (\Mx — iNz—y| __
S [ ey (A )6y 20) AL IV E R ) .
t5 Jo (Alz —yl)

Note that

\2m(B—K)=1 _ ym—1y(2m-1)(8-K—%) \f~K~} _ ym— 1( A )(2’"_1)('6 K_’)(|fl”*y|>\> K_%.
| Aol 2mlt|

Therefore, denoting ¢(n)|n|@m—DE-K=2) by &(n), we can rewrite the integral above as

Fp(Az — yl)e?v —

1 e 1 A
— I NI 7 ) (A L) D (L M(X dA.
= / c RPN D)) e s Sy M)
Note that —(n —2m — 8+ 3) < 2m — . Therefore, the Fourier transform of % (suitably

extended to R when equality holds) is a finite measure. Similarly for the Fourier transforms of ®, X,
and x, and the total measures are independent of the L scaling factors. Therefore, extending to R

and applying Fourier multiplication formula as above, we estimate the L;yy norm of this integral by

S [P

. 2m =
F (e”’\ Amlh>o) | _IFMOe ey, S 1

It remains to consider the contribution of

1
tK

Fp(Alx — ypeevl —
(Alz —y[)r—2m=F

/O"e_mzmymw E)=15t 77 )x(A/ L) (A Xo) M(A,z,y) dA.
0

Here, we re-write the integral as

L= AP ALt 27 ) (VDS 2o) Fi (Al — yl) 7=
. ) —itA +7,A|xy) 0 /\ D
tK/ ( . 2mt(N2m—1 — N2 (\|z — y|)n—2m-K M(A, z,y)
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Then, we integrate by parts once. Since differentiation of all functions is comparable to division by A

in this regime, it suffices to consider the case of

(17) AONM (N, z,7) dA.

1 /oo i A2m(B=F) =25 (\|t|zw )y (A/L)p(N/Ao) Fr( Nz — y|)eire—v!
tK+1 (/\mel _ )\gm—l) ()\|x — yl)n—Qm—K

Here we note that

AZE—EO2Z At 77 ) (A Ao) _ = A2m=Lg(A/Ao) \2m(8—K—
(\2m—1 _ \Zm=T) (AZm=1 = \F™ T

1
2m )

DIt

= b | I ]| s DR ()
A

By scaling and support considerations, both (14(’(3;% and (A|t|z)2mB-K=2)5()\|t|==) have
-5
Fourier transforms that are finite measures, or L! functions respectively since § — K — % < 0. Since
K =2 —1, we have that —(n —2m — K) = 2m — 2 — 1 < 2m — %! 5o the Fourier transform of the
extension of r2™~ % ~1e" F}, (r) is in L'. Hence, this contribution of this term to (17) is controlled by
kA
[t[K+1

[k (e—mz’” Am-1h>o) |, IFARNM (. y) 1y

The other terms are handled similarly with M in place of its derivative. We note that there is no
danger when the derivative acts on Fj, since d\F,(A|z — y|) behaves like A™1Fj,(Ax — y|). This
completes the argument for n < 4m — 2.

We turn to the case of n = 4m—2. Here, we need to take slightly more care since 2m— "7“ = % < 1.
We treat the oscillation and the cut-offs exactly the same as above, however we now move A7 to Fy

and A% to the derivative of M (A, z,y). We may write

(18) WM, 2,y) = M (N () ()M (N {(9) (@) + My (V) (f) ()M, (V) {g) ()

= My VROM, (f)(y) M (M) (9)(2) + My (N) () () ONM VR M (M) (9) ().

Consider the first summand’s contribution to A\*9M (M, z,y), the second summand is handled is a
similarly. We show that the Fourier Transform of

(Alys = D2G Alys — )
ly — |2t

A2 M, VRyM, = MTV(V(-) dy1>Mr

maps L' — K2. Lemma 2.2 ensures that the Fourier transform of T%G’(r) is a finite measure, the
operator with integral kernel V(-)|y1 — -\2’”_"_% : Lle1 — K2 by Proposition 2.4. We now turn to the

contribution of

A2 BNz — y))eMe vl (Ma — )2 By (A|z — y)eM =Vl

Az — y[)n-2m-K |z —y|
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By Lemma 2.2 the Fourier transform of this is a finite measure whose total mass is bounded by
|z — y|_%. Noting that if h € K2 and j € L* we have
h(y)j(x) .
[ o <l
R2n |:E — y‘ 2

Hence, we have that

Az —yleevl o —
AONM (A, x,y < 00.
H [ O E ) ( ) L.,
This suffices to establish the desired [t|=? control of (17) when n = 4m — 2. O

5. THE PROOF OF PROPOSITION 3.2

In this section we provide the proof of Proposition 3.2 to complete the proof of Theorems 1.2. That
is, we establish that the operator I + V7,2V0()\) is invertible on K% spaces and its inverse belong to
FUxo. The statements about I + ﬁ(A)V follows from the o = 0 case by duality of K = L' and
L.

When 0 < a < n—2m, the proof of this follows quickly from Theorem 3.1 and the Lemmas proven
below. Finally, the a = n — 2m case is deduced as a corollary. To apply the result of Theorem 3.1,
we first study the invertibility of I + Vﬁ;()\). Here we adapt the proofs given for m = 1 and n = 3

in [5] in two ways: to when 2m < n < 4m, and as operators on Kato spaces.

Lemma 5.1. Under the assumptions of Theorem 1.1, the operators I + VR(T(/\) are tnvertible in

B(K*) for all A € R and 0 < oo < mn — 2m.

The proof of this relies on showing that if I + VRE(\) is not invertible, it is equivalent to having

a resonance or eigenvalue at energy A. To prove this, we rely on the following result.
Lemma 5.2. VRgE (M) is a compact operator on K% for each A € R and 0 < o < n — 2m.

Proof. We first consider the case o = 0, where K* = L'(R"™). Since V is in the norm closure of
smooth compactly supported functions, it suffices to show the result for Ve C2°. We note that for

each ), V’RNOi()\)f is supported on the support of V. Then, we note
(I = A)VRFN) = VRE() = VARG (NS = 29V - VRE (V)] — (AVIRF (V.
For any fixed A € R, using (8) and Proposition 2.1, we have that

1T = A)WVREN £
V(@) VV ()] AV ()]
<.

~ _ n—2m-+2 _ n—2m-+1 _ n—2m
lz =yl |z — | [z =y

)If(y)dxdy

dx
|l‘ _ y|n72m+2

<cv [ 11w dy < €I/l

supp(V)



DISPERSIVE ESTIMATES FOR HIGHER ORDER SCHRODINGER OPERATORS 19

Here we use that n — 2m 4 2 < n since m > 1, so that the x integrand is locally integrable. Thus, for
each A € R we have that VEOI()\) : L' — (1 — A)7'L! with fixed support inside the support of V/,
hence is compact on L!.

The argument is essentially the same when we consider V;Q\OE()\) as an operator in B(K%), 0 < a <

n — 2m. Following the above calculations step by step yields the result for p < #m”

(T = A)VREN £l s

z)| [VV ()] AV (z)]
< <
H/n (|x— y[n—2m+2 + |z — y[n—2m+1 + lz — y[n—2m |f(y |dyH 171

In the last inequality we considered the cases |z — y| > 1 and |z — y| < 1 separately. In the former

’Ca .

case we replaced |z — y|" 2™ with |z — y|®. In the latter we put the LP norm inside by Minkowski
integral inequality noting that all singularities belong to LP. By Rellich’s theorem, VRgE()\) f belongs
to a compact set in L?(supp(V))

—5—. By Holder, it belongs to a compact set in K% for

0 < a < 2m, since n — 2m < 2m, this suffices. O
We now prove Lemma 5.1.

Proof of Lemma 5.1. To apply the Fredholm alternative and complete the invertibilty argument, we
need to show that a non-trivial solution to (I + VEOE()\))QS = 0 with ¢ € K may not exist under the
conditions of Theorem 1.1.

First consider the case a = 0, where ¢ € L'(R™). Assume there is a ¢ € L' that solves ¢ +
V7€0(/\)¢> = 0. Without loss of generality, we take A > 0 and ¢ solves ¢ + VRS (A\2™)¢ = 0 by (8). If
A < 0, the argument follows through by replacing Rar with Ry . This implies that ¢ := Rarqﬁ solves
the equation ¢ +RJ V4 = 0. By Proposition 2.1, for each ), the kernel of R{ is pointwise dominated
by the fractional integral operator Is,,.

We note that I, also maps L'(R") into L?% 2™~ (R"). The mapping bound follows by duality

noting that for 2m < n < 4m

w [ e S

This means that 1) = R ¢ belongs to L?2 =2~ (R") and is a distributional solution to Hy = M\,
hence it is a resonance. The assumed lack of eigenvalues and resonances (when A = 0) prohibits such
a 1. For A > 0, we need to conclude that ¢ € L? in order to rule it out by the assumed absence of
embedded eigenvalues. We show this with an argument similar to the limiting absorption principle.

Note that since V is real-valued we have that (RS’ o, VRS' ¢) is real-valued. Further, since ¢ =
~VR{ ¢, that makes (R§ ¢, VR ¢) = —(R{ ¢, #) and causes the imaginary part of (R ¢, ¢) to vanish.
Since we may also identify the imaginary part of (Rd (A\?m)¢, ) as a multiple of f lel=A |q§ (€))% d¢, this

implies that ¢ vanishes on A\S™~!.
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|2m _

Also note that by factoring |¢ A%2™ on the Fourier side, one has

m—

(19) Ro(\*™)¢ = Ro(3?)] H Ro(wi\?)]¢

The operator in brackets is Fourier multiplication by (A2772 4+ A\2m=4|¢|2 + ... 4 |¢|?™~2)~L, which

is real-analytic and behaves like |£ |*(2m*2) for large €. We can therefore bound the kernel of that

—clez—y|

operator by W for some ¢ > 0. This maps L' to L' N LY for ¢ < 2573 Furthermore,

[ -1 Ro(Azwg)}¢ still has vanishing Fourier transform on the sphere AS™"~!. We observe that

2n n
n+4 n—2m+2

Y =RE(A¥™)¢ is in L2(R™).
Now consider the general case ¢ € K. Split V = V] + V5, where V; € Cy and ||[Val|c < € for a
small € > 0 to be determined in a moment. Then ¢ + VoaRo(A?")¢p = —V1Ro(A?™)¢. The pointwise

< when 2m < n < 4m, so that we may apply Theorem 2 in [16] to conclude that

bounds for the free resolvent in Proposition 2.1 allow an estimate

ViRod|r < —— | dzdy < ——7 " dy < 0.
|| 17*0 ||L ~ ‘/\'/R%L |$ y|” 2m| (y)| N - (1 |y|)n_27n Y

The constant depends on the size and support of V;, however what is important is that V;Rg¢ € L*.
Then the o = 0 case of Proposition 2.4 implies that for e sufficiently small, I + Vo Ry will be a small
perturbation of the identity in B(L'). Thus

¢=—I+VaRo) "ViRop € L,

which cannot occur without a resonance or eigenvalue if A = 0, or an embedded eigenvalue if A > 0,

by the argument just above. (Il

The proof of Lemma 5.1 also yields the following corollary.

Corollary 5.3. Under the assumptions of Theorem 1.1, the operator H = (—A)™ +V has no reso-

nances in (0,00).

It remains to check that the operators F~1(VRyg) satisfy the conditions a) and b) of Theorem 3.1.
Note that
V(x)

Wei/\‘%ylF(Mx —yl),

(20) [VRo)(\, 2, y) =

where ﬁ(r) = F*(r) for r > 0 and F~(—r) for 7 < 0. An application of Proposition 2.4 shows
that that the integral kernel ﬂ% defines a bounded operator on K¢ for any « in the range
0<a<n—2m.

We first prove that FF € L'(R) when 2m < n < 4m — 1, and that it is a finite measure (a
Dirac-6 plus an L' function) when n = 4m — 1. Let x be a smooth cutoff for [-1,1]. Note that,

by Proposition 2.1, the compactly supported function F (r)x(r) is continuous and its derivative is
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bounded, therefore the second claim in Lemma 2.3 applies. When 2m < n < 4m — 1, the j**
derivative of the function F(r)(1 — x(r)) decays at least as fast as (r)=2/277 | j = 0,1. Therefore, its
Fourier transform is in L' by the first claim in Lemma 2.3.

The case n = 4m—1 also follows from Lemma 2.3 since F (r)—c decays like |—i| and derivatives decay
faster as above. Therefore F (ﬁ ) —cdo € L. The lemma below completes the proof of Proposition 3.2

when 0 < a < n—2m. The case of @« = n — 2m will be deduced afterwards with a different argument.

Lemma 5.4. Under the conditions of Theorem 1.1, the operator T := Vkvo satisfies conditions a)
and b) in Theorem 3.1 with respect to spaces U provided 0 < oo < n — 2m.

—

Proof. We first consider the case 2m < n < 4m — 1. By (20), we have V’IAQE)(p,x,y) =

V(x) 1
[e—y|"—2m Jz—y]

ﬁ( \zﬁy| — 1). Integrating the absolute value with respect to p yields

— Vi(x =
M(VRo) (i y) = — 5.
|z — |

Then Proposition 2.4 with a = § indicates that ||M(V7,QVO)HB(,CQ) <[V iz || F|| 1 for all 0 < a <

n — 2m. In other words,

(21) IVRolluea S V] Fllp.

Cn—2m

We now check the conditions a, b in the statement of Theorem 3.1 when 2m < n < 4m — 1. By a

similar calculation as above, we have (with N = 1)
IVRo](p. 2, y) = [VRol(p = &, y)lleta < NV llxn-2m||F() = F(- = 8)|| 1 =0

as  goes to zero by norm continuity in L'. The condition b follows similarly. Take V € K, the
K-norm closure of compactly supported continuous functions, Cy. Using the bound (21), it suffices to

prove the claim assuming that V € Cy. We have

M(xpi2VRo) (@ y) = —D /| o Flo =Dl

- |l‘ _ yln—Qm

Everywhere inside the domain |p| > R/|x — y|, at least one of |p| or |z — y| must be greater than /R.
Thus

= V()| e V@) Xjo—yi>vE 2
M(x)p>rRVR0)(7,y) < 15— |[F'(p—1)|dp + - (PRIFER
lp]> |z — y|—2m p|>VE |z — y[n—2m

The first term on the right defines a bounded operator on K¢ by Proposition 2.4, with norm

controlled by ||[V|x||F(p — Dllpip>vm- To determine the B(K®) norm of the second term, we

observe that

14 .
LIS SRy S VTR
R R

n |z — x|z —y[nm2m zoalte—ylr Tz -yl

at2m—n
2

)
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hence

sup
z

|V(.’E)|X xr—1 \/E at2m—n f y
[ fdndy < BV e s [y
e |2 — @]z —y] = Jrn |z =yl
Combining the two terms yields

a+2m—n

X2 Y Rollixe S IVIEIF(D = Dl povm + BEF 1V ke,

which decreases to zero as R — oo since aw < n — 2m.

We now turn to the case n = 4m — 1. It still suffices to verify conditions a and b for all potentials
V € Cp and use (21) to extend the property to V' € K. The argument for condition b is largely
unchanged when n = 4m — 1, even though ; now contains a point mass cdg in addition to a function
in L'(R). The essential properties in that argument were

o~

lim |F(p—1)|dp=0
f=e0 Jjp|>VR
and that ; has finite total mass, both of which are still true.

It remains to check condition a when n = 4m — 1 assuming that V' € Cy. This condition does not
hold for N = 1 because the total mass of measures 6(-) — 0(- — &) remains large as ¢ — 0. We will
show that it holds for V = 3 instead.

We may assume that V' is supported in the ball radius M centered at the origin. It follows from the
boundedness of F(r) in (20), which is guaranteed by Proposition 2.1, that Ro(\,z,y) is dominated
poinwise by |z — y|?™~™ uniformly in A. It will be useful to note that for o > 0,

x)2% 1
/|x<M |z —<yT2"‘4’” s (y)2n—dm
with constants depending on M and o. We are taking advantage of the fact that 4m > n here. Then

since V is a bounded function,

— 1
||VRO()‘u : 7y)HL2"7 5 W

This estimate is sufficient to show that ||V7’€/0()\)||B(L2,a) < 1 for all A € R and any choice of o > 0.
For |A| Z 1 and larger o, a stronger estimate is possible.

We refer back to the factorization of the free resolvent in (19). The operator in brackets is A\2~2™
times Fourier multiplication with a symbol (1 + (|¢|/A\)2 + ...+ (|€]/A)?*™~2)~! whose derivatives up
to order o + 1 are uniformly bounded. Hence this is a bounded operator on L?“ with norm controlled
by A272™_ Tt is a well-known property of the Schrodinger resolvent that Ro(\?) maps L% to L?~°
with norm controlled by A~! provided o > 1. Multiplication by V' € Cy maps this back to L??. Put

together, these estimates show that

VRN fllzze S V271 f |20

~
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Chose a fixed o > 2m — 3. Pointwise domination of ﬂ)(A,x,y) by |x — y|>™™ also shows that

V7,€0()\) maps L% to K® with a bound independent of A. Applying all these mapping bounds in

order shows that

<>\>1—2m

(22) IR, - )l S g

Note that the difference of Fourier transforms can be written

—_—

(VR0)3(0) — (VR)3(p — ) = / PN (1 — V) (VRo)*(A) dA.

Then (22) and the crude bound |1 — e?*| < §|\| show that

= S )

[(VR)3(p, -,y) — (VR0 (p = 6, -, e S T

The K norm is not changed by taking absolute values, so we can use the Minkowski inequality to

bound

OR

/,V\?) . B /A_,\g _ . ol
H/RX\/JDR’(VRU) (p7 7y) (VRO) (P 0, 7y)’dp‘lca S <y>n72m

for any R < oo. We note that (y)2™~" belongs to the dual space of K% for 0 < a < n — 2m. Thus

[Xio5 2 [V RO (0) — (VR (0 - 0], < oR
)CO(
which vanishes as 6 — 0. It follows that for any R < oo,

lim [(VR0)*(p = 6) = (VR (0)ltce < i [xp1 1(VR0)2 (0 = 8) = (VRo)2 (0]t

< 2[Ix101> 2 (VR0)3 (0)llttca -

We did not directly verify condition b) for the iterated operator (‘/7/50)37 but thanks to the convo-

lution structure in p,
1X1p1>R(VR0)? (P)lletxa S CVIIXIp1> 73V Ro(P) et -
Taking R — oo and invoking condition b) for VR completes the verification of condition a). O

Curiously, the edge case a = n — 2m cannot be proved as a direct application of Theorem 3.1 with

any choice of N > 1. Instead we write
(I+VRo) =TV +ReV) 'Ry

We already proved that (I + 7€0V)’1 € Up. It follows from (20) and Lemma 2.2 with v = k =0
that for any f € K"~2™ we have (for some g € L!(R))

= flx
IRof s < )l sup / @L< flen-am.

R T — y‘nf2m
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In particular, this shows that 730 € Upe cn—2m. Finally, multiplying by V' on the left brings us from
L> back to K"~2™. From here we may conclude that (I + Vﬁa)_l € Uicn-2m. This completes the

final case in the proof of Proposition 3.2.
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