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ABSTRACT. We study the initial-boundary value problem for the derivative nonlinear
Schrodinger (DNLS) equation. More precisely we study the wellposedness theory and the
regularity properties of the DNLS equation on the half line. We prove almost sharp local
wellposedness, nonlinear smoothing, and small data global wellposedness in the energy
space. One of the obstructions is that the crucial gauge transformation we use replaces
the boundary condition with a nonlocal one. We resolve this issue by running an additional
fixed point argument. Our method also implies almost sharp local and small energy global
wellposedness, and an improved smoothing estimate for the quintic Schrédinger equation
on the half line. In the last part of the paper we consider the DNLS equation on R and
prove smoothing estimates by combining the restricted norm method with a normal form

transformation.

1. INTRODUCTION

The main purpose of this paper is to study various aspects of the derivative nonlinear
Schrodinger (DNLS) equation as an initial-boundary value problem posed on the half line.

The Cauchy problem on R associated with this equation,

Z-qt + Qua — Z(‘qPQ)x - Oa S th € Ra

@ o(2,0) = Glz),

describes a variety of physical phenomena and has been extensively studied in the last
20-30 years. The model (1) was derived in [39] and [40] as a model for the propagation
of circularly polarized Alfvén waves in magnetized plasma with a constant magnetic field.
It also arises in the study of wave propagation in optical fibers [1]. The equation appears
in many other contexts and for more information the reader can consult [42], [9], and the

references therein.
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We concentrate on the initial-boundary value problem with a Dirichlet boundary condi-

tion on the semi-infinite interval (0, c0):

(2) G + Qax — i(|Q|2Q)$ =0, z€ R+7t € RJF)
q(x,0) = G(z), q(0,t) = H(t).
2541

Here G € H*(RY) and H € H ¢ (R"), with the additional compatibility condition

G(0) = H(0) for s > 1. The compatibility condition is necessary since the solutions we are

interested in are continuous space-time functions for s > % This problem bears significant
physical importance as described in [9]: “Solutions of the DNLS equation under both the
vanishing boundary conditions (VBC) and the nonvanishing boundary conditions (NVBC)
are physically interesting topics. For problems of nonlinear Alfvén waves, weak nonlinear
electromagnetic waves in magnetic and dielectric media, waves propagating strictly parallel
to the ambient magnetic fields are modelled by the DNLS equation with VBC while those
oblique waves are modelled by the DNLS equation with NVBC. For problems in optical
fibres, pulses under bright background waves should be modelled by NVBC.”

The DNLS equation on R is known, [43], to be locally wellposed in H* for any s > . This
result is sharp since for s < % the data to solution map fails to be uniformly continuous,
see [43] and [3] for the detailed argument. For earlier partial results on smoother spaces,
see [46, 47, 24, 23, 25, 41]. Global-in-time existence and uniqueness in the energy space
H' was proved in [41] assuming the smallness condition ||G||2 < v/27. This result was
improved in [44] to obtain global wellposedness below the energy space using the high low
frequency decomposition method of Bourgain [8]. Global wellposedness for any s > % was
obtained in [10, 11] using the almost conservation law method also known as the /-method.
The endpoint, s = %, global theory was established in [38]. All the above results have the
same smallness assumption which was needed because the energy functional is not positive
definite. The smallness condition was later weakened to |G|z < V47 for energy data,
see [48] and [49]. For the analogous result with initial data in H*, s > 1, see [22]. The
optimality of the constant v/47 in the smallness condition is an open problem, in particular
there are no known blowup solutions even for negative energy. For global wellposedness
in weighted Sobolev spaces with the smallness assumption replaced by certain spectral
assumptions one can consult [36, 37].

The equation on the real line is completely integrable and it has infinitely many con-
servation laws. It thus can be analyzed by the inverse scattering transform, see e.g.
[28, 33, 31, 36, 37]. For initial-boundary value problems a variant of the inverse scat-

tering method has been developed in [20] and applied to many dispersive equations. In
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particular, for the smooth solutions of the DNLS equation on the half line see [34] and [35].
Our work in this paper does not rely on the integrability structure.

We study the DNLS equation on the half line by an adaptation of the restricted norm
method (X*? method) to the initial-boundary value problems developed in [18, 19]. The
method is based on ideas that were applied earlier to dispersive equations on the half
line and especially for the NLS and the KdV equations in low regularity spaces in the
papers [12, 26, 27, 4, 5. A well known problem in the theory of the DNLS equation
is that the bilinear X*° estimates fail for the equation (1). Nevertheless one can use
a gauge transformation that replaces the problematic term (|q|*¢), with a quintic term
which contains no derivatives and a derivative term that has a better convolution structure
on the Fourier side, see equation (4). In this paper we follow the same approach and thus

define the gauge transformation®
0. 1) = fx)exp (—ia [ 7 WPdy). aek
If ¢ solves (2), then u = G,q satisfies

) Wy + Uge — 1(20 + 10T, — 120 + 2)[ul?uy + §(2a + 1)|ul*u =0, z,t € RT,
u(z,0) = g(x), u(0,t)=h(?),
where g(z) = G,G(x), and

be) = Htyep (—ia [ latw0Pdy) = @ esp (—ia [ lulnt)Pay)

The second equality holds since the gauge transformation is unitary. The equation (3) has
a counterpart on R, which is identical without the boundary value h.
We will first establish the local wellposedness of (3) in the case & = —1. The equation

then becomes

u(z,0) = g(x),  u(0,1) = h(t).
The second step will be to establish the theory for any other o. This is trivial in the case

) { Uy + Ugy + 10U, + 3lul*u =0, z,t € RT,

of the real line case since the gauge transformation is a bi-Lipschitz map between Sobolev
spaces, see [10] and Lemma 7.2 in the Appendix. However, because of the dependence of
the boundary data on the L? norm of the solution in the gauged equation, the local theory
on the half line for any other « requires an additional fixed point argument that allows us
to pick the boundary data for & = —1 problem suitably, see Section 4.2.

'We note that this gauge transformation is slightly different than the one that is commonly used in the

literature; this version is more suitable for the boundary value problem.
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Wellposedness of (3) or (4) means local existence, uniqueness and continuity with re-
spect to the initial data of distributional solutions. More precisely we have the following

definition:

Definition 1.1. We say (3) is locally wellposed in H*(RT), if

i) for any g € H*(RT) and h € H™1 (R"), with the compatibility condition g(0) = h(0),
the equation has a distributional solution

s+1

we COH([0,T] x R)N COH, * (R x [0,77),

where T = T([|g|l s@+), 1Bl 251 )
2s+1

i) if gn — g in H*(RY) and h,, — h in H 1 (R"), then u, — u in the space above,

ii1) u is the unique such solution.
Our first theorem establishes almost sharp local wellposedness (up to the endpoint s = %)

Theorem 1.2. Fiz s € (3,2), s # 3. Then for any fivzed o € R, (3) is locally wellposed in

H*(R") in the sense of Definition 1.1.

As mentioned above we start with the case a = —1, c.f. equation (4). In this particular
case we also obtain a smoothing estimate:
Theorem 1.3. Fiz s € (%,g), s # %, and a < min(g — S,i,QS — 1). Then for any
g € H*(RY) and h € H*T (RY), with the compatibility condition g(0) = h(0), the solution
u of (4) satisfies

u(@,t) = Wylg, h)(x) € CYH;™([0,T] x R),

where T is the local existence time, and Wl(g, h) is the solution of the corresponding linear

equation.

Notice that Theorem 1.3 explicitly states that the nonlinear part of the solution is
smoother than the initial data and the corresponding linear solution. This smoothing
estimate plays a central role in the uniqueness part of Theorem 1.2 for « = —1 and thus
for any «, since it shows that if we approximate any solution with a smoother solution
(uniqueness of which is known by energy methods) the time interval on which this approx-
imation is valid depends only on the norm of the less regular solutions. This argument,
see [13], provides uniqueness for rough solutions at any regularity level that the solutions

exist. For details see Section 4.
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Remark 1.4. The a priori estimates we need to obtain in order to prove Theorem 1.3, in
particular Proposition 3.5 and Proposition 3.6, also imply almost sharp local wellposedness
and smoothing of order a < min(4s, %, g —8) for any s > 0 for the L*-critical quintic NLS
equation Uy + Uz, £ |u]4u = 0 on the half line, which as far as we know is a new result
by itself. In addition, these estimates imply a new smoothing estimate for the L*-critical
quintic NLS equation on R of order a < min(4s, %) improving earlier smoothing estimates

obtained in [29] and [14].

We next establish the global wellposedness in the energy space for the equation (3) for any
«, in particular for the equation (2). For boundary value problems with nonzero boundary
data this is not an immediate consequence of the local theory since the local differentiation
laws do not always lead to conservation laws. Nevertheless, in order to extend the solutions
to all times we only need an a priori bound of the H' norm of the solution. On the half line
this is indeed the case as we prove the bound for small initial and boundary data in the
energy space. The proof is done in two steps. First we obtain the bounds in the case that
a = —% where the differentiation laws take the simplest form, and then we prove similar
bounds for the DNLS equation (3) for any « by substituting the gauge in the local energy

identities:

Theorem 1.5. For any a € R, there exists an absolute constant ¢ > 0 so that (3) is

globally wellposed in H'(R") provided that ||g|| g w+) + ||h| m@+) < c.

In the last part of the paper we consider the derivative Schrédinger equation on the full
line (1). We combine the X*° theory with the theory of normal forms as was developed in

[2] and [15] for the periodic KAV equation to obtain the following smoothing theorem:

Theorem 1.6. Fiz s > % and a < min(%, 2s —1). For any g € H*(R) the solution u of

%) iUy + Uge + 107U, + Sulfu =0, z,t€R,
u(zr,0) = g(x)

satisfies
u— g e COHE™(0,T] x R),
where T' 1s the local existence time.
This result can be iterated to hold for all times, see [15], under the small L? assumption

that guarantees global existence. Since the gauge transformation is continuous in Sobolev

spaces, see Lemma 7.2 in the Appendix, this theorem immediately implies that
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Corollary 1.7. Fiz s > 3 and a < min(%,2s — 1). For any G € H*(R) the solution q of

(1) satisfies
(6) q—Gi(e"(G_1G)) € CYH:™([0,T] x R).

This improves a smoothing result? that was obtained in [44] for equation (1).

We now briefly discuss the organization of the paper. In Section 2 we define the notion
of a solution, discuss the solution of the linear equation, and obtain an integral formulation
on the full line that we need in order to run a fixed point argument, see equation (14). We

thus are looking for a fixed point in the space
(7) X*H(R x [0,77) N CYHE([0,T] x R) N CYH, * (R x [0,T]).

It is a well known fact that (see (15) below for the definition of the X*° norm) X®*(R x
0,T]) € CPHE([0,T] x R) for any b > 5. However, to close the fixed point argument we
need to take b < % and prove the continuity of the solution directly by additional estimates.
In Section 3 we prove the linear and nonlinear a priori estimates that are useful in studying
wellposedness of the derivative NLS on the half line. In Section 4 we establish the local
wellposedness theory for general a, see Theorem 1.2. In Section 5 we obtain the global
wellposedness with small mass and energy by proving a priori bounds on the energy norm.
Section 6 is devoted to the derivative NLS equation on the real line. In particular, we apply
a normal form transformation and prove multilinear estimates that we use to obtain an
improved smoothing bound for the equation. Finally in the Appendix, we record a lemma
that we use repeatedly throughout the paper and prove another lemma on the Lipschitz

continuity of the gauge transformation in Sobolev spaces.

1.1. Notation. We define the Fourier transform on R by

a@>:fy@w:/kﬁ%¢@¢p

R
We also define the Sobolev space H*(R) via the norm:

/
e = gl = ([ ©©Pae) "

where (£) := /1 + |£|2. We denote the linear Schrodinger propagator (for g € L%(R)) by

g1

Weg(,1) = ¢"Bg(a) = F e Tg()] (x).

2Although it is not stated explicitly in [44], the assertion (6) follows from the a priori estimates obtained

there for the smaller range a < min(%,2s — 1).
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For a space time function f, we set the notation
Dof(t) = f(0,1).
Finally, we reserve the symbol 7 for a smooth compactly supported function of time which
is equal to 1 on [—1,1].
2. NOTION OF A SOLUTION

Throughout the paper we have s € (0,3), s # 1,2, We define H*(R™) norm as

190l s+ == inf { |Gl zsw) : G(2) = g(x), © > 0}.
We say ¢ is an H*(R) extension of g € H*(R") if g(z) = g(z) for x > 0 and |||

29|
extension is continuous on R, and hence ¢(0) is well defined. We have the following lemma

He <

ws(r+). Note that, if g € H*(R") for some s > 3, then by Sobolev embedding any H*

concerning extensions of H*(R™) functions, see [12] and [18]:

Lemma 2.1. Let h € H*(R") for some —3 < s < 2.
i) If =1 < s < 3, then ||x(0.00)hl =) S ]| 115 )
it) If 3 < s <2 and h(0) =0, then ||x(0,00)"|

HS(R) SJ ||h||Hs(R+)

To construct the solutions of (4) we first consider the linear problem:

(8)

iy + Uy, =0, z€RTteRT,
u(z,0) = g(z) € H*(R"Y), u(0,t) = h(t) € HT (RY),

with the compatibility condition 2(0) = g(0) for s > 3. Note that the uniqueness of the
solutions of equation (8) follows by considering the equation with ¢ = h = 0 with the
method of odd extension.
We refer the reader to [5] and [18] for the derivation of the solution of (8), for ¢ € [0, 1].
We write
u(t) = Ws(g, h) = Wy(0, h — p) + Wr(t)ge,

where g, is an H*® extension of g to R satisfying ||g.| ms(r+). Moreover,

@) S 9]
p(t) = 1(t) Do(Wage) = n(t)[We(t)gel|,_q:

which is well defined and is in H*% (R*) by Lemma 3.1 below. In addition, following [5]

and [18] we write W{(0, h) = Wih + Whh, where

9) Wah(z,t) = — / T B G 52)dp,

™ Jo
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1 [ ~
(10) Wah(x,t) = —/ eZﬁQt’ﬁmﬂh(ﬁ)dﬁ.
T Jo
Here by a slight abuse of notation
(1) HE) = Fxom) (O = [ e ntat.
0
By a change of variable we have
> ~ 2
(12) \/ / (8)2 | Bh(EB*B S om0 bll 22 gy S B2t

where the last inequality follows from Lemma 2.1 under the compatibility condition h(0) =
0.
Note that W, is already well defined for all z,¢ € R by (9). We also extend W5 to all x
as in [18] by
1 [ . ~
(13) Wah(a,t) = [ e 0(30)8h(5)ds,
0

™

where p(x) is a smooth function supported on (—2,00), and p(x) = 1 for x > 0. Therefore
the solution W{(g,h) of (8) for t € [0,1] is now well defined for all z,t € R, and its
restriction to Rt x [0, 1] is independent of the extension g..

We now consider the integral equation

) ) = O+ o) | Wt — ) ()t — n(E)W (0, 0) (),

where
F(u) = n(t)T)(iv*u, + %|u|4u) and q(t) = n(t) Dy (/0 Wr(t —t')F(u) dt').

Here Dof(t) = f(0,t). In what follows we will prove that the integral equation (14) has a
unique solution in the Banach space (7) on R x R for some T' < 1. Using the definition of
the boundary operator, it is clear that the restriction of u to R x [0, T satisfies (4) in the
distributional sense. Also note that the smooth solutions of (14) satisfy (4) in the classical

sense.

We will work with the space X**(R x R) (see [6, 7]):
Xsb — HiL\(T, §)<§>S<T + §2>bHL3_L§'

We recall the embedding X** C CYH? for b > % and the following inequalities from
[6, 21, 17]. For any s,b we have

(16) () Wegl

(15) lul

N

xob S gl
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ForanysER,0§b1< ,and 0 < by <1 — by, we have

(17) Hn /WRt—t (t')dt'

Moreover, for T' < 1, and —5 <b <by< 5, we have

S IF e

(18) In(t/T)Fllxeer ST F || xora.

Finally, recall that, see e.g. [45, Lemma 2.9], for any translation invariant Banach space B

of functions on R x R, the a priori estimate ||[Wrg||s < ||g||ms implies that

1
ysbo for any b > —

(19) Julls < 1 3

3. A PRIORI ESTIMATES
In this section we provide a priori estimates for the linear and nonlinear terms in (14).

3.1. Estimates for the linear terms. We start with the following Kato smoothing type
estimates which convert space derivatives to time derivatives. These estimates justify the

choice of spaces concerning g, h in Definition 1.1.

Lemma 3.1. (Kato smoothing inequality) Fixz s > 0. For any g € H*(R), we have
2s5+1
1(t)Wag € C°H, * (R x R), and

[nWegl| 21 S lgllaem

2(s—1)+1

In addition, for s > 3, and for any g € H*(R), we have n(t)0,Wrg € C2H, * (R x R),

and

HUGxWRgHLgOHtW S llglles @)

Proof. The first part is the well known Kato smoothing theorem, see e.g. [18]. The second
part follows from the first part for s > 1 since 0, commutes with Wgk. For s € [%, 1), note
that

Fi (0 Wag) (7) = i / A + €2)e"Eeq(€)de
iy / Al + E)e"Eeg(€)de + i / A + €)™ €g(€)de.
|g]<1

l§1>1

251
We estimate the contribution of the first term to H, * norm by

[l P+ @i s [ aeld S el s
l€l<1 l€l<1
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By a change of variable, the contribution of the second term is bounded by

H/ S+ o)l <H/ (T+0) T AT+l T 6

By Young’s inequality, we estimate this by
P G(Ep)

The continuity statement follows from this and the dominated convergence theorem. [

1) Al

p>1

Lemma 3.2 and Proposition 3.3 below show that the boundary operator belongs to the
space (7).

Lemma 3.2. Let s > 0. Then for h satisfying X(o,.0)h € H*T (R), we have

WEO0,h) € COHS(R x R) and n(t)W{(0,h) € CVH, a (R x R).

2s+1

In addition, for s > 3 and for h satisfying X(oc)h € H 3 (R), we have

2(s—1)+1

n(t)0,Wi(0,h) € COH, * (R x R).

Proof. For the first part see [18]. To prove that n(t)0,Wsh € COH (]R x R), write
Wab / FEF (o) (38 = [ LT/ o6 = [ Fere o,
where f(x) = e “p(z) and w(ﬁ) = ﬁﬁ(ﬁz)X[Om) (B). We therefore obtain

9, Wah = /R EF(E) (e ') (w6)de.

The claim follows from using the Kato smoothing Lemma 3.1 and dominated convergence
theorem noting that £f(&) € L.

Finally, note that Wih = Wet, where ¢(3) = Sh(—5%)X[0.00)(/3). The claim 7(t)0,W:h €
C'H T (]R x R) follows as above from (11), (12), the continuity of Wg(t), and Kato

smoothmg Lemma 3.1. ]

We also record the following bound from [18]:

Proposition 3.3. Let b < 1 and s > 0. Then for h satisfying x(o,.0)h € H* (R), we

have

t
IOWS0.0)xes S Dol s

The following proposition is a Kato smoothing type estimate for the nonlinear Duhamel

term:
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Proposition 3.4. Fiz b < % For any smooth compactly supported function n, we have

¢ F s,—b, O < S < 17
H"/‘wk@_ivFﬁ/ 2511 < ElLe -
0 CC(L)Ht 4 (RXR) ||F||X%‘28_411_4b + ”F‘ Xs,—b, 5 S S S 5
In addition, we have
t Fll xs-, log<d
0 ovr, T oy ¥ | F|_y s + | Fllxes, 3<s <3,

Proof. For the first part see [18]. The second part follows from the first for s > 1 since 0,
commutes with Wg. For % < s < 1, the proof is based on an argument from [12], also see
[18].

It suffices to prove the bound above for 77Do( fot Wr(t — t')0, Fdt’ ) since X norm is
independent of space translation. The continuity in x follows from this by the dominated

convergence theorem as in the proof of Lemma 3.1. Note that

t t
Dy / Wislt — #)0, Fi' ) = i / / S ER(E ¢ de.
0 R JO

Using
eit(€+N) _ 1

i(A+8%)

~

t
F(Et) = / e F(&,\)d\ and / e EHN gy =
R 0

we obtain
et e—it§2

t
D — O, Fdt') =i  _¢F .
0(/0 Wa(t — )0, dt) Z/RQ oo (€, \)dedA
Let ¥ be a smooth cutoff for [—1,1], and let )¢ = 1 — 9. We write

eIt _ —it€?

DA+ EEF(E, \)dedA
—itg?

2 1(A +&2)

mﬂ%<lwm@—ﬂ@FW>=M04Jﬁyf§r

YO\ + EEF (€, \)dEdA

= 1+I11+1I1I.

Gt b -
) [ g O+ SFE Mg o) [

By Taylor expansion, we write
et 641&8

i(A+€2)

_ iezt)\z ( l;) ()\ +£2)k71’
k=1 ’

which leads to

It ]m
L, < S IIRYR e
||f||H2341(R)NkZ o
=1

[P0+ @1t R Ndear|
R2

2s5—1
Hy *(R)
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S i [+ er o+ exhen

2)ENF(E,N)

~Y

<o

By the Cauchy-Schwarz inequality in £ we estimate this by

o ([ ermae) ([ emire vpas)a]

2s5—1

1/2
si—b )2 =2 <
v (W75 [ i) e

S

Xs,—b.

The last inequality follows by a calculation substituting p = &£2.

For the second term we have

171, 21 ) Sl

W [ O+ @R

< H<A>4/ <A+£2>|5F<f )

By the Cauchy-Schwarz inequality in & we estimate this by

[0 ([ ) ([ P vpae)a]

25;1 <£>2 2s
SIPeosun (075 [ ) S 1P

To obtain the last inequality recall that % <s<landb< %, and consider the cases || < 1
and |£] > 1 separately. In the former case use (A + £?) &~ (A\) and in the latter case use
Lemma 7.1 after the change of variable p = £2.

To estimate “I‘UHHZST’I(R) we break the ¢ integral into two pieces |£| > 1 and |£| < 1.

We estimate the contribution of the former piece as above (after the change of variable

p=¢&%):
i [ sipprsabwpn], s [ g Feeaial,

\PI>1

By the Cauchy-Schwarz inequality in A integral noting that b < % we bound this by

/p . | A PP < 1

Xs,—b.
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We estimate the contribution of the latter term by

—itg? 25—1
/RQ In()e™ | 2 X(-1.11(€) X(-1.(¢ )\F(g A)|dEdA.

A+ &7 (A+€%)
For b < 3 this is bounded by ||F|/xo-+ by the Cauchy-Schwarz inequality in £ and X

P+ ER)ER(E, N)|dedA < /

integrals. [

3.2. Estimates for the nonlinear terms. In this section we establish estimates for
the nonlinear term in (14) in order to close the fixed point argument and to obtain the
smoothing theorem.

We start by recording a priori estimates that follow from (19) and well known dispersive

estimates for the linear Schrodinger evolution, for details see e.g. [30, 43, 44]:

o (AR

(21) H( T+§2 )v

Interpolating both (20) and (21) with Plancherel identity we obtain

i)

N S A L2, (Kato smoothing inequality),
LI

i S 12, (Maximal function inequality).
™t

o S0,

(23)

g Sl

Sobolev embedding imphes that
) Vv
24) I =)
(r+e)i
We also have the Strlchartz estimate

) (=)

Interpolating (25) with Plancherel identity, we have

o Sz, 2<p <00

<z

L8 LY

(26)

oy Sz . 2<p<6.

H( T+£2 4 2p+>

Interpolating (25) with (24) we have

@) (o=

LELp SIfllez., 6<p<oo

T+£2>§‘>



14 ERDOGAN, GUREL, TZIRAKIS

Using (26), (27) and Holder’s inequality, we have

(28) H( 7_+§2 c+) [<<€>§c]jr(<€.’7_—i_)§2>§>v]2‘

Similarly, using (22) and (23), and Holder’s inequality, we have

o S (ehee) T

We start with smoothing estimates for the quintic term in (14):

1
5

L2+N||f||L2 ) 0<c<

< 3
o Sl

Proposition 3.5. For fized s > 0 and a < min(4s, ) there exists € > 0 such that for

1

§—e<b<—, we have

el

X s+a,—b r§ ||uHA5XS7b'

Proof. By writing the Fourier transform of |u|*u = utiutiu as a convolution, we obtain

m(foﬁo) = / @(flﬁlm(f%72)3(53773)a(§4,74)@(55775)-

§0—€1+€2—63+84—85=0
T0—T1+T0—T3+T74—7T5=0

We define
f& ) = [alg (&) (r + )"
By duality, it suffices to prove
S / (€0)* T g(&0,10) TT;—y £(&5,75)
T 5 \s 5 . 2\b
Hj:l (&) Hj:O<T] + §j>

S 132 Nolez,

€o—&1+€2—€3+84—E5=0
T0—T1+T9—T3+74—75=0

By symmetry, we can restrict ourselves to the case &1 > |&] > &3] > |&4] > |€5], which
implies [£1] 2 |€o]. We write

(&2)°F <f3>0+<§4>i_<§5>i_ (€o)* "
<§1>%_ H?:1<fj>s
" / ( 9(80; 70) f (§2, 72) f (&3, 73)
R S (§2)01(&3)0F (10 + &3)2(m2 + £3)2(ms + £3)°

X
()T (&) (1 + )M (ma + E)P(ms + €2
Note that for s > 0, the supremum is finite provided that a < min(1/2,4s). Therefore,

(603 (61, 70) S (60, 70)f (5, 75) )

using (28) with ¢ = 1— and (29), as well as the Plancherel identity and the convolution
structure, we get I < [/ f]|%. lgllzz - O
& &
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We also need the following smoothing bound for the terms arising in Proposition 3.4:

Proposition 3.6. For fized 0 < s < 2 , and = — s < a < min(4s, %,g — 3), there exists

e>03uchthatf0r——e<b<—, we have
|||u|4uHX%725+2a47174b S HUH.E;{M'

Proof. As in Proposition 3.5, by duality it suffices to prove that

(o) 2 (m + )" 9(&0, 1) T £(&5,7)
[T (&) + &

I =

£0—€1+82—€3+84—€5=0
T0—T1+79—T3+T74—7T5=0

<7132 Nollze

We proceed by considering three cases.

Case 1. % <s+a< g Since a < %, we have s > 1. Note that

<TO + £(2)> S <€max>2 maX5<TJ +£ >

IS}

Without loss of generality, let max;—y _5(7; + &) = (75 + &). We have

<7’O+§0 < <€ma:c>8+a_l_2b
HJ (75 +§2> - H] (75 +€2>

Using this, the Cauchy-Schwarz inequality, and integrating in the 7 variables, we bound [

>2§+2a 1—4b

by the square root of

<§0> <fmax> 2s+2a—1—-4b .
H?:1 <§7 > 2

> 2a—1—4b

1112 llglZ: sup
or 5T &
Eo—&1+E&2—E3+€4—E5=0
The supremum above is bounded by sup(&)(&max
a < 2b. This completes Case 1.

We now consider the remaining case

, which is finite provided that

< s+a< % By symmetry, we can restrict
ourselves to the case &1 > |&| > |&] > [&4] > |&5], which implies || 2 [€o]. We will
consider the cases s +a < 1 and s 4+ a > 1 separately. In both cases we use the simple
observation that a; > ay > --- > a, > 1 and by > by > --- > b, imply HJ 14, b <1,
provided that » 7, b; > 0.

Case 2. 3 < s+a < 1. Using (29) for f(&1,71), f(&, ™), and f(&,75), and using (28) with
c:= % € (,3) for g(&, 70), f(&, ™), and f(&s,73) as in the proof of Proposition 3.5,

it suffices to observe that

(E2)2 ™ (&) HENT (&)1 (&o)2
(€1)7~ [1-.(&)®

N[

sup
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which holds true for a < min(4s, 3).
Case 3. 1 < s+a < 2. Using (29) for f(&,m), f(&, 1), and f(&3,73), and using (28) with

C = % € (Oa 4) for 9(6077—0> (5477—4) and f(§5a 7_5)7 we have

()3 ()i (&) o (&) B ()3

sup < 00,

(St H?:1<§j>s

since a < min(4s, 3). O

wh—t

We finish this section with analogous smoothing estimates for the derivative nonlinearity

n (14). The following proposition is a variant of an estimate from [43]:

Proposition 3.7. For fized s > % and a < min(2s — 1, }1), there exists € > 0 such that for

1

§—e<b<—, we have

[ Y (171

Proof. Passing to the Fourier side and by duality as in the proof of Proposition 3.5, it

suffices to prove

(o) (&2)9 (&0, 7o) TT1oy £ (&5 75)
H?:l (&)° H?:0<Tj + §j2>b

< I712; Nollez,-

§0—&1+82—83=0
T0—7T1+72—73=0

Note that . )
ool + €2>’+

2
gggg)(ﬂ + et

3
[T+ € 2 (6 — )& — &))2
7=0

Using (20) and (21) and observing that

(< E)I(E)T ()63 <sj>i<5k>i) -
(I L (S E R (L A ()
it suffices to prove that
i (<fo>s+“<§1>5<§2>“<§3>5 - () 1(€)1 (&)1 ) <
—Ete6s=0 \ ((§g — &1)(§o — &3))3 7 OSidks3 distinet ()5 4 (€)1 + (&)1

Renaming the variables &, ..., £3 according to their size as || < [Emial < [Emazt] = [Emazl,

we have

1
N (5131
0<4,5,k<3, distinct <€ >1 + <§ >
Therefore, we need to bound

sup (€0)* T (&) (&) (63) ~° (Emia)
ot (€= )& —&)* (Gnas)
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The case |§ — &1 <1 or |§ — &| < 1 is immediate. Thus it suffices to prove that
sta —s 1—s —s e
(fo - fl) 2 <fo - 53>2 (fmax>4
when §, — & 4+ & — & =0 and || < |&5], by symmetry.
In the case |&] < |&| < [€2] = |&o|, we have

(30) S () .
(€)% (€ — &)z (&0 — §3>“<§3> BE

For s > 3 1, we bound this by (£)* —it < 1 provided that a < 3 For S < s < —, we have
the bound

I (€o)ite 3 _ < <5q>%+a;:+ < () bromsminG— kit <
(1) 72 (&) 2 (G — &)1 (&)1 T (&ymintmi = -

provided that a < min(+ 125 —1). In the first inequality above we used §, — & = &1 — &».
In the case |&] < |&3| = & and |€3] > |&|, we have the bound

(30) S <§0>a—7<£1> 7<_€2>1 S((éklzi—i_ <£2>i) §<
(§0)2 (& — &)z

)T ET(6) 2 S 1

provided that a < %
In the case |&] < |&3| &~ |&] and €3] > |&o|, we have the bound

(o)* T {Es) 172 (o) T + (€0)H) taelh e\ 1 oey
30) < T S (€o)TT AT (E) S
(30) < €6 — Eh (o) (&)

provided that a < s.
In the case [&], || < |&1] = €3], we have the bound

(30) < {60)™ (6 (E) ({60} + {8 S (@) &) P S
provided that a < 1. 0

=

Proposition 3.8. For ﬁxed <s<3 5, and a < min(2s — 1
such that for s—e<b< —, we have

,4,3 —5), there exists € > 0

Proof. As in Proposition 3.5, by duality and letting b = %—, it suffices to prove that

/ (€0)2 (€2)9(&0, ) TTo_y £(&075)
(o +&) T L&)y + €03

S 1A Nl

§o—€1+E2—€3=0
T0—T1+79—73=0
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First consider the case s +a < % As in the proof of Proposition 3.7, we have

8-25-2a > o\ 1_ _ _ 3=2-2 H] ol +€2>
(10 + 50) H<TJ + €j> 2 (6o —&)(—&)) max (7; +€2>

J=1 0<;5<3

+

N\’—‘ N

Using (20), (21), and defining &,,;4 and &4, as in the proof of Proposition 3.7, it suffices
to prove that

() e ) )™ (mia)® _ |

Sup 3— 23 2a 1
fo-6+6-6=0 (S = &1)(€0 — &) T (Smaa)
The case £ — & ] <1 or \50 — &3] < 1is immediate. Thus it suffices to prove that

(31) <§0>i<§51>;s<§2>1_5<§32_285 . <€mz’d>% <1
(Co—&) 7 (o—&) 7 (na)d

when § — & + & — & =0 and [&] < [&], by symmetry.
In the case |&] < |&| < [&2] = |&o|, we have

()i~
3]' 5 3—2s5—2a 23 2a 1 3—2s5—2a S 1
3y (o) F Gyt T

provided that @ < min(3,2s — 1).

In the case |&;] < |&] &~ |&| and [&3] > |&,], we have

(1) < (T8 HE) TGl + o)

(2 e (S Y

AT ta () L sia ,
< <<§‘;> . £>§5§3 o S (o) )
1 17 Q2

IS
(SIIS)

which is bounded for a < s.
In the case |&] < |&| &~ |&] and €3] > |&o|, we have

())& el DT | 1aes
<€0 §1>3 2s—2a ~ <§0>

He)TFHETT <

B1) S

provided that a < s.
In the case |&l, |&2] < |&1] = |&5], we have

(31) S (E0)2(E) 12 () T+ (|&o] + &) T S 1

provided that a < s.
When % <s+a< g, we always have s > 1. Renaming the variables &, &, 3 according

to their size as |$min| < [Emid| < |Emaz|, We have

(10 + &) S max((Emaa)?, (1 +£1), (2 +63), (13 + €3)).
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When the maximum is one of the (7; + &2), say (73 4 £3), we have

3

(o + €T [+ €05 2 (n + € (m + ) (my + )37

Jj=1

2 (1 )5 (e 4+ E)F (a7

Therefore, by the Cauchy-Schwarz inequality (as in the proof of Proposition 3.6), it suffices
to prove that

(60) (&) <1
Sgpgo—mf/a—gg:o (Emaa) 22 T (€)™ ™

Using Lemma 7.1 and |&4:| 2 |€0], we bound the integral by

25+2a—4+d d
[ et —g et g S @@ = @ 5

provided that a < 1.

When the maximum is (£,,,)%, we have

32s 2a

3 3
(ro+ &) T [+ €5 2 (e [+ €23

j=1

(€ (6] ) (G H )

<€maw>
We bound the multiplier by

<€mam>s+aii+ <£mzd> i < <£maz>s+a7 iJr <£m1d> i

<1
(€1)5(&2)%(&3)° (Emaz)*(Emia)®

provided that a < le

4. LOCAL THEORY: THE PROOF OF THEOREM 1.2 AND THEOREM 1.3

We start with the proof of Theorem 1.2 for o = —1, see (4)

. Recalling (14), we first
prove that

(32) Tu(t) == n(t)Ws (g, h) +in(t) / We(t —t')F(u) dt' — n(t)W;(0,q),

has a fixed point in X*°. Here s € (3,2), s # 2 3b < = is sufficiently close to =, and

F(u) = n(t/T) (025, + ul*u) and q(t) = n(t)Do / Wit — ) F(u)dt'),
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and
Ws(g,h) = We(t)ge +W5(0,h —p), p(t) = n(t)Do(Wr(t)ge)-
By (16), we have
W (t)ge|

Combining (17), (18), Proposition 3.5, and Proposition 3.7, we obtain

xob S N gellzs S 9l asm).

(33) Hn(t)/o We(t —t)F(w) dt'|| orage S NF@] oo gs

< T30 (||, xores) STE ([Jullen + ] Son)-

xorams + || ultul

Using Proposition 3.3, Lemma 2.1 and noting that the compatibility condition holds we

arrive at

In@W5 (0,1 = p)(D)llx=s S I(h = P)X0.0) | 22

¢ TR

< h - S < h s s < h S s .

S pI\Ht%#(R+) S HH%#W) + Hp!\HtLp(R) S Hyt%(nw + |9l s )
In the last inequality, we used Lemma 3.1. Finally,

(W5 (0, q) ()| xorar < ||QX(O,oo)||Ht2(%f“)i(R) S HQHHtw(R)
By Proposition 3.4, (18), and Propositions 3.5, 3.6, 3.7, 3.8, we have
1y

B0 ol s S 1P sergese + 1P gornogs ST (s + )

Combining these estimates, we obtain

oo+ llul

1 4
ITullxeo S Ngllas@ey + 12l 2sr 4+ T2 (Jlul

5
H T (RY) xe0):

This yields the existence of a fixed point u of I' in X**. Now we prove that u €
CPH:([0,T) x R). Note that the first term in the definition (32) of ' is continuous in H*.
The continuity of the third term follows from Lemma 3.2 and (34). For the second term it
follows from the embedding X*2* C COH* and (17) together with Proposition 3.5. The
fact that u € CgHt% (R x [0,T]) follows similarly from Lemma 3.1, Proposition 3.4, and
Lemma 3.2.

The continuous dependence on the initial and boundary data follows from the fixed
point argument and the a priori estimates as in the previous paragraph. In order to do this
observe that by Lemma 4.1 below, given g, — ¢ in H*(R") and an H*® extension g. of g,
there are extensions g, . of the g, so that g, . — g. in H*(R).
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It remains to prove the uniqueness part of the theorem. Before that, we prove Theo-
rem 1.3. Recall that

u=Wila. ) = =n(OW3 (0.0) () + in(®) | Walt = O)F(u)at.

By (33) and the embedding X*t®2+ ¢ COHt, the second summand is in COH5™. The
first summand also belongs to CY H5™® by Lemma 3.2 and (34).

4.1. Uniqueness of solutions. We now discuss the uniqueness of solutions of (4). The
solution we constructed above is the unique fixed point of (32). However, it is not a priori
clear if there are no other distributional solutions, or if different extensions of the initial
data produce the same solution on R*. We resolve this issue for s > 2 first. Take two H®

local solutions wu, us. We have

(35) { (g —ug)y + (U1 — U)o + WL, + 3|ur|*uy — 3Tz, — §lusl*us =0,
(ug —u2)(z,0) =0, (ug —ug)(0,t) =0, =€ R teR.
Multiplying the equation by wu; — uy and integrating, we obtain (in the local existence
interval)
Orllur — w23 S llur — uzl|3 (1 + lluallfe + luallzz) S llur — uzl3.

This implies uniqueness for s > 2.

Implementing the smoothing bound in Theorem 1.3 we now prove the uniqueness for
% < s < 2; the argument can be iterated to obtain uniqueness for all s € (%, 2),s # % Let

u,v be two H*(R™) solutions as in Definition 1.1 starting from data g, h. Take sequences
{gn} C H2(R") converging to ¢ in H*(RT), and {h,} C Hi(R") converging to h in

2s+1

H™1 (RY). Let u, be the unique H*(R™) solution on [0,7},]. By continuous dependence

this implies that © = v = limu,, provided that the existence times, 7,,, do not shrink to

zero. To see that T, = T,,(||g|| s, ’hHHQSz-l ), we use the smoothing estimates noting that

u, agrees with the solution we obtained. Write

T ()20 S N fallzz + onll g + T8l 5ens + 1)
S allerz + 1l 5 + T (11 £l
S W ullie A all g+ T2 gl + 1] 2+ 1)°.

wre Bl 2 +1)°

Since || fullgz > || fal

gl
We finish this section with a lemma that was used above which also implies that the

s 2 ||g||ms, and similarly for h,, we can pick 7,, depending only on

Hs and HhHH¥

. . . 5 _ .
solutions we constructed are limits of H2~ solutions.
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Lemma 4.1. Fiz s > 0 and k > s. Let g € H*(RT), f € H*(R"), and let g. be an H*
extension of g to R. Then there is an H* extension f. of f to R so that

”ge - fe|

e S g — i@

Proof. Fix 1p € H*(R) supported in (—o0,0]. We claim that for any ¢ > 0, there is a
function ¢ € H*(R) supported in (—oco,0) such that ||¢ — 9|/ gsr) < €. Indeed, observing
that 7_s¢(-) = ¥(- +9) — ¥(-) in H(R) as 6 — 07, the claim follows by taking a
smooth approximate identity k, supported in (—%, g) for sufficiently small 9, and letting
¢ = (1_s0) * k,, for sufficiently large n.

To obtain the lemma from this claim, let fbe an H* extension of f to R and h an H*
o2 S 19 = fllmee+). Apply the claim to v = g. — f — h
He(r+). Letting f. = f+ ¢ yields the claim. OJ

extension of g — f to R with ||h|
with € = ||g — f]

4.2. The proof of Theorem 1.2 for general a € R. In this section we obtain the local

wellposedness of derivative NLS on R*:

(36) iq + Gew — 1(]¢°q)x = 0, € Rt € RT,
q(z,0) = G(z), ¢(0,t) = H(t).

The same argument applies to any other gauge G,.
Let
u(z,t) = P Iq(y,t)\zdyq(x’ t) = P Iu(y,t)|2dyq(x’t)’ t x€R"

We note that if u solves (4) with g(z) = e'Js ICWPWG(z), and h(t) = ¢'lo MDAy (1),
then ¢ solves (36). Note that this constitutes a different boundary value problem than
(4), since the boundary value depends on the value of the function in the interior of the
domain. Hence, the essential part of this process is finding h of the form e H(t), so that
the solution u of (4), with data g, h, satisfies

/0 "y, 0Py = (1), t e [0,7].

The following lemmas establish this and allow us to obtain the local wellposedness of (36).

2s+1

Lemma 4.2. Given G € H*(R") and H € H™1 (RT), there is a unique real valued func-
tion v € H™1 ([0,T]) such that the solution u of (4) with data g(z) = e'Je” ICWIPdyG (),
and h(t) = "W H(t), satisfies

A(t) = / "y, 0)Pdy, € (0,7
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Here T = T(||G|| g+, Moreover, v depends on G and H continuously. Further-

).
more, v € H'([0,T1) for s € (1,%) and v € H3([0,T)) for s € (3,3).

’HH 2541
H 1

2s+1

Proof. Fix G and H as in the statement. Given a real valued function v € H™ 1 ([0, 7)),

denote the solution u by u”. We will prove the theorem by applying a fixed point argument

to the map
FO) = w7 gy
for sufficiently small T'. Let

Kyr = {6 € H([0,T]) : [|6]l o)) < 1,6(0) = gl 72}

The following claim finishes the proof:

Claim. For s € (%, %), there exists T' > 0 as in the statement of the theorem so that f
maps Kz 5 to Kir, and it is a contraction on Kjz. Similarly, for s € (2,32), f maps
K%’T to K%’T, and it is a contraction on K%T.

Proof of the Claim. Fix s € (1,3). By the local theory,

1
[fF 2oy S T2C G g I 200 1l 2031 -
H H 4

4

Therefore it suffices to consider [|0,f (V) 2(jo,r7)- We calculate

(37) 0.f() = 23 (RL(0,1) — (1)
Recall that «” solves the equation
a0) = Wilauh) +ale) [ Wale = O0n(e TINGE) d = n(®WE(0.0),
where
00 =D [ Welt — it /IING) )
Therefore
42(0.8) = Dopa (Wilg: )+ n(0) [ Walt = (¢ /TINGE) (W50,
We bound the H norm (for 0 < e < 251) as follows

[43(0, )]

e Sl g e+ IRl e + TN sy + 12713
S llgllsze + I 20+ lln(t/TIN ()]

xodt S Clalls 0] a -
In the first inequality we used Lemma 3.1, Lemma 3.2, and Proposition 3.4. The last

inequality follows from the local theory.



24 ERDOGAN, GUREL, TZIRAKIS

Using this bound in (37), we obtain

10:f (N 2o,y S NPl oo (o, 162 (0, )| 2+ + [[2* | £2(0,79)
ST H| oo |[u(0, 1)

1 4 04
e + T2 H|[ 100 ST T CY61 s I HI 20er Iy 2001 -
H 4 H 4

In the last step we used

e S |G

gl s, and

1l 2o

iy
et oy 1 2 oy S 05 (s oy DI 2

o S lle
This and similar bounds for the differences complete the proof for s € (%, %) by choosing
T small.

For s € (2 it suffices to consider ||0:f(7)]| .1 . Interpolating with the L? bound

2 2) H2([0,7])

above, it suffices to prove that
1O (V) it e 0,77y = CllGlla T 2z 7l 2

which follows from similar arguments using Lemma 3.1, Lemma 3.2, Proposition 3.4, and
the local theory. O

Remark 4.3. Note that for s € (%
fractional Leibniz rule and Sobolev embedding theorem yields that v € H'*¢ for some € =
e(s) > 0.

5 5) a slight variation of the proof above utilizing the

Lemma 4.4. Fiz s € (3,2), s # 3. Let u be an H* solution of (4). Then for any a € R
¢ 7w dPduy (0 4y € COH(10,T] x R) N COH, (R x [0, T]).

2541
Proof. Since u € CYH:([0,T] x R)N CYH, * (R x [0,T]), the first inclusion follows from
the Lipschitz continuity of the gauge transformation, see Lemma 7.2 in the Appendix, also

see [10]. For the second inclusion first note that

o0 2541
/ lu(y, t)]*dy € H, *

for x = 0 by Lemma 4.2; the proof is identical for fixed x # 0. By Taylor expansion and
the algebra property of Sobolev spaces, this implies that

25+1

el L Py (0 1) € |, 1

for all x. For the continuity in x we consider the differences. By the algebra property of
Sobolev spaces and considering the Taylor expansion of exponentials, it suffices to note
that
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| [t oPay = [ utwoPay] s 5 [ Pl dy
x X t xX t

!

!

S [ Nty 0.

t

as ¥’ — x. O

It is easy to see that using Lemma 4.2 and Lemma 4.4 one can construct solutions of
(36) in CYHE([0,T] x R) N CgHt% (R x [0,7]) which depend continuously on the data.
Note that the local existence time depends on 7" in Lemma 4.2, which depends only on
G lzes IE] 2

It remains to establish the uniqueness of the solutions, which follows from the previous
argument for s > 2; see the discussions around equation (35) in Section 4.1. For s < 2, the
smooth approximation argument in Section 4.1 requires that for smooth G,,, H,, converging

to G, H in H*, H = respectively, we find 7, as in Lemma 4.2 on an interval [0, 7},], with

T, = T.(|G|lus, | H ||H% ). This follows from Lemma 4.2 and the remark following its
proof, since for s € (%, g), say, we can construct v, € H? on [0,T,,], with T,, depending

only on |Gyl =, ”HnHHQiQP

5. GLOBAL WELLPOSEDNESS IN THE ENERGY SPACE

In this section we prove Theorem 1.5. We first consider the global wellposedness of (3)

_ 1.
for a = 5

(38) g+ Uge — i|ulPu, =0, z € Rt eRT,
u(z,0) = g(x), u(0,t) = ht)
Noting the identity

(39) 4%(|u|2uxﬂt) = 8t%(ﬂuz|u|2) — 8x%(ﬂut|u|2),

one can easily prove that the following energy functional is conserved for the problem on
R:
1 _
B0 = sl + 59 [ wilul®
Substituting u = g_%q, we see that the energy for derivative NLS on R is

3 _ 1
B@) = laalfomy + 53 | dlal + e,

In what follows, with a slight abuse of notation, we use £ 1 and E also to denote the

1
3
functionals where R is replaced by R*.
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To prove the global wellposedness of (38) in the energy space we need to find an a priori
bound for the H' norm of the solution. To this end we use the following identities which

can be obtained using (39) and justified by approximation by H? solutions of (38):

(40) Oul? = ~23(wa)s + 51l
(41) By (Jual? + %%(ﬂ$u|u|2)) R (u,77), — % (@walufd).,
(42) 0ulual?) = —i[(um)s — ()]

Similar identities were used in [5, 18] for the NLS equation on the half line. Integrating

these identities on [0, %] x [0, 00), we obtain
0l = o3 =23 [ a0, 08615 — 5 [ ol
(u(t)) — E_1 :—23‘8/ g (0, 8)1/(s)ds + 2\5/ h(s)h' (s)|h(s)|*ds,
0

t
I .—/ |u (0, 5)|*ds = 2/ i, dx —z/ gg’dx+z/ h(s)H(s)ds.
0 0 0

Also note that by the Gagliardo-Nirenberg inequality one can obtain

E_1 () = ||ugl72(1 = CllullZ2),

1
2

for some absolute constant C. Therefore, in the case |Jul|?, < 5=, we have

= 90"
lull72 < e(1 +V/To),
e 72 < e(1+ V1),
Iy < lullz2 vl 22 + ¢,

where ¢ = ¢(C) < 1 depends on ||g|[z1 + ||2||z:. Combining these inequalities, we obtain

I; < 20+c\/]_t.

We conclude that I, < 4c, and hence ||u||3 < 2¢, ||u,||3 < 2¢. This implies that there exists
an absolute constant ¢ > 0 so that (38) is globally wellposed in H'(R™) provided that
gl 12 ®+) + || 2]l r+) < c. This yields Theorem 1.5 for v = —1.

To obtain the global wellposedness of derivative NLS?, plug u = Qféq in the identities

(40)—(42), and integrate on [0,t] x [0, 00) to obtain
t 1 t
oI~ 1GIE =23 [ (G 10.(0.57@ 300,95 — 5 [ |H(s)'as,

3For other values of « the proof is similar.
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Bla(t) - B(G) = ~2n (G_40)2(0, 91T 52020, )ds

+ %%/O (G_19)(0,5)(G_19)5(0,8)[H (s)[*ds,

T

L= [1G .0 0Pds =i [ TG 0T 0 do

0 t
_ z/ g_%G(g_%G)’das + Z/ (Q_%q)((), s)(g_%q)s(q s)ds.
0 0
In addition, the definition of the gauge transformation and the z-integral of (40) give
(G-10)s(0,9)] S [H'(s)| + [H(s)]” + [H(5)[*|(G-10)(0, 5)].

Furthermore, by the boundedness of the gauge transformation in H' and in L?, and the
Gagliardo-Nirenberg inequality we have the lower bound for the energy as above. We thus

obtain for small data
lgll: < c(1+/T),
lgull?> < c(1 + VT + L),
3
L Sc(l+ VT + 1Y)

This concludes the proof of Theorem 1.5 for a = 0.

6. DERIVATIVE NLS ON THE REAL LINE

In this section we prove Theorem 1.6 providing an improved smoothing estimate on
the real line by applying a normal form transform to the equation (5). Following the

differentiation by parts method of [2] (also see [14] for an application on R), we obtain
Proposition 6.1. The solution u of equation (5) satisfies

. . , 1
(43) i (e7"u— e " B(u)) = —e " (R(u) + §\u|4u + NRi(u) + NRy(u)),

where

== §oie, Ug, Ug
Bwo- [ et
E-4+6-8
§—&§11+€2—£3=0
[E—¢&11,16—-€3]>1

@(5) - / §2u51u_52u§3,

§—€1+€2—€3=0
[§—&11<1 or |E—£3]<1
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§—€1+€2—€3=0
l§—¢11,1€—€3]>1
TN §atig, We, U
NRy(u)(§) = — — .
E-gd+8-¢
£—€1+€2—€3=0
[€—€11,1€—€31>1

Here ug(t) = u(g, t) and we(t) := w(g, t) with

. . 1
w = i[9, (e 7)) = —iutg — §|u\4u.

Proof. The following calculations can be justified by smooth approximation. First observe
that
. ) ) 1 .
O (e ") = e (iuy + ugy) = —ie” " (0P — §e_zm(|u|4u).

On the Fourier side, we have

SFERE)©O - [ g
§—&1+&2—&3=0
S N e _
= et R(“) (5) - / e’ 62’“{1 Ugy Ugs -
§—81+82—€3=0
[E—€11,16—€31>1

We rewrite the integral above as

cit(€2—E7+63-63) ) ( RS Ue, ite3 Ue, Cité3 e, )

E-g+8-&

—i0,(e" B(u)(€)) +i /

§—&1+82—¢3=0
[€—€11,16—¢€31>1

= —i0, (" B(u)(€)) + " NRy (u) (&) + ¢ N Ry (u) (€).
The equality follows from the definition of w and the symmetry in &, &3 variables. OJ
The following proposition estimates the terms that appear in (43).

1
27

1

Proposition 6.2. For fived s > 5, and a < min(2s — 1, 5

), we have
1B (u)| o

IR a3 S Nl

el |

Hs+a 5 ||U,’

5
XS’%+’

oo ys Sl

|NRy(u) + NRy(u)|

X5+a,*%+ SJ ”u’|;s,%+||w| XS,*%7

where w = —iu*u, — §|ul*u.
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Proof. First note that the bound for |u|*u follows from Proposition 3.5.

By writing f(§) = (£)°|ue|, the following inequality implies the bound for B:

H / ()5 (&) 0 (&) f(&2) f(&3)
(€ — &€ — &3) (&) (€3)°

L Sz
E—81+€2—E€3=0

By the Cauchy-Schwarz inequality and symmetry, this boils down to showing

/ <§>23+2a<€2>2723
(€ = &1)%(€ — £3)2(61) %5 (&)

< Q.

§
§—€1+82—€3=0
[€31<I¢1]

This supremum is finite by considering the cases [&1] 2 || > €], |&] = €], |&] 2 €] >
|-
By duality, renaming the functions, and symmetry, the bound for R follows from
(60)*H(62)" T} f(&: )
(€ (&s)*(ro+ &) [y (7 + €1)2*

SIFIze

€0—&1+E2—€3=0,|§p—€11<1
T0—7T1+72—73=0

Assume that (15 + &2) = max <T] + £2> the other cases are similar. This implies that

.....

(10 +£5) 2 (&0 — &) (& — &) = (& — &) (& — &))-

Using (&) =~ (£1), (&) =~ (&2), and letting p = & — & in the &, integral, we bound the left
hand side by

EN &) flp+ &, — o+ 1) f(&, 1) f (&, ) f(p+ &, T3)
(p(&1— &) (n+ )+ &) Hm+ (p+ &))"

dpdfldgszldTQdTg.

lol<1

Noting that % < pitfora< min(2s — 1, 1) and |p| < 1, and integrating in p,
1 2
we obtain the bound

/ flo+&,m—m+ 7’3)f(51, ) f(&2,m2) f(p + &2, 73)
Sup 1

R+ )2 (m+ (p+ &)?)2*
By the Cauchy-Schwarz inequality and Fubini’s theorem, the integral above is bounded by

dgldgngldngTg.

the square root of

dfldTldngfngQ X

/f2 &1, 1) [ (p+ &, 73)
7_ +£2 1+

/fz p+&,m — 1o+ 73) (&2, 2)
(T34 (p+ &)

d&idmdTadEadTs 5 ||f||i§;
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We now consider NR;. By duality and renaming the functions, it suffices to prove that

/ (€0)™ (&) (s + &) TT)—o (&5, 7)) S I
ol (6 a6 — &) G) (o + )T+ )  g)a T e

T0—T1+72—73=0

We will consider the following cases:

(73 + &) S (0 +&) and - max (7 + &) S (G — &) {& — &).

The remaining cases are similar. In the former case, by the Cauchy-Schwarz inequality we
bound the left hand side by the square root of

M2f2(£077—0) 3
co—¢ 5/50 (r+ &) 2+ ) 8 / HfQ(fjﬁj)

§0—€1+82—£3=0 7=l
T0—T1+179—73=0 T0—T1+72—73=0

Sl s [ o
’ &o—&1+82—E3=0

where M = <§O_£<ff<>£0+jé§§z;;; D The supremum is finite as it was considered for the B

term above.

77777

(15 + €3)%
(€ — &){éo — &)+ &) (n+ &)t + &)t

1
€o— 1) (€0 — &) (o + )T (m + &) T (m + €5)3 T

Using and (20), (21), and defining &, and &, as in the proof of Proposition 3.7, it
suffices to prove that

S
{

sup (€0)°t (€)' (Emia)

5

o—&1+62—€3=0 (§o — &1)5 (€o — §3>%_<§1>5<§3>8 (Emaz)

This bound follows from the bound for (30) above in all cases except |§1| < &3] < 6| = &0l
In this case, we bound the supremum by

< 00.

N N

(44) sup 5 &) ﬁi, T
fo-srrtemo (€9 — £ (€0 — )T (€0)*(6)

IS
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For s > %, we bound (44) by (&) 2T, which is bounded provided that a < For

g <s< %, we have the bound

N |=

(€)1 3 4 s—min(l—s s—5
(44) < sup < sup(&)ites min(f—s,5—§)+
gt G @) 6~ G @) b

which is finite provided that a < min(2s — 1, %) For % <s < g, we have the bound

(44) < sup(&)* M <
o

provided that a < 2s — 1. The proof for N R; is identical to the proof for NR;. 0

The following lemma provides a bound for ||w|
terms N R;(u) and NRy(u) in Proposition 6.2.

JU that arise in the estimate for the

Lemma 6.3. For s > % we have

5

< lu .

]l 3o+l

_3 3
X578 X5
Proof. We will only provide the bound for the cubic part since the quintic part follows
easily from Sobolev embedding. As in the proof of Proposition 3.7, it suffices to prove that

(60)*(60) ()1 060)™* (Emia)t _

sup 3
o—&1+82—E€3=0 <(£0 - fl)(fo - €S)>§ <£ma:t:>Z

The case |§ — &1 <1 or |§y — &3] < 1is immediate. Thus it is enough to prove that

(€0)*(€1) (&) ()™ (Emia) T
<§0 - £1>% <£O - €3>g <£ma:/v>i
is bounded when &, — & + & — & = 0 and |&;| < |&3], by symmetry.

In the case [§| < |&] S |&] & |&l, for s > 2, we have

(45)

(45) S CF <
(€1)*(€0 — &1)5 (6o — &3)5(&3)° 77

whereas, for % <s< %, we find

?

wg @t )
(£1)°75(60)5 (&1 — &) s (&))" 1 (€2)
In the case |&] < |&] & |&| and |&3] > |&,], we have
(a5) g S8 o o
(€3)5 (61 —&2)5  (3)5(&2)s
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In the case |&] < |&| & |&] and |&3] > |&o|, we have

¢ ke ZOR QIR ¢ dent=at + @) 1

In the case [&], |&2] < |&1] =~ €3], we have

(45) S (€)™ (&)1 *(&) 2 (&) + (&)T) S 1.

This completes the proof of the lemma. O]

(45)

Proof of Theorem 1.6. Integrating (43) on [0, ] we obtain
t
, . , 1
u(t) — e g = B(u(t)) — " B(g) + z/ eI (R(u) + §]u|4u + NRi(u) + NRy(u))ds.
0

The claim follows from this using the bounds in Proposition 6.2, the inequality (17), and
the embedding X** C CYH? for b > 1. O]

7. APPENDIX

In this Appendix we discuss two lemmas. For a proof of the first one, see [16]. The

second one is from [10] but we provide a proof for completeness.

Lemma 7.1. If 8> ~v>0 and 8+ v > 1, then

1
/ (z —a1)?(x — a2>7d:c S (a1 — a2) T op(ar — an),
where
1 g>1
ps(a) ~ S log(1+ (a)) B=1
(a)!=? p<1.

Lemma 7.2. For s > i, the gauge Gof(z) = f(z)exp ( —ia [°|f(y)|*dy) is Lipschitz

continuous on bounded subsets of H®.
Proof. Let ||g|lLip == 1]z + ||¢|| e Sobolev embedding gives

H exp (—ia /:o |f(y)|2d’y)HLip <14/

1
2
HS7 S> 5

In addition, by interpolation between L? and H!, we have

1fgllms < 1S

which completes the proof for s € (%, 1].

Hs g||Lip7 s € [07 1]7
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For s € (1,2], let g = exp (— i [T | f(y)|*dy), and note that

£ gl S 1 Fgllez + 1F gllzr—s + 1 f2gllzre—

S lgllza (1 lze + 1 e + 1 zre-2) S 1+ [l

For s > 2 the same argument works inductively. [
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