SMOOTHING FOR THE FRACTIONAL SCHRODINGER EQUATION
ON THE TORUS AND THE REAL LINE

M. B. ERDOGAN, T. B. GUREL, AND N. TZIRAKIS

ABSTRACT. In this paper we study the cubic fractional nonlinear Schrédinger equation
(NLS) on the torus and on the real line. Combining the normal form and the restricted
norm methods we prove that the nonlinear part of the solution is smoother than the initial
data. Our method applies to both focusing and defocusing nonlinearities. In the case of
full dispersion (NLS) and on the torus, the gain is a full derivative, while on the real line
we get a derivative smoothing with an € loss. Our result lowers the regularity requirement
of a recent theorem of Kappeler et al., [19] on the periodic defocusing cubic NLS, and
extends it to the focusing case and to the real line. We also obtain estimates on the higher

order Sobolev norms of the global smooth solutions in the defocusing case.

1. INTRODUCTION

In this paper we study the fractional cubic Schrodinger equation:

) iug + (—A)°u = E|ulPu, z€K, teR,
u(z,0) = uo(x) € H*(K),
where o € (1/2,1], and K = T or R. Note that the case @ = 1 is known as the cubic
NLS equation, and it is a very well studied model. The equation (1) is called defocusing
when the sign in front of the nonlinearity is a minus and focusing when the sign is a plus.
Fractional Schrodinger equations posed on the real line and on the torus have appeared
in many recent articles, see [21], [10], [7] and the references therein. For example it has
been observed that in the context of quantum mechanics, the path integral formalism
over Brownian trajectories leads to NLS type equations. Whereas, the path integral over
Lévy trajectories leads to the fractional Schrodinger equation, see Laskin, [22]. A rigorous
derivation of the equation can be found in [21] starting from a family of models describing
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charge transport in bio polymers like the DNA. The starting point is a discrete nonlinear
Schrédinger equation with general lattice interactions. Equation (1) with a € (3, 1) appears
as the continuum limit of the long-range interactions between quantum particles on the
lattice.

Bourgain in [3] obtained the local and global wellposedness of the periodic NLS equation
which corresponds to the case &« = 1. More precisely he proved the existence and uniqueness
of local-in-time strong L?(T) solutions. Since it is known that smooth solutions of NLS

satisfy mass conservation
M) = [ Jutt.x)Pde = 2(u)0)
T

Bourgain’s result leads to the existence of global-in-time strong L?*(T) solutions in the
focusing and defocusing case. The L?(T) theorem of Bourgain is sharp since as it was
shown in [6], the solution operator is not uniformly continuous on H*(T) for s < 0. For
the existence and uniqueness of global L?(R) solutions the reader can consult [29)].

For a € (%, 1), the local and global wellposedness theory on the torus was developed in
[10] utilizing the restricted norm method (also known as the X** method) of Bourgain,
[3]. For the cubic equation in one dimension the critical regularity index is s, = 5%, and
the theory developed in [10] proves local wellposedness for any s > s.. The endpoint was
obtained in [7]. In [7], the authors also established the local wellposedness theory on the real
line for any s > s.. Moreover they proved that the equation is illposed for any s < s. both
on the torus and the real line. A recent paper, [18], discusses the fractional Schrodinger
equation in higher dimensions and with more general power type nonlinearities. In what
follows we rely on the X*? wellposedness theory that was established in [10] and [7].

In this paper we improve the work in [10] where the smoothing properties of the fractional
cubic equation were studied. The case v = 1 was considered earlier in [17]. Both papers
utilized the restricted norm method of Bourgain to prove that the nonlinear part of the
solution is smoother than the linear part. The gain in regularity was up to min(a — %, 25+
a — 1). The result on the torus was improved to a full derivative gain by Kappaler, Schaad
and Topalov, in [19], for the defocusing cubic NLS whenever the initial data is smoother
than H?(T). Their paper contains many other interesting and nontrivial results, and is

based on complete integrability methods, that are applicable only in the defocusing case.
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The results in [17] and [10] on the other hand are true for focusing or defocusing equations
and are independent of the integrability structure of the system.
In addition to the conservation of mass, smooth solutions of (1) satisfy energy conserva-

tion

2) Blu)(t) = /K vaau(t,x)fdxi% /K lu(t, )| dz = B(u)(0).

Note that local theory at H® level along with the conservation of mass and energy imply
the existence of global-in-time energy solutions. Since the equation is mass and energy
sub-critical, [27], one can obtain global solutions also in the focusing case. This easily

follows from the Gagliardo-Nirenberg inequality
4 < « é 4‘%
[ullzs S NV ull z2llull .

which controls the potential energy via the kinetic energy |||V|*u||z2. One can then control
the Sobolev norm of the solution for all times even in the focusing case since = < 2. In [10],
the authors used the smoothing estimates in the X*® norms to prove a global wellposedness
result for initial data with infinite energy.

In this paper we combine the X*? theory with the theory of normal forms as was devel-
oped in [1] and [15] for the periodic KdV equation. For other results using normal forms,
see [23], [5], and [8]. Here we improve the nonlinear smoothing estimates in [17] and [10]

significantly, and obtain a gain of regularity of order
min(2a — 1,2s + a — 1),

see Theorem 1.1 below. We should mention that for any s > 1/2 and for the cubic NLS
equation, the gain in [17] was half a derivative while now we obtain a full derivative gain
on the torus and almost a full derivative on the real line. This decreases the regularity
requirement (s > 2) of a smoothing theorem in [19], and extends it to the focusing case
and to the real line for a € (3, 1].

Below we summarize our results. On the torus our smoothing estimate reads as follows.

Theorem 1.1. Consider the equation (1) on T. Fiz % < a<1. Forany s > % — 5, and
a <min(2a — 1,25+ o — 1) (the inequality has to be strict if the minimum is 2s + o — 1),
we have

Hu(t) . ez‘t(—A)a—z‘Pt ?{S

s+ ol

U0||09H;+a S luol
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fort < T, where T is the local existence time, and P = X||uol[3.

In the case s > %, the proof of Theorem 1.1 uses a normal form transform and a priori
bounds in H*® spaces (see Proposition 3.1 and Proposition 3.2), completely avoiding the
X% spaces. Therefore, it can be upgraded to the energy estimate below. Estimates of
this form are useful especially when s > «. In such cases energy conservation is used to
bound the H* norm and thus obtain a global-in-time energy smoothing estimate that can
be used to obtain polynomial-in-time bounds for higher order Sobolev norms (see Theorem
1.4 below).

Theorem 1.2. Consider the equation (1) on T. Fz’x% < a < 1. For any s > %, and

a < 2a — 1, we have u(t) — =)= "Plyy ¢ COHS* and

fut) = P g g S ool (1+ ol ) + ) D),

t
+/ () L= (T 50 + @I, ) dt
0

for all t in the maximal interval of existence.

In particular, for s > a, and a < 2a — 1, we have

||u(t) - eit(iA)aiiPtUOHHs-o—a 5 HUO| Hsdt/,

ms + |lu(t))|

wt [ lutt)

Our next theorem establishes a similar result on the real line.

for all t.

Theorem 1.3. Consider the equation (1) on R. Fiz 3 < o < 1. For any s > %, and

2
a < 20— 1, we have u(t) — " ug € CYHI™ and

fu(t) — 2 gl re S uallar 1+ ol ) + sl ()2 -
t
[ O (IR, + Nl )

for all t in the maximal interval of existence.

In particular, for s > a, and a < 2a — 1, we have

lu(t) — " g pedt,

ms + |lu(t)]

geta S ol

wo [t

for all t.
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We should mention that on the real line the normal form method can be, in principle,
harder to apply. An example of this phenomenon is the KdV equation where one can
combine the normal form with X*° estimates to obtain nonlinear smoothing on the torus,
which fails for the corresponding problem on the real line, see e.g. [14]. In the case of
the fractional NLS we manage to overcome this problem by carefully estimating the small
frequency interaction of the nonlinear wave functions (resonances) and obtain a similar
result on both the real line and the torus. Concerning Theorem 1.3, we remark that one
can probably lower the regularity requirement for the nonlinear smoothing on the real line,
and obtain a smoothing estimate for s < % in parallel with Theorem 1.1.

Our last theorem provides bounds for the higher order Sobolev norms of (1). In particu-
lar, we demonstrate how the smoothing estimates can be used to obtain polynomial-in-time
growth bounds for the global solutions of equation (1). This is a line of research initiated
by Bourgain in [2] where he introduced a method for obtaining a priori bounds on Sobolev
norms for equations lacking suitable conservation laws. Further results in this direction on
a variety of dispersive equations on different domains were obtained by many authors, see
e.g. [26, 30, 24, 25, 9, 10, 28, 11, 12].

Theorem 1.4. Consider the equation (1) on T. Fiz 3 < a <1, and s > a. We have
T)

()l s < (2=,

On R a similar inequality inequality holds with an € loss:

(e S (eymeta=r®,

The paper is organized as follows. In Section 2 we introduce our notation and define the
spaces that we use. In addition we state two elementary lemmas that we use in order to
prove the multilinear smoothing estimates. Section 3 introduces the normal form method
for the periodic fractional Schrodinger equation. At the end of the section we provide the
proofs of the main theorems of our paper. Section 4 contains the smoothing estimates for
the fractional NLS on the real line. Finally in an appendix we provide a new smoothing
estimate for the L2-critical quintic NLS on the real line. In particular, we prove that for any
5 > % the nonlinear part of a solution is half a derivative smoother than the initial data.
This straightforward result seems to be new and in particular improves the 1d smoothing

result in [20]. This latter paper uses bilinear refinement of Strichartz estimates in the spirit
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of [4] to obtain global smoothing estimates in all dimensions for a certain class of semilinear
Schrédinger equations.

2. NOTATION AND PRELIMINARIES

Recall that for s > 0, H*(T) is defined as a subspace of L? via the norm

H(T) = Z )22 f (k

keZ

1.f1

where (k) := (1 + k2)%/2 and f(k) = L [27 f(x)e**dzx are the Fourier coefficients of f.

Plancherel’s theorem takes the form

—~ ) 1 27 )
SIFWE = 5- [ @

keZ
We denote the linear propagator of the Schrodinger equation as e*(—2)°
on the Fourier side as (e®(=2)* f)(n) = €™ f(n). Similarly, |V|* is defined as |€|°7) (n) =

naf(n) We also use ()T to denote (-)¢ for all € > 0 with implicit constants depending on

, where it is defined

204

€.
The Bourgain spaces, X*°, will be defined as the closure of compactly supported smooth

functions under the norm

[ullxss == ||€_it(_A)aU||H§(R)H;(T) = {7 = [n**)*(n)*t(n, 7)|| 1222

On the real line, the definitions are similar.

We close this section by presenting two elementary lemmas that will be used repeatedly.
For the proof of the first lemma see the Appendix of [16]. For the second lemma, see [10,
Lemma 2|, where it was proved for m,n,k € Z. The proof remains valid in the case that

m,n, k € R.

Lemma 2.1. If 3>~ >0 and §+~ > 1, then

Z (n— k1>61<n — ko) S (k= k2) T dp(ky — ko),

n

and

/R (1 — k‘1>51<7 — k2>7dT S (k1 — k) dp(ky — ka),
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where
) 1, 6>1,
dp(k) = Gpp ™) s+ k), B=1,
In|<|k| </€>1_’8, B < 1.

Lemma 2.2. Fiz o € (1/2,1]. For m,n,k € R, we have

mln|
(Iml + In] + [k[)>=2

glm,n, k) == |(k+n)** — (k+m+n)* + (k+m)*>* — k> >
where the implicit constant depends on .

3. FRACTIONAL NLS ON THE TORUS

As in [15] we will apply a normal form transform on the Fourier side. After the change

of variable u(z,t) = u(z,t)e’”, where P = X|lugl|3, equation (1) becomes
(3) iug + (=A)°u — JulPu+ Pu=0, teR, r€T,

with initial data in vy € H*(T), s > 0.

Note the following identity which follows from Plancherel’s theorem:

(4) [uPulk) = 3" Ak atka)alk — by + k)

= > ull3atk) — [a(h)[ack) + Y lk)ulke)ak — ki + ky).

T
k1#k,ka#k1

Using (4), and letting vy (t) := e"tkmu(/l%, t), we rewrite the equation (3) as

. 2 it k2a_k2a+k2a_k2a .
(5) 100y, = —|Uk| Vg + E e ( 1 2 3 )vklvk2vk3
k—k1+ko—k3=0
k1#k,ka7#ky
- 2 it k.2o¢_k.2oc+k.2oc_k.2a R
= —|ug| vk + E et 1 TRy h )vklvk2vk3

k—ki+kg—k3=0
0<[kq —k|kg—kq |< (k)22

it k2a7k2a+k2aik2a
+ E et 12 s )vkl%vkg.
k—kq+ko—k3=0
[ky—k|lkg—k1 |2 (k)2— 2

Note that the sum in the second line above is zero when a = 1.
We now apply a normal form transform to the last sum. By Lemma 2.2, for k,m,n €
Z\ {0}, we have
glm,n, k)21
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8
if |mn| 2 |k|*~2*. Therefore, the phase in the last sum is 2 1 in absolute value. Writing

@ét(ﬁ%k%%kgaikga)

. 20 _ 1.2« 20 __ L2« .
iR~k k3™ —k3™) _ _Zk‘QO‘ e e e
- 2 I3
we have
: 2a__ 1.2« 2a0__ 1.2«
(6) § : ezt(k kT +k5™ —k3 )Ukl_vkgvkg
k—kq1+ko—k3=0
[k1—kllkg—ky |2 (k)22
5 eit(k%‘—k%a—i-k%a—k%a)
=1 t( E Uky Vg Uk )
k2a_k%a+kga_k§a 17 R2 7R3

k—Fkq+ko—k3=0

k1 —kl | kg —k1 |2 (k)22
it (k2 — K3+ k3 —k3)

i)
200 __ 2« 20 .2«
k—kq+ko—k3=0 k kl +k2 k3

|k —kllkp—ky |2 (k)22

815 (v/ﬁ v_kzw% ) :

In the last sum, by symmetry, it suffices to consider the cases when the derivative hits vy,

and vg,. Using the equation (5), we can rewrite this sum as

it (k20 —k3o+k30 — k3o +k30 —k2%) o
2 k_k1+k2—k§-k4—k5=0 k2o _ k%a + k%o‘ _ (k’ ey + k‘g)%‘ Vkq Vko Uk Uy Vks
|k —k||kg—kq |>(k)y2—2x
(k20— k3o k3O — R3O R3O —k2%)
B Z k2o — k%a + (k’ — k- k3)2a _ k‘%a Uky Uk Ukz Ukey Vs

k—ky+ko—kg+ky—ks=0
k1 —K|[k—k3| 2 (k)22
eIt (k> k3 +k3™ —k3*)

+ Z ]{320‘ _ k%a + k%a o kga

k—kq+ko—k3=0
[k1—kllkg—ky |2 (k)22

Using this formula in (6) and (5), and unraveling the change of variable, we have

it(—8)° (R(u) + NRy(u) + NRy(u) + NRg(u)),

Uklv_lﬂzvk3(|vk2 |2 - 2|Uk3 |2)

(7) 0y (e e"t(’A)QB(u)) =

where
—_ uklukzuk3
B k) = g
(U)( ) k20 k:%a + k%a . k%"“

k—kq +ko—k3=0
[ky—k|lkg—k1 |2 (k)2— 22

Ru)(k) = ~fuPuc+ Y wTu,

k—k1+ko—k3=0
0<|ky —k|[kg —k1|< (k)22

— uk1u_/€2uk3u_k4uk5
N k)=2
Ry (u) (k) ) g .y iy Sy s

k—kq+ko—k3+kqg—ks5=0
|ky —k|lkg—ky |2 (k)2— 2



FRACTIONAL SCHRODINGER EQUATION 9

—

Uy Uy Uk Uy Ui
N Ry (u)(k) = — E : k20— |20 4 (K — ky — kg)20 — k2
k—Fk1+kg—k3+kq—k5=0 1 ! 3 3
[k —k[|k—k3|2 (k)2—2
—_—

WUk, Wiy Ui (|1, | — 2|11, |?
NRs(u)(k) = 3 ksz s ([, |° = 2y [7)
k—kq+ko—kg=0
|k —kllkg—ky |2 (k)22

_ k%a + k%a _ k?Q)a

The following proposition provides Sobolev space estimates for the terms appearing in (7).
These bounds are sufficient for the proof of Theorem 1.1 in the case s > % For smaller s,

we will need X*? spaces, see Proposition 3.3 below.

Proposition 3.1. Fiz % < a < 1. For any s > % — 5, and a < min(2a — 1,25 + o — 1)

(the inequality has to be strict if the minimum is 2s + o — 1), we have

1B(w)]

3
Hs»

aote S lul
[ 2(w)]
[N R (u)]

3
Hs»

Hs+a S Hu‘

5
Hs:

gota S|l
If s > %, then for any a < 2a — 1, we have

INR; (u)llzreve S Nl 5= 1,2.

Proof.
2
1B(u)|

2 < H Z <k>s+a|uk1|‘uk2||u/€3|

s+a
e [} e+ ke — k3]

42
k—k1 +kg —kg=0 k
|k1—kllkg—ky |2 (k)22

By Cauchy Schwarz inequality in the sum we bound this by

k25+2a kl —2s k2 —2s kg —2s
3 e o VA A U el

=R R — R

]|+ sup
k

k—kq+ko—k3=0
Iy —kl kg — k1|2 (k) 2 =2
Renaming the variables ky = k +m, ks = k+m +n, ks = k +n, we rewrite the supremum
above as
) sup Z (k)y?T2a(k +m) =2 (k +m + n) =2 (k + n>_25.
g(m,n, k)2

|z (k)220

Using Lemma 2.2 and noting that one can consider the contribution where |m| > |n| by

symmetry, we bound the sum above by

(k)>+2e(|m| + |k|)* "
(9) 2 R )R

[mn|Z (k)2 =2
[m|=|n|
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which we estimate in three separate regions.
Case 1. |m| > |k|. The sum is
< Z <k>25+2a’m|2—4a—25
~ n?(k +m+ n)?*(k + n)?

[m|>[n|>0

For s > %, we replace m with k in the numerator, and sum in m and then in n (using

Lemma 2.1) to obtain

2a+2—4a 2a+2—4a
< Z <k> " Z k> i << >2a+274a7min(23,2)
~ <k+m+n>2s<k+n>25 ~ n2<k+n>2s ~

ImIZ\n|>0 In|>0

)

which is bounded in k provided that a < 2a — 1 + min(s, 1).
For 0 <s < %, the sum is bounded by

<k>2a+3—4a—2s+e 2a+3 4da—2s+€
Z Z < <k,>2a+3—4a—4s
n2<kz_|_m+n>2s‘m|1725+6<ka+n>25 ~ n2<k+n>23+5 ~

[ml>n|>0 In[>0

)

which is bounded in k provided that a < 2s + 2a — 5.

Case 2. |m| = |k|. In this region we have the bound
25+2a+2—4a 25+2a+2—4a
> (k) ) A
n?(k +m)?(k +m+n)?(k +n)2 ~ n%(k + n)2s

|k|=|m|>|n|>0
where A = |n|™* if s > 3 and A = 1if § > s > 1/4. This implies the bound (k)?* 4
which is acceptable provided that a < 2a — 1.

[n|>0

Case 3. |m| < |k|. In this region we have the bound

<k> 2a—4s+4—4a

2. amE S X

|mn|> (k)2—2 0<|n|< k|
0<|n|<|m|<K|k|

(k)2a—tsta—2a < (k)20 ds+2-20+
] ~ '
This is bounded in &k provided that a < 2s + a — 1.

The bound for N R3(u) follows from the bound for B(u) above since

Sl}ip!uﬂ < lugllee S llullms-

Note that the first summand in the definition of R(u) is in H*™* for a < 2s. For the
second summand in the definition of R(u), using Cauchy Schwarz inequality, it suffices to

bound

<k,>2s+2a
(10) P 2 (& + m)2(k + m + n)(k + n)2

|| < (k) 2~ 2
m|>n|>0
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Since a > 1, we have |n| < |m| < |k| in the sum. Thus we can bound the sum by
Z <k>2a—4s < <k>2a—4s+2—2a+'
[mn|< (k)22
This is bounded in & provided that a < 2s + a — 1.
By a similar change of variable, to estimate NR;(u), we need to consider
<k>2s+2a
11 su .
( ) kp Z g(m’n’ l{:)Q(k+m>25(k—I—m+n)23(k3)25<k4)25<k5>25

k+n—kz+ky—ks=0
Im||n|Z (k)22

Summing in k, and k3 for s > %, we bound this by

<k>23+2a
i 2 g(m, n, k)2 (k + m)?(k +m + n)> (k + )2’

Im||n|Z (k)22

which was considered before, see (8).

Analogously, for N Ry(u), the multiplier we need to bound is

<k>2s+2a
12 su .
12w D KR m ks G e
Im||n|2(k)2—2

Summing in k4 and ko, we reduce this case to (8), too. O

The following proposition, which follows from the proof of Proposition 3.1 in a fairly

simple way, will be used in the proof of Theorem 1.2.
Proposition 3.2. Fiz % <a<l1, and sy > % For any s > sy, and a < 2a — 1, we have

1B (u)]

2
Hso»

Hs+a 5 ||u| Hs u|

[R()]|ms+e S lul

1N R (u)]

2
Hso»

Hs u‘

uH%{SO? j = 17273'

aera S [lull s

Proof. We describe the details for B only.

2

1B(w)]

IS (R o g |

s+a
S [} RE 4 e — ke

2
k—kq+kg—k3=0 k

Ik —k|lkg—k1 |2 (k)2 =2
Since max(| k1|, |kal, |k3|) 2 |k|, we can bound the right hand side by
3 S a S—S
3 H 3 ()20 (e )0 [y | [y |0 |
= |k2a _ k%oc + k%a _ k§a|

k—kq+ko—k3=0
|ky—kl||kg—ky |2 (k)22

2

G



12 ERDOGAN, GUREL, TZIRAKIS

After Cauchy Schwarz inequality, the sum above is majorized by

Z <kj>230+2a<k}1>7250 <k2>7250 <k3>7250
|k2a _ k%a + k%a _ k§a|2 :

el 2l 0 sup

k—kq+ko—k3=0
Iy — ol kg — kg |2 (k) 222
Implementing the smoothing bound we have in Proposition 3.1, in particular the estimate
for (8), at the so level, we are done.
The proofs for R(u) and NR;(u) follow similarly from the smoothing bounds in Propo-

sition 3.1, in particular the estimates for (10), (11), (12), at the sq level. O

Proposition 3.3. Fix% < a < 1. For any %—% <s< %, , and a < min(2a—1,2s+a—1)

(the inequality has to be strict if the minimum is 2s + o — 1), we have

[N R (u)]

ot S lullien, 5=1,2,
provided that b < 5 is sufficiently close to 5.
Before the proof of Proposition 3.3 we record the following two lemmas.

Lemma 3.4. For }l <s< %, we have

3 (k1) (ko) > (ks) ™ _ ()2
by (A B+ k5 — k)

where the implicit constant is independent of k and A.

Proof. Renaming the variables k1 = k + m, ko = k+m + n, k3 = k + n, and replacing A
with A + k2, and by symmetry, it suffices to consider

(k 4+ m)~2(k +m + n) =2 (k + n) =%
Z (A +2mn)= '

Im|=|n]
Noting that the term n = 0 is < (k)~2%, we reduce the above sum to

E4+m) 2 (k+m+n)"2(k+n)"2
3 ( ) ) )

1— 9
o0 (A + 2mn)
and treat this sum in two distinct cases.
Case 1. |A+ 2mn| < |n]. We have
> (k4+m)" %k +m+n)"2(k +n)~%.

Im|=[n|>0, |A+2mn|S|n|



FRACTIONAL SCHRODINGER EQUATION 13

Note that max(|k +m +n|, |k +nl,|k+m]|) 2 |k|. In the case |k +m+n| 2 |k|, by Cauchy

Schwarz inequality, we have

(k) > (k +m)~* > (k+mn)=ts < (k)™

[m[=n|>0, [A+2mn|<|n]| [m|=[n[>0,[A+2mn[S|n|

The last inequality follows by observing that for fixed m there are only finitely many n in
the sum with the property |A + 2mn| < |n|, and vice versa. The other cases are similar.
Case 2. |A+42mn| > |n|. Using Lemma 2.1 first in the sum in m and then in n, and noting

that 1 5 <25<1, we have

(k+m)~2(k+m+n)"2(k+n)~2 (k +mn)=2 o
> = S Z e S R
(n)
[m|>|n|>0
This finishes the proof of the lemma. O
Lemma 3.5. Fm—<oz<1 For———<s§ 5, we have

3 (ki) 2 (ko) > (ks)™> ()2
(AL K & k30 £ k)i ™

k=k1—ka+k3

where the implicit constant is independent of k, A, and the combinations of + signs.

Proof. Replacing ko with —ky we need to prove that

(13) Z (k)= (ko) = (hs) ™ _ )2,

2« 2c 200\1— v

By symmetry we can assume that |ks| > |ko| > |k1|. We have the following regions
|ks| & [k2| > [k > |k,

|ks| & |ka| > |ka| 2 (K),

|ks| & [ka| & k| > (K),

- k| & [ks| > |ka| = [kl

k| & |ks| = |ka| = [Ka].

Case 1. |ks| = |k2| > |k| > |k1]. We have

kl % k3 —44s —4s —2s 1
WE 3 G 5 S e S e

|ks|>> k> k1| [k1|<| K| |ks|~2¢|k|

where f(ki,k3) = A+ k¥ + (k — ky — k3)** + k3*. Note that, for fixed ¢ and ki,

AN

’af ‘ > ||/{3 ky — |2a 1 |]{3 |2a 1| ~ ‘ka |2a 2 |]€’2a 12€(2a 2)
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Therefore by the mean value theorem, there is a kg depending on A, k, k1, ¢ and + signs so

that the sum in k3 is bounded by

1
< 1 + |k|1—20¢+2f(2—20¢)+.
: : _ 20—190(2a—2)\1— ~~
st ([kz — Ko[k[o—12 )

Also summing in k; we have the bound

(13> S/ 22—4£s’k|1—6s+(1 + ‘k|1—2a+25(2—2a)+) SJ |k‘176s+ + |k|2763—2a+ SJ ‘k|725.
(=3

Case 2. |ks| =~ |k2| > |k1| Z (k). We have

<k>—25<k,3>—4s
(13) S |k3|>>%z<k> <f(k1,k3)>1_ )

where f is as above. Note that for fixed k3

of o a- a-
e L e 1T

Therefore, for some k depending A, k, ks, ¢ and + signs, we have

k
SDORD I ) S ) ) S ()
" (ky — k‘o ||ks[22=1) 1=
3> (k) [k1|<[ks| k3> (k)
Case 3. |ks| = |ka| = |k1] > (k). We have
1
13)S Y ksl DY
( ) ~ | 3| <f(]€1,]{73)>1_

|3 > (k) k1 |ks]

where

f’> 2a-1 _ (7. [2a—1
k—ky — k3| I

Note that in this region the derivative is zero only when k; =

of this case can be bounded by (k)'~% < (k)~2% it suffices to estimate

’“773. Since the contribution

Z long3| Z )
’kgl—ﬁs -
ks3> (k) =1 |k1_m’~2g <f(k1,k3)>1

k

Writing j = k1 —

’af‘> ‘ij ’204 2N2€‘k ‘20( 2

This yields (for some j, depending on k3)
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log |3
185 > W™ 3 Y mm e
— |J - Jo\2 |k3| >
ks[> (k) =1 j|~2t,
< Z |k,3|—6s+ + Z |k3|—65+2—2a+ < <k>1—65+ + <k‘>_68+3_2a+ < <k’>_28,
ks[> (k) ks[> (k)

provided that s > % - 9.

Case 4. |k| = |ks| > |ko| > |k1|. It suffices to prove that

(k1) =2 (k)%
" > e Sb
el g > | (f (K1, k2))

where f(ki, ko) = A+ k2> £ k3 + (k — kl — kq)?*. Note that

il 2

Therefore

(145 > (k)™ > <

K[>k |k[>[ka|

—4s 1—2a+
k0||k|2a 1 1— N Z 1+ |k| )< 1.

Ik = [kf>{Fn |
Here, ko depends on k; as above.
Case 5. |k| = |ks| = |ka| > |k1]. We need to prove that
1
K720 k)™ Y e S L
ki, k3))l— "~
k[ 2 k| ar (R Ks))

where f satisfies

’af’>||k kl |2a—1_|k3|2a—1}‘

Note that the derivative is zero when k3 = or when ki = k. Since the contribution of

—k1
2

these cases can be bounded by |k['7** < 1, it suffices to estimate

log | k|
1
(15) L R el W TR
k|2 k1| k1K =1 |k e kl‘ at, 1, %3

Writing j = ks —

‘akg’ > min(2, |k — ki |)|k[222.

This yields (for some j, depending on k)

log |k|

15) < k,f2s k’ —2s
SR S B S e R

k|2 k1] k1 £k =1 Jjl=2t
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log | k|
1
1—4s+ —2s54+2—2a+ —2s
S ’k| + |k| Z <k1> Z IIlil’l(2Z |]{Z — /{31|>1_
|E|Z| k1 |,k 7k =1 ’

< |k’174s+ 4 |k|74s+372a+ <1
provided that s > % -3 0

Proof of Proposition 3.3. Recall that

—

N Ry (u)(k) =2 >

k—kq+ko—k3+kqg—ks5=0
|ky —k|lkg—ky |2 (k)2— 2

Uy Uy Uy Uy Uk
k20— 120 1 k20 — (k — ky + k)2

By the definition of X** norms and the Cauchy Schwarz inequality as in [10], the multiplier
we need to bound is

k25+2ak+m72sk+m_{_n72sk3725k472sk572s
3 (k)= ) ) (k)= (ka) > (ks)

" g(m, n, K22 = (k +m)>* + (k + m + n) — k3 + k§* — K22y

k

k+n—kg+kg—k5=0
Im||n|2 (k)2—2

Fix k,m,n. Using Lemma 3.4 when o = 1 and Lemma 3.5 when % <a<lwithk=k+n
and A = k** — (k+m)?** + (k +m + n)**, we bound the supremum above by

sup Z <k5>23+2“<k+m>728<k+m+n)*23<k5_|_n>*28‘

o mlnfz k)2-2e

g(m,n,k)?

This sum is identical to (8) which was handled in Proposition 3.1.

Similarly, for N Rs(u), the multiplier we need to bound is

“ Z <k>25+2a<k, + m>—25<k, + n>—28<k2>—28<k4>—28<k5>—28
i g(m,n, k)2 (k2 — (k +m)?> + k3% — (k + n)? 4+ k3> — k3)1—

ko —(k+m+4n)+ky—ks=0
Im||n|2 (k)2 =2

This can also be bounded by (8) using Lemma 3.4 when a = 1 and Lemma 3.5 when

t<a<lwithk=k+m+nand A=k —(k+m)*™ — (k+n)*. O

We are now ready to prove the smoothing theorems and the theorem on growth bounds

for Sobolev norms in the case of the torus.

Proof of Theorem 1.2. With the change of variable u(x,t) — u(x,t)e’f® in the equation

(1), where P = L|lug|3, it suffices to prove smoothing for the difference
u(t) — ey,

Note that u satisfies (3), and hence (7). Integrating (7) we obtain
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(16) u(t) — e A2y = e 2" B(ug) — B(u(t))
t
— / IR R(u(t)) + NRi(u(t') + NRa(u(t')) + NRy(u(t))] dt'.
0

Using Proposition 3.2 on the right hand side yields the claim. Continuity in time easily
follows from the a priori estimates. The second part of the theorem follows from the first

part and the conservation law (2) at the H* level. O

Proof of Theorem 1.1. This follows from Theorem 1.2 for s > % For s < —, we use X5

spaces. Recall (see, e.g., Lemma 3.9 and Lemma 3.12 in [14]) the continuous embedding

3+ 0
X2t c CVH?,

o

Using Proposition 3.1 and Proposition 3.3 on (16) (in the local existence interval) we obtain

b [ ()
o /0 DD (N Ry (u(e) + N Ra(u(t))

and

S

e—zt(—A) U ‘

e+ lu(®)|[5) dt’

|u(t) e+ [[u(®)]

Hs+a ~ ||u0|

1

X3t

S Muollies + luollzes + [N Ry (u(t)) + NRz(U(t'))|{X.s,_%+
S luollzrs + ol e S lwollzs + lluollzs. O

Proof of Theorem 1.4. We prove the theorem only on T. The proof on R is similar using
Theorem 1.3 instead of Theorem 1.2.

First note that for s < 3a — 1, the claim follows from the second part of Theorem 1.2
with s = «, and the boundedness of the H* norm.

Fix s > 3a — 1. Using the second part of Theorem 1.2 with a = 2a — 1 and with s

Hs— 2a+1 / ||u
Hs—2a+1 —|—/ Hu

replaced by s — a, we have

—it(—A)*¥—itP

Hs 2a+1 dt

Hs—2a+1 + ||u( )|

[u(t) — e o[ o < ol

which implies

Hs 2a+1 dt

[u®) o < ol + [lu(t)]
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By interpolation we have

2a—1 s—3a+1 s—3a+1
FRIO]

[u(t)]

H572a+1 S ||u(t)

gt S llul)] g2

Therefore

[w(®)]] 7 < ol + [Ju(t)]

s—3a+1 t , s—3a+1 ,
i [ )l .
Letting f(t) := supyeoq [|[u(t)| s, we deduce

s—3a+1

f@) S @) F) ===,

which implies the claim. [

4. FrRACTIONAL NLS ON THE REAL LINE

We now apply a similar normal form transformation to the fractional NLS equation on
the real line. The main difference with the torus case is that the phase rotation P does not

arise. The final equation reads as follows (compare with (7))
(17) i0y ("R + "R B(u)) = A (R(u) + NRy(u) + NRy(u)),

where

Ug WU&
Bl(€) = / e
§—81+€2—€3=0 ! 2 ’

l€—€1116—€312(1E—€1 |+ —€3]+[€])2 2

R(w)(©) - / e T

§—§1+€2—E€3=0
le—€1116—€3]< (|6~ [+|6—€5]+]€N)2 2

T 7o Ugy Ugy Ugy Ug, Ugy
§20 — ¥+ 65 — (§ — & + &)

§—€1+E2—E3+84—E5=0
|6—£111€2—€112(1€—€1 1 +]€a—€1 |+]€])2 2

Ug, Ugy Ugy Ug, Ugs
NRy(u)(§) = — : :
N N
E—§1+€2—E3+84—E€5=0
l6—€1116—€312(16—€1 [+1€—€3]+Ig))2 2

The following proposition is analogous to Proposition 3.2 for the torus case. Using this

proposition one can prove Theorem 1.3 along the lines of the proof of Theorem 1.2.
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Proposition 4.1. Fiz % <a<1, and sy > % For any s > sy, and a < 2a — 1, we have

1B )|z S [lul o0,

Hs u‘

[1R(w)|

2
H*®0>»

weta S J|ulls |l

IN R ()| o+a S lul poor J=1,2.

Hs U|

Proof. We will prove the proposition for s = sy only. The statement for s > sy can be
obtained from this as in the proof of Proposition 3.2. When s = s, the proof is identical
to the proof of Proposition 3.1 in the case when |{ — & ],|{ — &| > 1 for B(u), R(u) and
NRy(u), and in the case [£ — &,|& — &| > 1 for NRy(u).

We start with R(u). Denoting |ug|[(€)° by f(§), and using symmetry, it suffices to prove
that

H ) f(&)f&+&—86)f(&)
(§1)5(&3)%(&1 + & — €)°

d6dy

3
2 Sl
lE—€11<1, [€-¢;|<|6]
l6—£1116—€31< (1€ €1 [+]6 &3] +]€))2 22
By Cauchy Schwarz inequality in & and &3 it is enough to consider the case |£] > 1. Note

that after the change of variable £ — & = p, the left hand side can be bounded by

| ] efeane),y
(€s) L1
lpI<1, |pI<|€—€3]
Iolle—€3l< (1€ ~€5]+1€)2 2
We consider two cases.
Case 1. |&] < [£]. In this region we bound the above integral by
H €1 f (€~ fz)gjggj - p)f(£3)dpd§3’ )
lol<clg]t~2e >
— - 1
<| [ LEE DO e < [ Lapsine
|p|2a_1 L‘§|>>1 |p|2a—1
lel<t lpl<1

provided that @ < 2o — 1. In the second inequality we first took the L? norm inside and
then integrated in &;.
Case 2. [&] 2 [€]. For a < 2s we bound the integral by

S Iz

(13) | [ 5= nses— siedpass

lp|<1

2
[€1>1

where we took the L? norm inside and integrated as before.
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We now consider B(u). Similarly, it suffices to prove

a —2s +
H ‘€|2a<§3> 2af<€1)f(§1 63 g)f(Za d& < ||f||i2
|§20 — £3% + (& + & — €)% — £37| L5
[€—€11<1, [§—&11<|6—¢3]
le—€1116—€312(1E—€31+]€))2— 2
Using Lemma 2.2 and letting p = £ — &, we bound the left hand side by
| RSl 6 )
2s
(€)% |pll€ — &l L5
[pI<1, |pI<|&—E3]
lollE—£312 (16~ €3] +1€))2—20
We again consider two cases.
Case 1. |&] < [£]. In this region we bound the integral above by
H / 12 (€= p)f(& — ) [ (&)
] 1
12[plZgf1-2 o>
{2t f(E = p)f(& —p)f(€
| [ & & =T ey | 55,
|IO| \£I>>1

1>]pl

provided that a < 2o — 1. In this case the last inequality follows by integrating in &, &3, p,

in that order.

Case 2. |&] = |€]. Using |p||€ — & 2 (1€ — &+ |€])*72*, we bound the integral by (18) for

a < 2s.

For N Ry(u), note that by the algebra property of Sobolev spaces

fle—6 —¢&) = ’/6 &1 — &3) gy Ug, e ¢, 1615 16,0820Es| € L ¢ ¢,

This reduces the proof for N Ry(u) to the case of B(u).

Finally for N R;(u), the analysis is similar by eliminating &5 and then integrating in &3

and &. Then, the change of variable &3 = & — & + & reduces its proof to the case of

B(u).

APPENDIX. QUINTIC NLS ON THE REAL LINE
We consider the quintic NLS equation on the real line:

(19) { iug + Au = tlultu, z€R, teR,

u(z,0) = ug(x) € H*(R).
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We prove the following local estimate: For any s > % and a < min(3s — 1, %), we have

(20) e ul| oy S Nl
This leads to a smoothing estimate as in Theorem 1.1. The equation is L?—critical and one
can control the H' norm in the defocusing case. Dodson in [13] obtained global solutions
for s > i and provided polynomial-in-time bounds for any i < s < 1. Therefore, in the
defocusing case our smoothing theorem can be extended to all times.

As in Section 3, to obtain (20) the bound, it suffices to bound the multiplier

<€>23+2a H?:1<€i>—2s
-G+ -G+&-8)"

sup

¢ §—&1+8—E3+864—&=0
Without loss of generality |£5| = |£]; the proof is similar in the other cases. In this case, by
substituting & = € — & + & — &3 + &4, we bound the integral by
/‘ (€™ iy (€)™
(206 =& + & — &)+ p(€ &, 6, 6))!
where p is a polynomial of degree 2. Note that (for s > 0)

<x>—2s < 1 / <x>—25 < 1
/ Tz + BY- S A | oy BJAR- S [ape

uniformly in B. Using this in the &, integral, we bound the integral above by
(&) Iy (&)™ (&) My (&)™ €
|€ _ é"l + 52 _ §3|1— <§ _ 51 + €2>min(2s,1)— <€>min(65—2,1)—

The last term is bounded for any @ < min(3s — 1, 3).

—d&1d&adsdEy,

%mmsf dé,déy <
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