DISPERSIVE ESTIMATES FOR THE SCHRODINGER EQUATION FOR
3

C"z POTENTIALS IN ODD DIMENSIONS
M. BURAK ERDOGAN AND WILLIAM R. GREEN

ABSTRACT. We investigate L' — L° dispersive estimates for the Schrédinger equation
tutr — Au + Vu = 0 in odd dimensions greater than three. We obtain dispersive estimates
under the optimal smoothness condition for the potential, V' € C("_3)/2(R”), in dimensions
five and seven. We also describe a method to extend this result to arbitrary odd dimensions.

1. INTRODUCTION

The free Schrodinger evolution

—i 1 —ilz—
(@) = Cu [T )y

satisfies the L' — L™ dispersive estimates
le™" Flloo S [E7"2 1 f 11

Consider the perturbed Schrodinger operator H = —A 4+ V, where V is a real-valued poten-
tial. In general the evolution e cannot satisfy the dispersive estimates above due to the
possibility of bound states. In recent years there has been interest in the following.
Question: Under what conditions on V, does e P,. satisfy the L' — L dispersive
estimates,

(1) e Pacflloo S H72(1f 11, £ € S(R™),
where P, is the projection onto the absolutely continuous spectrum of H?

The first authors to consider (1) were Journé, Soffer, and Sogge. In [10], they proved
(1) in dimensions n > 3 under the assumption that |V (z)| < (z)~)~ ¥V € L' and a
small amount of additional regularity on V. In addition they assumed that zero is neither
an eigenvalue nor a resonance of H. They also conjectured that (x)~2~ decay rate for V'
and the regularity of the zero energy should be sufficient for (1). Since than (1) has been
considered by many authors. The best results in dimensions 1, 2 and 3 are in [7], [15] and
[6]. In particular, in [6], Goldberg proved the conjecture in three dimensions. For a thorough
discussion of the progress in dispersive estimates for the Schrodinger operators, see the survey
article [14]. For some applications to nonlinear PDE’s see [16].

In dimensions n > 3 it was shown in [8] that there exist compactly supported potentials

Vel nT_S_(R”) for which (1) fails. In the positive direction, for dimensions n > 3, (1) was

established in [17] and [5] under an LP condition on the weighted Fourier transform of the
potential, which corresponds to more than "Tf?’ + Z—:;’ derivatives in L2. Work on dimensions
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four and five using techniques of semi-classical analysis has been done in [3]. It was shown
that ”Tf?’ + € continuous derivatives and some decay assumptions on V implies (1). It was
also conjectured in [3] that V € C"Z T (R") and |DFV| < (2)~27%= for 0 < k < (n — 3)/2
should imply (1).

In this paper we prove (1) under the optimal smoothness requirement in dimensions five and
seven. We also describe a method to extend this result to higher odd dimensions. Although
the five dimensional case is somehow straight-forward, the problem gets very complicated in
dimensions seven and higher. The difficulty is similar to the diffucilty in the case of magnetic
Schrédinger operators; the high energy behavior of the operator is hard to control due to the
singularities of the resolvent. There are still no known L' — L dispersive estimates for
the magnetic Schrodinger operators, and we hope that our method sheds some light on this
problem as well. For Strichartz and Kato smoothing estimates for the magnetic Schrédinger
operators, see [4] and [11].

Theorem 1.1. Assume that zero is not an eigenvalue' of H = —A+V, V € C("=3)/2(R")?
forn = 5,7 with |V (z)| < (@)™ for some 8> 22 and for 1 < j < 253 |VIV(z)| < ()™
for some a >3 forn=>5 and o > 8 forn="T. Then

||eitHPa0H1Hoo S ’t’_%

As in [13, 7, 6], the starting point of our proof is the spectral representation (with f,g €
S(R™))
. oo 1 [~ .

(€M Pocf, g) = /0 BN g) dh = o ) e MRE(N) — Ry (V]S 9) dA,
where E!_()) is the density of the absolutely continuous part of the spectral measure as-
sociated to H, and R‘%(/\) = (H — X £i0)~! is the resolvent of the perturbed Schrédinger
equation.

In light of these formulae, and a change of variable, (1) follows from

(2) sup
L>1

where y € C§°(R) with x = 1 for [A| < 1 and x = 0 for |A| > 2, and x1(\) = x(3). As is well
known, Ry (z) can be expressed in terms of the free resolvent Ry(z) via the resolvent identity

Ry (z) = Ro(z) — Ro(2)V Ry (2).

Upon iterating this identity 2m + 1 times for some positive integer m and using RoV Ry =
Ry V Ry, as in [7] for example, one obtains the symmetric finite Born series expansion

[T R0 - RO 0) | S el

2m+1
(3) Ry(2) = Y (=1)"Ro(2)[V Ro(2)]" + [Ro(2)V]™ ! Ry (2)[V Ro(2)] ™.
k=0
In [8] (Theorem 4.1), Goldberg and Visan proved that under the assumptions of our The-
orem 1.1 (in fact only the decay assumption for V' and regularity of zero are needed), if m

IThere cannot be a resonance at zero energy since (—A)~(z) "2~ is bounded in L?(R") for n > 5.

2In fact, we don’t need continuity of VTV, It is easy to check from the proof that V € C"%" and the
decay assumptions on [V/V (z)| for 0 < j < 253 are sufficient for the result.
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is sufficiently large, then (2) is satisfied for the contribution of the remainder term in (3).
Therefore, Theorem 1.1 follows from the following

Theorem 1.2. If V € C"=3)/2(R™) for n = 5,7 with |VIV (z)| < (2)77, for some 3 > 3
when n =15 and f> 8 whenn="7,0<j5 < an:B then for each k € N, (2) is satisfied for the
contribution of the k'™ term of the Born series in (3).

Although we didn’t try to obtain sharp decay conditions on the potential and its derivatives
to keep the paper shorter, it should be possible to obtain Theorem 1.2 under the condition
|DFV| < (2)727%= for 0 < k < (n — 3)/2 by improving our integral estimates. However, this
would add many more subcases to the proof.

th

2. CONTRIBUTION OF THE k'* TERM OF THE BORN SERIES

In this section we describe the basic idea behind the proof of Theorem 1.2. Most of the
details are in the later sections. We start with the properties of the free resolvent. Recall
that in odd dimensions n > 3, Ry(z) is an integral operator with kernel

n—2

2
) HY, (22 |z —y)).
2

8 Ro(e)o) = & (2
2zy) =~ | =———
0 K 27|z — y|
Here Hl(,l)(-) is a Hankel function of the first kind of order v. We use the following explicit
representation for the kernel of the limiting resolvent operator Rg (\?) (see, e.g., [9])

Ry (N*)(2,y) = Ga(£A, 2 — yl),

where
-3 -
(5) Gn(A, 1) r” 5 Z = (—2irA)".
2
We also define
ei)\r
gl(/\,r) = Cl b\ .

Lemma 2.1. For n > 3 and odd, the following recurrence relation holds.
1d 1
(545 ) 9n07) = 5-Gnal0 )

Proof. The proof follows from the recurrence relations of the Hankel functions, found in [1]
and the representation of the kernel given in (4). One can also prove this (with a fixed
constant instead of 27) directly using (5). O

Since (with a slight abuse of notation) Ry (A\?) = Rd ((—A)?), the contribution of the rth
term of the Born series, given as a summand in (3), to the integral given in (2) can be written
as

/_ T e L (BT (D) VRE (AR, g)dA

= /]R . "™ AxL(N) H Gn(A,1j) H V(21) f(20)9(2k+1) dzo dZ dziy1 dA,
j =1
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where 7; = |zj — 2zj41], and dZ' = dz1 ... dz,. Thus, we need to prove that

Lo e TL0n ) [TV dzar| <12
RTLK .

Note that by "Tfl successive integration by parts in A\, one obtains

(7) /ReitVAf(A)dA: <21d)7121/Re’”2)\B\$}n21f()\) A,

In our case, f(A) = xr(A) [I5=0 Gn(A,7j). By Leibnitz’s rule, and Lemma 2.1, we can write

(6) sup

L,20,2k4+1

A3 d)\] f (A) as a linear combination of the terms of the form:

(8) A K%%)OHXL()\)} f[gn_mj()\ﬂ"j),

where a_1, ag, ..., a, € Ny satisfy 23—71 a; = 1=,

We first con81der the case when no derivatives act on the cutoff function xr, i.e. a—1 = 0.
Using (8), the contribution of this case to the integral in (6) can be written as a sum of terms
of the form

(9) (1=m)/2 / ™ Ay (A Hgn 20; (N ry) [] V(i) dZd.
Rns+1 j -0 el

Note that by (5),

,_.

(10) A H On—2a;(A,15) = eMr Py (A0, T,
j=0

where p, = >" =0T and P, is a polynomial in A of degree x"5> 3 with coefficients depending
on 7;’s. For the AV term in P, ., we apply N successive integration by parts in the variables

Z1,...,2, (i€, up to "ng integration by parts in each of the variables zj,...,z;). This
requires that V € C nTig) To apply integration by parts, we use the identity
. ) AYRM
11 e = (Vo) o
( ) ZJ )\|VZSOK|2
. . Lo Zj—1—%5 Zj—Zj4+1 . .
For notational convience we denote Ej := V. ¢, = v el P——— Since we gain a

negative power of A from each application, we can rewrite
(12) (9) = t1-m/2 / L) Z (20,7, )T,
Rnn«l»
with Z,, . independent of A. Next, we use Parseval’s formula, together with the identity

R (g) = O3 18/

to obtain
sup  |(9) S It|” 2SHPHXLHl sup || Zn,s (20, -+ 5 zet1) |11
L,20,2x+1 20,2K41
SIHT2 sup | Znw(z0, s 2es) |1

20,2Kk+1
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Where the L! norm is taken in each of the variables z1, ..., z.. This yields the statement of
Theorem 1.2 (for the contribution of the terms with a_; = 0) if we can prove that
(13) sup HZTL,H(zoa o 7Zl€+1)”1 < 0.

2052k+1

Unfortunately, (13) holds only for n =5 or k =1 (if V and VV decay sufficiently rapidly at
infinity). For the higher values of n and k one needs to setup the integration by parts more
carefully. For this reason we first discuss the five dimensional case using a slight variation of
the method above which is more suitable for generalization to higher dimensions.

3. FIvE DIMENSIONAL CASE

We first present the proof for a—; = 0 and for the contribution of the leading, A", term of
Ps ;. in (10). Let I = {i1,...i5} C {1,2,3,...,k} be an index set. We define the correspond-
ing combined variable as A; = (24, ziy, - - -, 2i,) € R® with z; € R". For f : R™ — R and
F=(F,F,,...,Fy): R™ — R" we define

J
Va,fi=iuf, Vi ks Vi, ), Va, - Fi=> V- F

J=1

where V; = V.. We perform integration by parts® in the variable .A; by using the identity,

) . 1 Fy
ew\gon — (VAIez)\cpn> .

A Fy|?
where Fr = (E;y,..., E;,), and E; = é?j:j‘ — Ij:?ﬁl’ as follows
/M el)‘“”“f(zl,ZQ, coey2g)dZ = —% /m el)‘“”“VAI . (f(,?) ’FII|2> dz
.J
__d den ( - Fis > .
= ——= e V. - Z dz
)\‘;/nn . f( )|F]|2
i < :
(14) -y / oDy, f(5) d7

Here, for any index set I and ¢ € I,

E;
Qrif =V, <f|FI]2> :

First we apply this with the index set I = {1,2,...,x}. Then, for each summand j in
(14), we apply the same operation with the index set I\{i;}. We continue in this manner
by removing the used index from the index set in each step. After x steps, we obtain a tree
of height k, and we write me e f(21, 2, ..., 2:)dZ as a finite sum (with each summand
corresponding to a length x branch in the tree) of integrals of the form

i

® i\ -
<_)\)/ e D i P f(2)dZ,

3We ignore the boundary terms in the integration by parts coming from the singularities. One can use
smooth cut-off functions as explained in Section 3.3.
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where I} = {1,...,x}, i; € I; for each j, and I;\i; = I;41 for each j =1,2,...,k — 1. Using

this with
f=X" | | T | I Vizk),
|ZJ | J

the leading term of (10) multiplied by the potentials (for n = 5), we see that the contribution
of this term to Zs , in (12) is

K 1 K
Q7 P ( ————— V(zk)>.
7 1,21 ]1;% ‘Zj _ Zj+1’2 a; kl;[l

Therefore, in light of the discussion following (12), the proof (for a—; = 0 and for the leading
term in Ps ) follows from the following

%+l

Proposition 3.1. Under the hypothesis of Theorem 1.2 in dimension five, for each k € N,
for each ay, ..., € Ny, Zj a; =2, and for each sequence {I;,i;} as defined above, we have

K K
1
@[M'N...(I)[7' ( 9. | I V(ZQ)’
% 1,21 jl_lo |Zj _ Zj+l|2 Qa; Pt

The only difference in higher dimensions is that one should be more careful about the
choice of the variables in A;. Instead of working with z1, 29, ... zx, we will apply integration
by parts in more suitable variables.

The first step in the proof of Proposition 3.1 is the following

< Q.

su
’ L(2)

20,%Kk+1

Lemma 3.2. For any sequence {I;,i;} as defined above, we have

K 1 K
(15)  |@ri o @r ]:[ EErm | V)|
f[ [|vv )| \V(zl)|( 1

| Eil |Ei? a1 —al o |a —Zl+1| } H o 12 —Zy+1\2 %

AN

l

K
1
16
(16) H !EMQ < |z1-1 — Zl! |21 — Zl+1\> H o 17— Zy+1!2 Z 2 = 2

=1

[y

Proof. The first inequality follows from the following Slmple observations. We leave the proof
to the reader.
1 1

_|_
lzj—1— 2| |zj — 241l

V5Bl 5 ), fori=j—1j.j+1

_ _ 1 1
VI EI S 1R + )
zi-1— 2| 1z — 2
|V;|Fi|7'| =0, if I does not contain j — 1,7, j + 1.
Moreover, these inequalities remain valid if one applies the same ®;; operator to both sides
of the inequality. When we apply ®;; in (15), depending on where V., acts, one gets an

% (since |Ej| < |F7l), or for some J D I,

V(z; 1 1 V(z; 1 1
(17) [V (25)] ( N )g | (ZJ2)|< N )
\Fr|[Fy[ Nzjm1 — 2] [25 — 2541 |Fr? Nzjo1 =25 [25 — 2541

additional contribution of either
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The derivatives may also act on |z; — zj11| terms whose effect can also be bounded by the
R.H.S of (17). This proves (15) with E; on the R.H.S replaced with F7 for some I containing [.
The second inequality follows immediately by the decay assumptions on V' and the inequalities
|F7| > |Eyl, |Ei| <2, and

K K
I 1z — 21l <D lzi = ziga|”
j=0 i=0

O

Note that the R.H.S of (16) has two types of singularities: point singularities m and

line singularities - (recall that B; = Z2=1=% _ Zi72%#1 " which vanishes if z; is on the
|£5] J zj—1—2] lzj—2j+1l J

line segment Z;_1z;;1). Below, we state bounds for integrals containing such singularities in
arbitrary dimensions.
First we introduce some notation. For z,z,w,y € R", x # 2z, w # y, let E,.,, denote the

line singularity é:; - ﬁf}:z'. With this notation, we have £ = E.,_,.....,,,. Note that
(18) |Epzwy| = Z(22,0Y), |Epzzw| = max(ZL(z%, 20), L(2W, xW)).

In five dimensions we need estimates of the following kind. Fix three distinct points z, w,y €
R™. Assume that w is not on the line segment connecting x to y, or equivalently, E;ywy # 0.
Consider the integrals of the form

2) 737 dz
(19) /R ()% d

n |z — 2152 — w|*| Byszw|" 73| Bawwy "3

with 0 < k,/ <n—1and n—3 < k+ . For the first term in the Born series, only the
first line singularity occurs. Note that this integral has two point singularities and two line
singularities. The assumption Eg ..y # 0 implies that the line singularities are separated
from each other by some angle. It also implies that the point singularity at = is away from
the line singularity E.,wy. Accordingly, our estimates depend on the angle |E;yuwy|, and also
on the length |z — w|.

The proof of the following theorems are technical and are given in Section 6. The following
Theorem, along with its obvious generalization to the cases in which the power of the line
singularity is less than n — 3, suffice for the first term of the Born series in any odd dimension.

Theorem 3.3. Fit 0<k/{<n—1,n—3<k+{ k+{+#n, and x,w € R*. Then
max(0,k+0—
/ <Z>_3_d2 < { (|x1w|) > " |x—w| <1
R

oo = oMz = | Bpnen |73 | ()M g ) > 1

Remark 3.4. We note that the line singularities other than E, ..., tnvolving z are determined

by a basepoint, either x or w, and a direction vector v. We define E, 5(2) = Z(2%,v). For

instance, \Ewwy|_1 is singular along the line emanating from w with direction vector yw.
Thus

Ezwwy - Ew,y?ﬂ('z)'
Similarly, note that Ey.wy = Ey yy(2) and E.yyy = Eya(2)-

The following theorem will suffice for nearly all cases that arise in this paper in dimensions
five and seven.
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Theorem 3.5. Fizr 0 <k, {<n—1,n—-3<k+/{, z,w € R"™ and a vector v € R". Assume
a = Z(U,wk) > 0, then for any F,G € {Epzw, By i(2), By —5(2)}, F # G, we have: if
k+ ¢ # n, then

( 1 max(0,k+£¢—n)

/ () de < o3 ) \E=ar) o —wl <1
- |JI — z\k\z — w‘g‘F’n_3|G|n_3 ~ ( 1 )mln(k,é,kJrZJrBfn) ’Hf _ U}‘ -1

If k+ ¢ =mn, then
0+
/ <Z>_3_dZ < af(nf?)) { (|z—1w|) ’33 - U)‘ <1
R

_ 3~ in(k,¢,3)—
oz — 2z — w[f|FF3]G3 ()™ o] > 1

Remark 3.6. Note that this theorem applies to (19) with o = |Egyuy|. In fact, for every
line singularity except E.yy, in Remark 3.4, we have a = |Egpwy|. When the singularity
|Ewyu| appears, then a = |Eqpyyy|.

The following weaker version of this theorem will be used often:

Corollary 3.7. Under the assumptions of Theorem 3.5, we have

/ <Z>_3_d2 < a_(n_3)< 1 >min(k,€,k+€+3—n)‘
R 7 = 2[F|z — w]f[F*3 G |z — wl

Proof. This follows immediately from Theorem 3.5 if k+ ¢ # n since min(k, ¢, k+£{+3—n) >
max(0,k + ¢ —n). If k + ¢ = n, first use the inequality

1 < 1 [ 1 n 1
‘{L‘ _ z]k\z _ 'LU’K ~ ‘.Z' _ w‘min(k,é) |x _ Z‘max(k,é) ‘Z _ w‘max(k!) ’

then apply the first part of Theorem 3.5 with k, £ replaced by 0, max(k, £) and vice versa. [
Now, we prove Proposition 3.1 using these estimates.

Proof of Proposition 3.1. First we consider the case k = 1. Using (16), we need only show

(z)%
su dz1 < o0
o /R5 |20 — 21|21 — zofm | By 2T ’

Where, by (16) (for each fixed value of 7 in the inner sum), we have the following restrictions
on mg and mq:

mo,m1 > 0, and 2 < mg +mq < 3.

This immediately follows from Theorem 3.3.
Now we consider the case k£ > 1. Similarly using (16), it suffices to prove that

(20) / 1 ﬁ [ (z¢) 73~ }d* 3
sup 7 < oo.
20,5041 J Row |20 = 21| L Lze — 2o [T El?
Where mg, m1, ..., my satisfy my < 4, mg, m,; < 3, and m,_1 +m, < 6. Moreover, following

Lemma 3.2 we have the following two possible cases:
i) my > 2 for each ¢,
ii) m; € {0,1} for some j, and my > 2 for all £ # j,
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Case i) By Corollary 3.7, noting that a ~ |Ep23|, we estimate the z; integral in (20) as
follows

/ . a1 S 1B ()
i 1
w5 |20 — 21|02t — za[ M| Ef2[Ba2 T T g — 2] )

where m/ = min(mq, m1,mo + my1 — 2). Since my < 3 and mg, m1 > 2, we have 2 < m) < 3.
By repeatedly applying Corollary 3.7 as above, we estimate the zo, ..., 24— integrals by
(we use m; to denote the leftover power of 1/|z9 — ;11| after we estimate the z; integral)

)
‘20_25—1’

where 2 < m/_, < 3. For z,_; integral we use the other bound in Theorem 3.5 to estimate
(20) by

/ () 737 dzy

R |20 — 2|12 — Z41 || B0 i1 |2

where m/._; = max(0+, m),_,+my,_1 —5) € (0,2]. This integral is < 1 by Theorem 3.3 since
2<ml_ 1 +me<ml_o+me1+me—5<3+6—-5=4.

Case ii) m; € {0,1} for some j, and my; > 2 for all £ # j. Without loss of generality, we can
assume that j < k (if j = K, reverse the ordering of z1, ..., z,). For £ < j — 1 we estimate the
z¢ integrals as in the first case, which gives 2 < m}fl < 3. Since m; € {0,1}, Corollary 3.7
implies that mg = m;. We continue to apply Corollary 3.7 for / = j 4+ 1,...,k — 1. Noting
that my, = m; for £ = j,...,k — 1 we estimate

_3—
(20) < sup / (o) ° da < .
R

20,2k+1 J RS ‘ZO - 2n|mj |Zn - Zﬁ+1|m“|E0,/i,/<,ﬁ+1|2
The last inequality follows from Theorem 3.3 since m; € {0,1}, and 2 < m,, < 3.
(I

3.1. Contribution of the lower order terms of P . for a_; = 0. Fix ay, ..., o, as above.
We consider the contribution of A*~! term, in Ps, the others are similar. By (5) and the
definition of P 4, see (10), this term can be written as a linear combination of

1
2 o V( (=0,1,...,5.
2 |Ze*Zz+1\ H o |7 *Zy+1!2 aj H (k) Lk

Note that after applying the first integration by parts, see (14), to the leading term of P 4,
we obtain a monomial of degree x — 1 in A which can be written as a sum of

o ( V( ) I=1,... K
i H’ZJ_Z]-HP O‘JH % "

The singularities of this term for [ = ¢ or [ = ¢ + 1 are worse then the singularities of (21)
since |E;| < 1, see (16). Therefore, the rest of the procedure described before Proposition 3.1
finishes the proof for this term.
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Similarly, the proof for the contribution of X* ¥ term is done by comparing the coefficient
with

K K
1
q’IK,iK---‘I’h,n(H L a HV(Zk))7 I=1,...,k
o |z =z
Jj=0 k=1

for a suitable sequence ({I1,i1}, {I2,%2},...,{IKk,iK}).

3.2. The case a_; € {1,2}. This will also follow from our previous discussion. First note
that for any a7 > 1

a—1
()" 0= 2w ()0 = o

Since, for j > 1, x\9) is a Schwarz function supported in the set |A| ~ 1, and L > 1, \=Nx(\)
has L' Fourier transform for any N € Ny.

We present the case a1 = 2, the case a—; = 1 is essentially the same. In this case, the
integral in (9) takes the form, with r; = |z; — 241/,

1 K K
(22) / . ey 731'[ (A7) [T V(=) dZdA.
Rnk : k1

Thus, (10) is replaced with

K
(23) AT G5 (A rs) = €29 Ps (A, ro, - -y m).
j=0
The main difference from the case a_; = 0 is that 155,5()\,7'07 ...,7x) has degree kK — 2, and

it is not a polynomial since it contains terms with the factors A™! and A~2. However, these
terms do not create additional problems since A=V ,(\) has L' Fourier transform.
The leading term of Ps (A, 70, ..., 7s) is given by

K

1
e
7=0 J

We perform k — 2 integration by parts as described before Proposition 3.1. The resulting 2’
integrals can be estimated in exactly the same way as in the case i) of the proof of Proposi-
tion 3.1. The proof for the lower order terms are done as in the previous section.

3.3. Justification of integration by parts with smooth cut-offs. In integration by
parts, we use smooth cut-off functions around the singularities to eliminate the boundary
terms. Let p(z) be a smooth cut-off around zero, p(z) = 1 when |z| > 2 and p(z) = 0 when
|z| < 1. Note that, sup, |%p(x/e)| < ﬁ Therefore, for a line singularity F,

sup IVap(IF /)] S 1 VI F |-

IF |
Which has the same size as if the derivative had acted on the line singularity |T1ﬁ| itself. Higher

order derivatives behave similarly. We also use the cut-off p(| - —z|?/¢) for point singularities.
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4. SEVEN DIMENSIONAL CASE

As in the five dimensional case, we set up an integration by parts scheme. We ignore the
issues of smooth cut-offs, derivatives acting on x, and lower order A terms, they are handled
as in the five dimensional case. Consider the leading, A**, term in the polynomial P; . of (10).
Here we must perform 2 integration by parts, the assumption V' € C? necessitates that we
perform two integration by parts in each z; variable. This introduces a new difficulty since
differentiating |z; — zj+1]_3 twice in both z; and z;11 leads to a non-integrable singularity.

To overcome this difficulty, we integrate by parts with respect to the new variable b, =
zj + zj+1 as needed by using the formula

(24) ei)\lpﬁ — 2 (vbe’b)\@n> . ( E]_17]7]+17]+2 ) ,
A\ |Ej-1.jj+1.5+2)

L RiTR 2p—Z _ K . 3 3
where Ejjj = Fima] ] and ¢, = > 7_o|zj — zj41|- We can now perform integration by

parts in the b; variable without affecting the singularity involving |z; —z;11] as Vi, |2j—2j11] =
0. Integration by parts in this variable will allow us to avoid non-integrable point singularities.

4.1. Higher Born series terms. We first discuss how to handle the terms of the Born series
with £ > 2. The highest A\ power term has power 2x and we wish to perform 2k integration
by parts twice in each of the z1, 29, ..., 2, variables.

As in the five dimensional case, when we integrate by parts in the combined variables we
obtain a sum of terms, in this case we get a tree of height 2k. We start by integrating by
parts in the combined variable (21, 29, ..., 2x) on the function

)\ZHH HV
‘Z] —Zj +1‘3 & #)-

We note that the combined Varlables results in a sum of terms for the combined variable
A = (a1,as,...,ar) with associated combined line singularity F' = (Fy, F, ..., FI),

NPk A d7 = _1 z)\tpKV . — dz
\/R'?)ee f(Z) z )\/I\g%@e .A (f()|F‘2)

.
2 i i F; -
—X E /R7N € /\@Kvaj : (f(Z)ﬁ) dz.
i=1

We must keep track of the different summands that arise in each V;f(%) term, as each
derivative can act by increasing the power one of two point singularities or act on a potential.
That is,

(25) v(lj : (f(ﬁ,?,g) faj,1+fa],2+fa],

Where in fq; 1 the derivative increased the power on a point singularity, in f,; 2 the derivative
increased the power on a different point singularity and in f,; 3 the derivative acted on a
potential function. In dimension five, the derivative used determined a branch in the tree,
but in dimension seven our scheme depends on the derivative used and the summand in (25).

We discuss our scheme for following a branch of the resulting tree, i.e. we select a summand
in (25) after each integration by parts. We integrate by parts in a combined variable, starting
with (21, 22, ..., 2x) first, until one of the following occurs,
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i. For some j, we integrate by parts in z; twice.
ii. We reach |z; — zj+1\*6 for some j and we have integrated by parts in z; or 211 only
once.

Note that these two criteria can occur simultaneously. If i. occurs and ii. does not, we simply
remove z; from the combined variable. From here we restart the process with the resulting
combined variable until we reach the above criteria again.

If ii. occurs and i. does not, we note that we must have that we are working with a summand
in which, up to switching the roles of z; and 241, the z; derivative has just acted on the
point singularity and two z;41 derivatives acted on the same point singularity and hence z;1
was removed from the combined variable by i. Here we remove z; from the combined variable
and replace it with b;.

If both i. and ii. occur simultaneously, we note that, again up to switching the roles of z;
and zj41, a z;j derivative has just acted on the point singularity for the second time and one
zj41 derivative previously acted on the same point singularity. Here we remove both z; and
Zj4+1 from the combined variable and replace them with one b;. Derivatives in b; can act on
both V(z;) and V(zj41), however this requires no more differentiability on V' as neither of
these potentials have been differentiated at this point

In each of these cases, we restart the process with the resulting modified combined
variable. At this point we have added the b; variables to the process, adding another
condition for which the combined variable changes.

iii. We integrate by parts in b; once.

In the third case we simply remove b; from the combined variable and restart the process.
These three rules completely characterize the choice of combined variables in each branch.

We note that for the use of b; variables to occur, three derivatives must have acted on a
single point singularity, in particular, we will never use both b; and b;1. To use a b;, three of
the four available z; and z;; derivatives have been used on |z; —z;11| with a fourth derivative
to be used as b;. In particular one z;41 derivative could not have acted on |zj41 — zj42|. Thus
if we use both b; and by, it must be true that [j — ¢] > 2.

For ¢ € {1,2,3}, we define ¥, , so that

Vra1(f) +¥ra2(f) + Yras(f) = Va- (ﬁﬁ‘%) ’

where the ¢ selects the summand, as in (25), of the above operator on which we continue.
Then, there is a sequence of combined line singularities Jp, Jo, ..., Jox determined by the
choice of variables ay,as, ..., as. and a sequence in {£;}; € {1,2,3}?" so that

(26) ‘IIJQ;mGQI-mZQN' \I'Jhal,fl H ’Z] — Jrl|3 o HV Zl

corresponds to a branch of the tree. Every branch can be represented as such.
A similar argument as in Lemma 3.2 along with ]Ej\’2|Ej_1’j,j+1’j+2]’2 < ]Ej|’4 +
|Ej—1,jj+1,j+2| 7% implies that we can bound the contribution to the Z integral of the highest
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A power of Py, by a sum of integrals of the form

1 K \—8—
(27) / i) ____dz.
B [20 = 210 0 |25 = 2 [M9]E]

Here & € {Ej,Ej_2j-1jj+1,Fj-1;j+1,j+2} as the z; can be replaced by b;_; or b; in this
scheme. We also have the restriction on &; that & # E_jgi2 nor & # Ex_1 krtlnt2,
as we do not use by or b,. We also have the restriction that arises from the b; separation
condition described above, namely that any sequence of line singularities cannot contain both
Ej—l,j,j+1,j+2 and Ej,j+1,j+2,j+3 for anyj Z 1.

For instance, for Kk = 5 we have a branch with the sequence of line singularities
(51, 52, 83, 54, 55) = (El, E0123, E2345, E4, E5) where in addition to using Z1,%2,...,25 W€ USE
b1 once in place of zo and b3 once in place of z3.

Moreover, we have 3 < m; < 6 for all j except possibly one 0 < mj, < 4, and the
constrictions that for £ > 1,

(28) 3C<mj+mjp1+--+myp <H+T,

for any j 4+ £ < k, with the upper bound being 5¢ + 5 if j = 0 with £ < x and the upper
bound is 5« if we sum over all the m;’s.

We have two types of line singularities, z type, which arise from integration by parts in a
zj and b type, which arise from integration by parts in a b;. We will call a line singularity b
type if b; acts in place of z; and b_ type if b;_1 acts in place of z;.

We can view the line singularities as a sequence. For the s term of the Born series, we
have a sequence in {z,b_,b; }". We note that the restriction on the use of the b; variables
yields that the first entry in the sequence cannot be b_ and the last entry cannot be b4.
They also imply that two by’s or two b_’s must have at least one z between them, a by must
have two z’s after it before a b_ can occur. Integration takes a sequence of length « to a
sequence of length k — 1. In this notation, denoting integration in z; by +, Theorem 3.5 (see
the remark following the theorem) can be phrased as

(29) <Z,Z,Z)k,(b+,2,Z)k,(Z,b_,Z)ki—> (Z7Z)]€717

(30) <Z,b+,Z)k = (b-l—;Z)kfl-

Where Z is a sequence, the subscript is a placekeeper for the length of the sequence, and in
(2,2, 7Z)) the first entry of Z is not b_. In a slight abuse of notation, if we use — to denote

integration in z; followed by integration in zo, we can rephrase Theorem 4.2, which is stated
below to estimate integrals with three line singularities involving z;, as

(31) (Z,Z,b_7Z)kr—>(Z,Z)k_2.

We note that if we approach integration from z, first instead of z1, the sequence reverses
order with b_ and by switching places.

Lemma 4.1. For any integer k > 2 and any sequence in {z,b_, by} that arises in the
integration by parts scheme for dimension seven, there exists a sequence of integrations such
that the sequence can be reduced to (z,z).

Proof. We establish this inductively. We take base cases k = 3 and kK = 4. For k = 3, by
reversing the sequences, we need only consider the cases (z,z,2), (2,b_,2), and (b, 2, 2).
They are all handled by integrating first in z;, the resulting sequence is (z, z).



14 M. BURAK ERDOGAN AND WILLIAM R. GREEN

For k = 4, we have the cases (z,z,2,2), (2,b_,2,2), (2,b4, 2, 2), (by,2,2,2), (z,b—,2,b_),
(z,b_,by, z),and (by, z,z,b_). The first four sequences are handled by successive integrations
in z; and z9, the last three are handled by integrations in z; and z4.

Now, we assume that every sequence of length £ < K can be reduced to (z, z), we call
such a sequence admissible. Now we take an arbitrary sequence that arises in the integration
by parts scheme of length Ko + 1. Call this sequence (a, X) where X € {z,b_,b, }0. We
note that (29), (30) and (31) all map a sequence to a shorter sequence that is better, in the
sense that b type singularities are converted to z type, or stay the same. Further, the new
sequence follows the rules on the separation of b type singularities. If a = b4 then the first
term in X must be z and we integrate in z; to obtain an admissible sequence of length Kj.
If a = z, we can apply (29), (30) to obtain admissible sequences of length K\ or apply (31)

to obtain an admissible sequence of length Ky — 1.
O

Recall that Theorem 3.5 and Corollary 3.7 contain estimates for integrals involving the line
singularities that b; variables produce. We also need the following estimate, which handles
the case when have three fourth power line singularities containing z;.

Theorem 4.2. Fiz 0 < k,{,m < n — 1 satisfying k+m >n—3, { +p > n — 3 where
p = max(0,k +m —n) or p = min(k,m,k +m+ 3 —n). Fiz z,y,u € R". Assume that
a = |Egyyu| >0, then if k+m #n and L+ p # n,

// ()73 (w) 3" dz dw
n Jre | = 2|F|z — w||w — Y™ Epzzw | 3| By |V 3 By "3

max(0,6+p—n)
<a(nm{(w) eyl <1

~

Ifk+m=mnorfl+p=n,

// ()73 (w) 3" dz dw
n Jre |2 = 2[F|z — wlflw — y|™ | Epzzw|™ 73’Ezwwy|n73|EzwyU|n73

max(0,6+p—n)+
<a(nm{(wy) e -yl <1

()™ T e =yl >0

~

The end estimate here is of the same form we would expect for estimating the z integral
and then then w integral if each had two line singularities. With the two choices for p, we
can bound the point singularity with order min(k, ¢, m,k+m —n,k+¢+3—n,k+m+3 —
n,k+£¢+m+6—2n) or max(0,k + ¢+ m — 2n) as needed.

To finish the proof in dimension seven, we divide into cases to show that for any sequence
{¢;} € {1,2,3}", with k > 2, and any sequence of variables a; chosen by the integration by
parts scheme,

sup [(27)] < oc.

20,2Kk+1
Case i: First we consider the case when mg + m, > 4. We note that

(32) (@) Hw) T S (e —w) T S e —wl T
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which allows us to create point singularity decay. We divide into cases based on the size of
mo + my. If mg +m, <6, we use (32) so that with the constraints on the m;’s in (28), we
have the following bound.

N - SR (n) ™
33 27 5/ I il dz,
R A T L SR i e Lo
where m; = max(m;,4). Now, min(mg,m;,mo+m; —4) = mg for all 1 < j < x—1. We

can estimate the z; integral by
mo
1 ‘ EQ‘—4_
|20 — 22

With Ey = Fyg3 or Egass using Corollary 3.7. If necessary, we use Theorem 4.2 to estimate
the z; and 29 integrals by
1 mo 4
(o) ™

Similar calculations apply if we integrate in z, and z,_1. Repeatedly applying Corollary 3.7
and Theorem 4.2, for some j, the final integral is bounded by

/ ()~ g

2.
B |20 = 2j|™0]2j — Zi1| ™ | Bo |t
This integral is < 1 by Theorem 3.3 since 4 < mg + m,; < 6.

When mg + m, > 7, we must be more careful, in the approach above the final integral
estimate would be unbounded as |zp — zx+1| — 0. In dimension five, we had to take care in
the final integral using Theorem 3.5 directly instead of Corollary 3.7 in the second to last
integral. In dimension seven, we need to take care with at most two integrations.

As mg,m,, < 5, we need to consider when 7 < mgy + m,, < 10. By symmetry (by using
lab|™! < |a|=2 + |b|~? if necessary), we can assume that mg = 5, 2 < m, < 5. Using the
constraints in (28) we deduce that either there exists 1 < j; < jo < k—1 with 0 < mj,,mj, <
4 or there exists 1 < jo < x — 1 with 0 < mj, < 5 — m,. Symmetrizing as above, we can
assume in both cases that there is a jo with mj, < 3. Then using (32), we can guarantee all
my > 4 for £ & {0, jo, k} and mj, = 3.

Now, we use Corollary 3.7 and Theorem 4.2, until we reach the z;,_; integral from the
left or the zj 11 integral from the right. Note that if we approach from the left m}ofl €
{4,5}, and if we approach from the right, m}OH € {2,3,4,5}. In each of these cases, we
do not need to pass forward the point decay to the final integral, we instead wish to control
the size of the singularity. As such, we modify the estimates of Theorems 3.5, and 4.2
to bound by a4z — w|” ®2XOHk+H=T) gince min(k, £,k + £ — 4) > max(0,k + £ — 7) (“4”
sign for the case k + ¢ = 7). Assuming that we approached from left (the other case is
similar), we use m/; = max(0+,mj _; +mj, —7) € (0,1] if m,; € {4,5} and we use mj, =
min(mj _y,mjy, mj _y + mj, —4) = 3 if m,; € {2,3}. In both cases, 4 < m} + m, < 6.
Continuing as in the previous case, the final integral is bounded by

/ (z)) 7~ dz: <1
m'. m/ 4 o~
R7 |20 — 25|71 |25 — 21| Eoj g st 1]

by Theorem 3.3 since 4 < m}fl + m;- < 6.
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Case ii: For the case when mg+ m, = 3, by symmetry we can assume mg = 3, m, = 0. We
are also guaranteed that my, > 3 for all 1 < ¢ < k — 1. Lemma 4.1 tells us that there is a
1 < j < k such that we can iterate Corollary 3.7 and Theorem 4.2, to bound (27) by (to do
this we use (32) for ¢ # j to ensure my; > 4)

/ / ()" (zj31) " dzjdzj
r7 Jr7 |20 — 2j 2125 — 251" Eo 4 g1 | B g1+ 1,k 4

Since the z; potential is only used at most once in (32) and the z;;1 potential is likewise only
used once. The following establishes boundedness.

Proposition 4.3. Fiz 3 < /¢ <6. Then

= (w)™"" dzdw
3 7 1 1< 00
R7 JR7 ‘x - Z| |Z - w| ‘E:czzw| ’Ezwwy’

4.2. The second term of the Born series. The second term of the Born series expansion,
(3), can be handled in exactly the same manner as for k > 2 provided mg + mg > 4. The
only difference is that the last two singularities are not necessarily z type.

When mg + mg = 3 (W.L.O.G. mp = 3, mg = 0), if both line singularities are of z type,
that is if by was not used, we can apply Proposition 4.3.

When we use by, since mg = 3 and my = 0, b; derivative must have acted on a potential.
Therefore the line singularity from b; has only power one. We also have m; = 6, since b; is
used. The combined variables used are now either
i. (z1,22) three times followed by b; once, or
ii. (z1,22) two times followed by z; once and b; once, or
iii. the same as ii. with zo instead of 2.

The line singularities possible for case ii. are of the form
1 1 < 1
(B + | E2?)? | Er? Eoras] " (|E1|? + | EB2[)/2| Eq||Boizs| ~ 1B Eal?| Eoras|

Case iii. is identical with Ey and Ej switching places. Case i. has (|E1|? +|E2|?)3| Eo123] and
is bounded in the same way. We need the following

Proposition 4.4. Fiz z,w,y € R7. Assume a := |Egpyuwy| > 0, then

i=d
/ 3 6< ) 3 3 Sz —wl™.
R7 |13 - Z| ’Z - w| |E:rzzw| |Ezwwy‘ |E:):zwy’

Now there is enough point-wise decay in the resulting 29 integral to apply Theorem 3.3
with obvious modifications, to ensure boundedness in zy and z3.
This yields Theorem 1.2 for n = 7.

5. HIGHER ODD DIMENSIONS

The integration by parts scheme we develop for dimensions five and seven in Sections 3 and
4 can be generalized to higher odd dimensions. There will, of course, be more complications
which we will not tackle in this paper.

We note that in dimension three, see [7], one need not perform integration by parts in the
zj variables at all. In dimension five, one must integrate by parts once in each variable z;.
In dimension seven, one must integrate by parts in variables z; and b; = z; + 241, twice for
each j € {1,...,k}. To avoid non-integrable singularities, in higher odd dimension n, one
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must employ ”T_g variables of the form z; + zj41 + -+ - + zj40 with 0 < /£ < ”T_S Use of such
variables will complicate the scheme needed to integrate by parts and produce a larger class
of line singularities.

The necessary integration by parts scheme mirrors that of seven dimensions. Denoting
|zj — zj+1/ 7! by r;, we use the variable bé? = 2j+2j41+ -+ 2zj4p of length k+ 1 when there
are k consecutive point singularities, r;,7;41,...,7j4x—1, all have power n — 1 but r;_; and
rj+ have smaller powers. Note that Vb?- leaves 75,7j11,...,7j+k—1 alone and acts on the
neighboring 7;_1 and 7;1. Since the total number of point singularities is at most /ﬁ%‘l and
we perform HnT_S integration by parts, the total number of point singularities at the end is
at most x(n — 2), which can be safely distributed over x + 1 different r;’s using this scheme.

It is, of course, necessary to use estimates for integrals which involves many different line

singularities, which differs from our estimates presented previously.

6. PROOFS OF ESTIMATES

In this section, we present proofs of theorems on the estimates for integrals involving point
and line singularities. We start with estimates on the size of line singularities. For 0 < a < 1,
define T, (x,w) to be the intersection of solid cones of opening angle o from x towards w
and from w towards z. Define E,(w, ) to be the solid cone of opening angle « from w in
direction ¥. It is easy to see that outside T (z,w), |Ezzzw| 2 1. Similarly, outside E4(w, 9),
|Ey.5(2)| 2 1. The following lemmas are immediate from the definition of line singularities

Lemma 6.1. Fiz z,w € R". Let r be the distance between a point z € R™ and the line
segment TW.

i) For z € Ti(z,w), we have |Eyszy| & m

it) For 0 < a <1 and z & Tp(z,w), we have |Ey,z| 2 a.

Lemma 6.2. Fiz w € R™. Let r be the distance between the point z and the ray {w + sv :
s> 0}.
i) For z € Ey(w,v), we have |E,, 5(2)| = ﬁ
ii) For 0 < a <1 and z ¢ Eq(w,v), we have |Ey, 5(2)| 2 o.
The following lemma is used repeatedly in the rest of this section.

Lemma 6.3. 1) Fiz uj,us € R, and let 0 < k, ¢, k+ /¢ <n, h > 0. We have

/ dz < hn—k—f
AT TP I
B(o,p)cRe |2 — ur|Fz — ug

II) Fiz uj,ug € R", and let 0 <kl <n, >0, k+{+3>n, k+{#n. We have

0,k40—
(\u11u2|)maX( e ‘ul —’U,2| <1

/ (z)7P~dz
R |Z _ U1|k|Z _ UQ‘Z ~ ( 1 )min(k,é,k+2+ﬁfn) ‘ul _ 'U,2| > 1

lu1 —uz|

Proof. Proof of I) immediately follows from the inequality
1 < 1 1
|z —ur)®|z —uglt ™ |z —ur]f T |z — uglFtHE

Now, we consider part II. For |u; — us| < 1 and k + £ < n, the inequality can be proved as
in part I. For |u; —ug| < 1 and k + £ > n, ignore the (2) %~ term. By scaling the statement
follows from the trivial case |u; — ug| = 1.
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For |uy — ug| > 1, let m := min(k, ¢,k + ¢+ 3 —n). Note that m > 0,0 < k+{—m <n,
and B8+ k 4+ £ —m > n. The statement follows from the following inequality
1 < 1 1 + 1 }
12— urlFlz —ua|f ~ Jur — ug|™ Lz — g |[FHEm T [z — up[FHEm

Now we are ready to prove Theorems 3.3 and 3.5.

Proof of Theorem 3.3. Outside of T4, |Ey..| = 1, and we can apply part II of Lemma 6.3
with g = 3.

Divide T} into T1; on which |x—z| < |w—z| and T2 on which |x—z| > |w—z|. By symmetry,
it suffices to consider the integral on 771. Let h denote the distance between x and the
orthogonal projection of z on to the line Zw. We use the coordinates z = (h, z1) € R x R*~1,
with 2+ the coordinate on the n — 1 dimensional plane perpendicular to w. We note that
(h,0) is the line Tw. Note that |z — w| = |z — w|, |z — x| = h, and
n |

|2 |2

~ |zt /h

‘Exzzw| ~

min(|z — z[,|w — z|) ~ min(h, |z — w])

We also have (z) &~ (z+ — z3-) + (h — ho), where (hg, z7°) is the origin in this coordinates. We
have

—3— |z—w| n—3—k/,L _ 1\—2— _ —1-
/ <Z> dz S_, / / h <Z &) > <h‘ h‘0> dZJ_ dh
T 0 |zt |<h

1 |:1: - Z|k|z - w|£‘szzw‘n73 |fL‘ — w|£|zJ-|”*3

~

ol
(34) < o —w|! / B3R min(h2, 1) (h — ho)~1~ dh.
0

Where the minimum term in the last inequality arises from considering the cases of |z —w| < 1
and |r —w| > 1. For |z — w| < 1, this immediately implies the required bound (by ignoring
the term (h — ho)~!7). For |z — w| > 1, note that

|
(B4 Sz~ w!*‘(l + / W3R (h — o)1 dh) <o — w1+ |z — w["3h),
1

which implies the required bound.
O

Proof of Theorem 3.5. For each choice of F' and G the integral involves two point singularities
and two line singularities. The condition on the angle between ¢ and the line Tw separates
the line singularities from each other and also separates line singularities from the point
singularities. Therefore, we prove the statement only for F' = E,...,, G = E, 5(2). The
other two cases are similar.

Fix z,w with a > 0. Recall that |E,..,|>™" and |E, #(2)[>™" are singular along the line
between z and w and on the ray with direction ¢’ from w, respectively. We only consider the
case when o < 1. The case o 2 1 is easier since the line singularities are separated by an
angle 2 1.

Define C; to be Fj(w,¥), the cone opening opening around the line singularity G. Note
that T o(w,w) C Cy. Therefore, outside C1, we have |Ey..ul, |[Ey 5(2)| 2 1, and hence the
statement for the contribution of the integral outside C] follows from Lemma 6.3.
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We divide C into several regions. Let Cs be the intersection of C; and the cone from x
opening with angle one towards w.

Consider the first region, denoted Ry, which is Co N B(w, |m;w‘ ). The triangle inequality
implies that here |z — z| &~ | — w|. We define new coordinates on this region. Let h be the
coordinate along the continuation of ¥ from w, 0 < h < %\x—w[ and 21 the n—1 dimensional
coordinate on planes perpendicular to the line defining h. In Ci, it follows that |z*| < h.
It follows that |z — w| &~ h. The line WZ in this coordinates can be written as (h, z,) with
|zn| =~ ah. Note that the distance of a point z = (h, z%) to the line Wz is ~ |zt — 2.
Therefore for z = (h, z1), we have

dist(z,zw)
min(|z — z|, |z — w|)
dist(z, w + 9)
o —ul

‘Exzzw‘ ~ ~ |2J__Zh‘/ha

|Ew(2)] = ~ |z /h.

Also, let (ho, 2y i) be the coordinates of the origin. We have

(35) / ()73 dz
R, |CC — Z|k|Z - 'w|£|Exzzw|n73‘Ew,l7(2)‘nig

|z—w| 2n—6-—L /1, _ —1—y L _ 1\—2—
5/ / " <hk ]I0> <23 J_ZO >3 dz" dh.
l2h<h 1T — wlFledt = zp |78z

Using the inequality

1 < 1 [ 1 1 }

‘ZL _ Zh’n—3|zL|n—3 ~ |Zh|n—3 ’ZL _ Zh|n—3 + ’zL|n—3

N 1 1 1
= gqn—3pn—3 [|ZJ_ — zp[n3 T |ZJ_|n—3}’
and Lemma 6.3, we have
(35) - |x—w| h2n767€<h _ h0>717 min(hZ, 1) i
~ 0 ‘.%' _ w‘kan—?)hn—?)

< af(n73) |$ - w|n—k—€ |.I - w| <1
~ |z —w|™F + ]z — w3 | —w| > 1

where the last inequality follows as in the proof of Theorem 3.3.

Now consider the second region, denoted Rs, CoN B(x, M) Here the triangle inequality
implies that |z —w| ~ |z —w|. Define new coordinates on this region. Let h be the coordinate
along the line 7w, 0 < h < @ and z© the coordinate on planes perpendicular to Zw.
Again |21| < h, and here |z — z| &~ h. The continuation of ¥ from w has coordinates (h, zp,)
where |z;| &~ a|x —w|. As in the previous case, we have

(36) / (z) 3=dz
Ry 1T — 2|F|2 — W] Epzaw | 3| By 5(2) 73

/'ﬂf w'/ (zt — 272 (h — ho) "'~ dztdh
|2 |<h h’“!w—wle(!zi!/h)” 3(lzt = znl/lz — w])"
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|x—w| L y=2—yp _ pN\TI=pn—=3=kg.Lap
B A =3
0 |21 |<h

oL =3[zt = 2,3

As in the previous case, we have the bound

1 1 1 1
Sl + )

‘n—3’zL|n—3 ~ ’zh’n—ii ’Zl _ zh’n—i& ’zL’n—B

|zt —2p,

N 1 { 1 n 1 ]
~ an—3’x _ w‘n—3 |ZL _ Zh‘n—3 |zl‘n—3 ’

which implies
fo—ul
(36) < a~ ("I — |~ / B3R — ho) =1~ min(h2, 1) dh
0

< a—(n—S) |'CC - w’n—k—l |l’ - w| <1
~ |z — w1+ |z —w"37F) |z —w|>1

The final region Rg = C1\ Cy, here |E,...,| = 1. Notice that R3 C C1\ B(w, lo— w') We define
new coordinates on this region. Let h be the coordinate along the contlnuatlon of ¥ from
w and z' the coordinate on planes perpendicular to the line defining h, |z —w| < h < 0.
Again |z1| < h and h =~ |z — w|. The point = has coordinates (h, z;) where h, ~ |z — w|
and |z;| &~ alz — w|.

(z) 3=dz
37 /
(37) O P P LTI L o o9

h— 3—¢ h h 1 1\—2—
/ / °>L (2 — 0 2_3 dzt dh
hZ2|lz—w| J|z+|<h ‘h hy ’ + |Z - Z$|) ’Z ’

We divide the h integral into the regions i) h > | —w|, and ii) h ~ |z —w|. For h > |z —w|,
we have |h — hy| 2 h, which implies

/ / W3k — ho) 1 (4 — 22 dz L dh
hslo—w| Jjzt<n (B = he| + ]2t — 2 ])F|2+ =3

< / A3k =8h — hg) 1 min(h?,1)dh
h>|z—w|

< L+ ]z —w* "z —w <1
|z — w37 —w] > 1

For h ~ |x — w|, we have

/ / hn— 3—¢ h h0> < 1 J_>—2—dZJ_dh
~l—w] J |24 <h |h ha| + 2 — 2] )*] 2t |3

@ sl [ e
Sl Jhafo—w] ([P = hal + 124 = z])F[24"=2
First assume that £k <n — 1. Using
1 < 1 [ 1 n 1 ]
2L — 2z [Flz 1|3 ~ |z, [min(n=3k) [[;L — 2 jmax(n—3k) " | L|max(n-3F)
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1 1 1
(Oé|l‘ _ w|)min(n—3,k) ’ZJ‘ _ Zx‘max(n—?),k) + ‘ZJ_’max(n—S,k):| ’
we have
_ opy|n—3—f—min(n—3,k)
(38) < ‘l’ w(‘)[min(n—&k) mln(|x — w|, 1) mln(|.%’ _ w|n—1—max(n—&]g)7 1)

—k—1

< ,—(n=3) ’1’ - w’n ’x - 'U}’ <1

~ o { |x_w’n737k‘*f+|x_w|f£ |x—U)|>1

For kK = n — 1, one needs to proceed slightly differently. Note that (forn —2 <k <n —1),

€1 1y—2— g, 1
(38) g ‘.%‘ _ w‘nSE/ (Z — %0 > dz

21| <SJo—w| |2 — 2e[F7 |2t n 3

< ‘iL' o w‘n—S—E

~

- 1= (k=1)
P min(1, | — w|" )

<o)z — w7 min(1, |z — w|["7F).
For the case of k + ¢ = n, use that
1 1 1

o= 2Fz—w]f ~ o2z —wl | o — 2|z — ]’

and bound with the dominant terms.

O

Proof of Theorem 4.2. Let us define a = (2 +w) and b = (2 — w). We note the Jacobian
of the change of variables (z,w) — (a,b) is constant. Further define c=x —b and d = b+ y,
then

x—z z—w (x—=0b)—a b—0
Exzzw: - — - -
lz—2 |z—wl |(x—-b)—al [b—0|

The other line singularities are expressed in similar fashion as below.

EcabO = Ecﬁg(a) .

/ / ()73 (w) 3" dz dw
n Jrn [T = 2[F|z — w|fw = Y1 w73 By 3| By "3
(a+b)"3(a—b)"3"dadb
<
(39) ~ /n /n |C—a|k|b|z

|CL - d|m|EcabO|n73|Eadb0|n73|Eb0yu‘n73 .

We now consider two regions, first when (a+b) =3 (a—b) "3~ < (b) =3~ (a—b) 3~ and secondly
when (a + b) 3 (a — b) 737 < (b) 3 (a + b)73~. In either case, we obtain a decay for the b
integral. If we consider only the a integral in (39), we have

(40) / (a4 b)~3"da '
re | —alFla — d|m|EC7ig(a)|"*3|Ed’g(a)|"*3

We can now apply Theorem 3.5. Viewing the (a £ b)™3~ term as a shift of the origin, by
Theorem 3.5 we have

(lcld max(0,k+m—n) ‘C—d| <1

(|Cid

~—

)

(40) < 7_(n_3) { )min{k,m,k+m+3—n} |

c—d|>1
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with v = |Eegp0|. We now can evaluate the b integral, as it now has only two line singularities.

—3—
(39) < /R (b)=>~db

n Je = dP 1Bl Eeaso[" =3 Bpoyu|" >’

where p can be max(0,k + m — n) or min(k, m,k +m + 3 —n). As both ¢ and d depend on

b, we define e = 2(y — z) and f = 2(u —y). Then we have

s [ o b
™ Jrn |b = elP|blf| Eeppo " 3| B,y _ #(b)| 3

The result now follows from Theorem 3.5, and we have

L)max(O,Z—&-p—n) |€| <1
39 Sa—(n—i‘}) (\e| . _ -
( ) (‘%l)mm(p,&p-‘ré—i—?) n) |€| 1
1 \max(0,f+p—n)
< | By~ { (|w7y‘) in(£,p,0+p+3—n) vt
~ min(¢,p, -n
(|x£y\) pe ’.’E—y| >1

Where we used the definitions of e and f in the last step.
O

Proof of Proposition 4.3. We use coordinates z = (z1, Z) with z; € R the projection of z onto
the line 7y and Z € R® the coordinate on planes perpendicular to 7. Similarly w = (w1, ),
and z = (21,0),y = (y1,0)

We can further assume that |E..ul, [Ezwwy| < 1, as we know how to handle the other
cases using Theorem 3.3 and Lemma 6.3. Note that in this case we have ;1 < 21 < w; <1
orr; > 21 >w >1Yi.

Define a by the six dimensional coordinate so that (z1,a) is on the line Zw. Similarly for

(z1,b) and the continuation of yw. A similar triangles argument shows that

a=olmal g g lnmal
|21 —wi]’ lyr — wi |
Therefore,
G| = || =zl |z — 2 iy jwi — 21| | Jwr =z
ly1 —wi| [ —w] ly1 —wi| |21 —wi]
@] [w1 — 21|

Q

min(|y; — wil, [z —wi|)

We also have the following estimates for the singularities in these coordinates.

Z—-a Z—b
|Exzzw| ~ . ‘ ’ ) |Ezwwy| Z Qv
min(|z1 — 21|, |21 — w1]) |21 — wi
|z — 2| & |21 — 21, |z —w| 2 |21 — wy].

The integral is now bounded by

/ (z1) 7" (w) """ |21 — wi[*min(|z1 — w|, |z — 21])
R14

|21 — 21[3]21 — wi |42 — a4z — b|4

4
(41) dz le dw dwl
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We apply Lemma 6.3 part II to the Z integral, along with the estimate on |& — b|, to obtain

e i
~ Jre 21 — 21[3|21 — w1 |2 w2

min(|y; — wil, |21 — w|)?

dZ1 dw1 dw.

Using (w) ="~ < (w1) 737 (w)~*~, and bounding the w integral by Lemma 6.3 part II, we have
3—

(41) < / (z1)7" (w1) 3" min(|z; — w1|3, |z1 — 21\24gni~n2(\y1 —wr ], [T — wq])? Ao dus.
R2 |21 — 21|21 — wa |20
We note the following
min(|z; — wi, |z1 — z1])* min(jyr — wi, |21 — wi])? < min(|z1 — w1, 21 = z1])*21 - w]?
< min(|z; — w1 |, |21 — 21))* max(|z1 — 21|, |21 — w1])? < |2r — 2127 |20 — wi BT

Therefore,

(41) < /R ) Tlo)

2 ‘1'1 — 21|0+|21 — w1|£—5

To see that this integral is bounded in z; we use (32) if 3 < ¢ < 5. The bound is immediate
if £ =6.
O

Proof of Proposition 4.4. We note that outside of T} (z,w), we can bound the integral by

4
z
/ 5 { 6> 3 3 dz.
r7 [T — 2132 — w|%| Ezwwy|?| Ezzwy]

This is bounded by Corollary 3.7 with obvious modifications to get o3|z — w|~3.

Inside T3, we break into the regions 771, on which | — z| < |z — w| and Tj2 on which
|z — w| < | — z|. We only consider T7; as, by symmetry, the calculations on Tj2 will be
identical in form. We define variables (h, z+) where h is distance along the line Zw and 2= is
the six dimensional variable on planes perpendicular to h. Here 0 < h < %|x —wl, |z <h
and |z — z| = h.

The singular lines for Eywy and Eg.y have coordinates (h, z) and (h, Z) with |z3| =~
alrz —w| and |Z| & ah respectively. We have

|Ezwwy| 2 ‘ZL—Z}L’/|QZ—’LU|, ’szwy’ Z ’Zl_gl/h-

The integral is now bounded by

|z—w| <h—h >747h
-3 0 1
T —w —dz— dh
o = /o /Mh |ZLBl2t — 24Pt — 2]

le=wlr (b — ho) 4" h 1 1
<o — a3 0 dz* dh.
S R <|zL—Zh\4+|zL—2|4> :

We can now apply Lemma 6.3 part II to the integral in RS. The size estimates on zj, and Z
bound the integral by

|z—w]
al\ar—w\:g/ (h —ho) ™ dh < a Y|z —w| 3.
0
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