DISPERSIVE ESTIMATES FOR MASSIVE DIRAC OPERATORS IN
DIMENSION TWO
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ABSTRACT. We study the massive two dimensional Dirac operator with an electric
potential. In particular, we show that the ¢! decay rate holds in the L' — L
setting if the threshold energies are regular. We also show these bounds hold in
the presence of s-wave resonances at the threshold. We further show that, if the
threshold energies are regular then a faster decay rate of t~!(logt)~2 is attained for
large t, at the cost of logarithmic spatial weights. The free Dirac equation does not

satisfy this bound due to the s-wave resonances at the threshold energies.

1. INTRODUCTION

We consider the linear Dirac equation with potential,

(1) iaﬂ/’(x?t) = (Dm + V(x))l/)(xat)7 ¢(l‘70) - %(95)7

with ¢ (z,t) € C? when the spatial variable (21, x5) = x € R?. The free Dirac operator
D,, is defined by

D, =—ia-V+ mﬁ = _ia18z1 - iOé28$2 + mﬁ

Here m > 0 is the mass of the quantum particle. When m > 0, (1) is the massive
Dirac equation and when m = 0, the equation is massless. The 2 x 2 Hermitian

matrices «; (with ag = ) satisfy the anti-commutation relationship
(2) 071897 + a0 = 26jk]l(C27 0 < j, k < 2,
By convention, we take

1 0 01 0 —i
(3) B = ) a; = ) Qg = .
0 —1 10 1 0
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The hyperbolic system (1) was derived by Dirac to describe the evolution of a quantum
particle at near luminal speeds. We view the system as a relativistic modification of
the Schrodinger equation. This viewpoint is fruitful in light of the following identity,
which follows from (2):

(4) (Dy—AL)(Dy+AL) = (—ia-V+mpB—AL)(—ia-V+mpB+AL) = (—A+m2—)\2).
This yields the identity
(5) Ro(A) = (D, + )\)RO()\2 — m2)

for the free Dirac resolvent, Ro(\) = (D,, — A)~!, where Ry(\) = (—A — X\)7! is the
Schrodinger free resolvent and A is in the resolvent set. We refer the reader to the
text of Thaller, [33], for a more extensive introduction to the Dirac equation.

For the remainder of the paper m > 0. The massless Dirac equation, when m = 0,
is of interest but requires a different approach to bound. Roughly speaking, solutions
to the massless equation behave like solutions to the wave equation instead of the
Klein-Gordon equation. There are significant differences in both the low energy and
high energy behavior. In particular, the natural decay rate for the massless equation is
|t|_%, which cannot be improved by assuming additional regularity of the initial data
as is done in the massive case. Analogous bounds for the perturbed Dirac equation
in the massless case will be investigated elsewhere.

Our goal in this paper is to put the dispersive estimates for the massive (m > 0)
Dirac equation on the same ground as those for the Schrodinger equation, [32, 18, 19].
To this end, we extend the recent results of the first two authors, [21], in two significant
ways. First, we show that the dispersive bounds hold uniformly, that is we show that
the H! — BMO bounds in [21] remain valid as operators from L' — L*°. Second,
we show a large time integrable bound holds at the cost of spatial weights. To state
our results, we employ the following notation. Let P,.(H) be the projection on the
absolutely continuous spectral subspace of L?*(R?) associated with the Hamiltonian

H = D,, + V. In addition, we define a— := a — € for a small, but fixed ¢ > 0.

IWhen we write scalar operators such as —A + m? — A2, they are to be understood as (—A +

m? — A\?)1ce. Similarly, we write L? to indicate LP(R?) x LP(R?).
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Our main result is the following logarithmically weighted decay estimate with an
integrable decay rate in ¢ in the case when threshold energies are regular, see Defi-
nition 2.6 below and Definition 4.3 in [21]. Regularity of the threshold energies +m
may also be characterized by a lack of b € L*> which are distributional solutions to

Hv = +ma), see Section 7 of [21] for a complete characterization.

Theorem 1.1. Assume that the matriz valued potential V (x) is self-adjoint, with
continuous entries satisfying |Vi;(z)| < (x)~% for § > 5. If the threshold energies £m
are reqular points of the spectrum of H = D,,, +V then we have

—2 _7_ 1
(6) lw ™2™  Poe(H)(H) ™27 fll o2y S meQfHLI(R?), t] > 2

where w(x) = 1+ log™ |z|.

Recall that a threshold s-wave resonance is a distributional solution to Hy) = +ma)
with ¢ € L\ LP(R?) for any p < oo, see Definition 4.3 and Section 7 of [21]. Such a
resonance is natural as the free Dirac operator D,, has s-wave resonances at threshold
energies, ¥, = (1,0)T and v_,, = (0,1)T at A = £m respectively. It is worth noting
that the free Dirac equation does not satisfy the estimate above due to the s-wave
resonances. In particular, in the proof of Theorem 1.1 we encounter several terms
behaving like % for large t including one term coming from the free part in the Born
series. However, in the regular case these terms cancel each other in pairs. Our earlier
results in [19, 34] on the Schrdodinger’s equation rely on similar observations.

Below we show that the global (L' — L) decay estimates hold for the perturbed
Dirac equation when the thresholds are regular, or when there are only s-wave reso-
nances. The effect of threshold p-wave resonances and/or eigenvalues on the dispersive

estimates are still open.

Theorem 1.2. Assume that the matriz valued potential V(x) is self-adjoint, with
continuous entries satisfying |Vi;(z)| < (x)~° for § > 3. If the threshold energies +m
are reqular, or if there are s-wave resonances only, then the kernel of the solution
operator satisfies

sup |l Py (H)(H) "3 (2, y)] S ()"

z,yeR?
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As a consequence, we obtain the mapping estimate
— _Tr_ _
[le™™ Pac(H)(H) ™27 f| oo oy S O 1 2o
Finally we state a polynomially weighted estimate:

Theorem 1.3. Assume that the matriz valued potential V(x) is self-adjoint, with
continuous entries satisfying |Vi;(z)| < (x)~° for § > 5. If the threshold energies +m

are reqular the kernel of the perturbed solution operator satisfies

e P a1) (o) < g U

Remark 1.4. We note that the required decay rate (x)=°, 6 > 5, in Theorem 1.1 and
in Theorem 1.3 is considerably higher than the one in Theorem 1.2 since we utilize
an additional integration by parts to obtain an additional gain of a positive power of
% in our estimates. It should be possible to lower the required decay rate to & > 3 as
in Theorem 1.2 by using a variant of Lemma 7 in [19] instead of Lemma 4.2 below.

However, this would significantly increase the complexity of the proof.

As in [19] and [34], to obtain Theorem 1.1 we interpolate the results of Theorems 1.2

and 1.3 using
min (1,9) = @, a,b> 2.
b log? b

We note that the continuity assumption on the entries of the potential is needed only
in the large energy regime to use the limiting absorption principle in [16]. The loss of
derivatives on the initial data embodied in the negative powers of H are also a high
energy issue.

We prove our dispersive estimates by considering the Dirac solution operator as an

element of the functional calculus. Specifically, we employ the Stone’s formula to see

1

- R (H)f = / & PRE) = RIS A

Here the difference of the perturbed resolvents Ri5(A) = lim,_g+ (Dp +V — (A tide)) 7
provides the spectral measure. These operators are well defined between weighted L?

spaces by the limiting absorption principle, [2, 3, 26, 16].
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The literature on the perturbed Dirac equation is smaller than that on other dis-
persive equations such as the Schrodinger, wave and Klein-Gordon. D’Ancona and
Fanelli [15] were the first, to the authors’ knowledge, to study the pointwise time
decay for the perturbed Dirac evolution. They studied the three dimensional mass-
less Dirac equation and related wave equations with small electromagnetic potentials.
Escobedo and Vega, [25], established dispersive and Strichartz estimates for the three
dimensional free Dirac equation to study a semi-linear Dirac equation. Boussaid,
7], proved dispersive estimates on Besov spaces, and on weighted L? spaces for the
massive three dimensional Dirac equation, and applied these estimates to studying
‘particle-like solutions’ for a class of non-linear Dirac equations. See also the recent
works of Boussaid and Comech on non-linear Dirac equations, [8, 9].

The existence of threshold resonances or eigenvalues are known to affect the disper-
sive estimates in the case of the Schrédinger evolution, [28, 31, 23, 35, 24, 18, 4]. The
effect of threshold obstructions for the massive three dimensional Dirac equation was
studied by the authors in [22]. The threshold resonance structure is more complicated
in the two dimensional case; only the effect of the ‘s-wave’ resonance on the dispersive
estimates has been established, see [21] and Theorem 1.2 above.

Smoothing and /or Strichartz estimates for the Dirac equation have been established
by various authors, see [10, 12, 13, 21, 16| for example. In the two dimensional case,
Kopylova considered estimates on weighted L? spaces, [30], which had roots in the
work of Murata, [31]. In [5], Bejenaru and Herr obtained frequency-localized estimates
for the free equation in two dimensions to study the cubic non-linear Dirac equation.
Dispersive estimates for one-dimensional Dirac equation was considered in [14].

Our approach relies on a detailed analysis of the resolvent operators. We follow
the strategy employed to analyze the two-dimensional Schrodinger equation set out
by Schlag in [32] and in our earlier works [18, 19, 20, 34, 21]. Extending these results
to other dispersive equations such as the wave equation is non-trivial, see [27, 21].

We briefly recall some spectral theory for the Dirac operator. For the class of
potentials we consider, Weyl’s criterion implies that the essential spectrum coincides
with the spectrum (—oo, —m| U [m, 00) of the free operator [33]. There is no singular

continuous spectrum [3, 26], and no embedded eigenvalues in (—oo, —m) U (m, c0)
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[6, 8]. In addition there can only be finitely many eigenvalues in the gap [—m,m]
26, 21].

To establish the high energy bound in Theorems 1.2 and 1.3, one also needs a
limiting absorption principle for the perturbed resolvent operator of the form:

1
(8) sup [|OSREN) |lp2o 2o <1, o>=+k k=0,1,2
Ao 2

holds for any Ay > m. Unlike Schrodinger, the Dirac resolvent does not decay in the
spectral parameter A as A — oo even for the free resolvent, [36]. As a consequence,
Agmon’s bootstrapping argument [2] does not suffice to establish (8). Instead, the
argument may only be used to establish uniform bounds on compact subsets of the

continuous spectrum, see e.g. [36, 26]. Recently, the first two authors and Goldberg,

[16], showed

sup [REW[p2onrar 1, 0> 2
[A|>m 2

in any dimension n > 2 in both the massive and massless cases. Using standard argu-

ments, one can easily show (8) from this bound. Other limiting absorption principles

have been obtained, see [7, 15, 11]. Georgescu and Mantoiu [26] obtained a limiting

absorption principle in general dimensions on compact subsets.

The paper is organized as follows. We begin in Section 2 by developing the necessary
low energy expansions for the Dirac resolvent operators. In Section 3, we prove
Theorem 1.2 by considering energies close to, and separated from, the thresholds
respectively. In Section 4 we prove Theorem 1.3, again by considering the different

energy regimes. Finally in Section 5 we collect technical integral estimates needed to

prove Theorems 1.2 and 1.3.

2. RESOLVENT EXPANSION AROUND THRESHOLD

In this section we obtain expansions for the resolvent operator Ri>()\) in a neigh-
borhood of the threshold energies using the properties of free Schrodinger resolvent
operator Ry(z?) = (—A — 22)7!. The expansions for R3(\) and R{()\) we give in
this section has been established by first and second authors in [21]. We provide a

few modifications that will be needed in Section 4.



DISPERSIVE ESTIMATES FOR DIRAC OPERATORS 7

First, we review some estimates (see e.g. [32, 18, 19]) for RZ(2?). Recall that in
R™ the integral kernel of the free resolvent is given by Hankel functions, see [29]. For
n = 2 we have

CH (el —yl) = 3[ £ (el — yl) — Yo(zle — )],

Here Jy(u) and Yp(u) are Bessel functions of the first and second kind of order zero.
We use the notation f = O(g) to indicate
d’ d’
10 —f[=0(-—+— 1 =0,1,2,....,.
( ) d)\] f (d)\] 9)7 j e ) Y

If (10) is satisfied only for j = 0,1,2, .., k we use the notation f = Og(g).

(9  Ry(z")(w,y) =+

For |u| < 1, we have the series expansions for Bessel functions,

(1) Jolw) = 1= 1 + o'+ Ol
(12) Yo(u) = glog(u/z) + 2% + O(u?log(u)).

For any C € {Jy, Yo} we also have the following representation if |u| 2 1.
(13) C(2) = e™w, (u) + e ™w_(u), we(u) = 6((1 + |u])’%)
Lemma 2.1 follows from these expansions.

Lemma 2.1. For z|z — y| < 1, we have the expansion

(14) RE(2%) = g5 (2) + Go + Oa(2%x — y|* log (] — y))
where
(15) g5 (2) = —%(log(z/Q) RES

(16) Gofa) = —3- [ 1ogle —ulfw) dv

The following analysis is performed on the positive portion [m, co) of the spectrum
H. See Remark 2.7-i below for the negative branch, (—oo, —m]. We write A =
vm? 4 z2 with 0 < z < 1. Using (5) we have

(17) REN) = [—ioz -V 4+mp+vVm?+ 22]} RE(2%) =

[—m V+m(B+1)+ %] +O0(zYI| RE(z?).
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We now employ the following notational conventions. The operators M;; and Mo,

are defined to be matrix-valued operators with kernels

Mn@,y):(; 3) Mm(x,y):(g f)

We also define the projection operators Iy, Is by

a a a 0
I - R - .
b 0 b b
Using (14) and (17), we have (for z|z —y| < 1,0 < z < 1, A = /22 + m?)

2

(18) RE(N\) = {—m -V +2mlI + ;—ml +0(zY1

[95(2) + Go + Oa(=2|x =y log (=l — )

We define the function log™ (y) := —log(y)x{o<y<1} and use the following slightly

modified lemma from [21].

Lemma 2.2. We have the following expansion for the kernel of the free resolvent,

A=vVm?2+22,0< 2k 1

(19) Ry (A)(z,y) = 2mg™(2) M1 + Go(,y) + Ej (2)(z,y),
where
(20) g() = —lx - VGO + 2mG0]1

E5 satisfies the bounds
Byl < 2" (je = yl* +log™ o — yl), 10:E5| S 257 |z — yI* +1og™ |z — yl),
for any % < k < 2. Furthermore, we have
2B | S = (e —yl? +log™ |z —y]).

We note that the bound on 9?EF(2) is new. The proof of this bound follows
similarly to the proof of Lemma 2.2 in [21]. We note that the growth in |z —y| occurs

from when derivatives hit the phase in (13), specifically From the expansion (13), we
see |0IRG(A\)(w,y)| S 272w — yl 2 when 2z —y| 2 1.
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Remark 2.3. Note that using (9) one can obtain (with r = |z —y|)
[R§ (V) = Ry (M), y) = [—ia - V +2mMyy + O(2)][Jo(2) (, )]
= 2mMy,Jo(2) + Oy (2%r + 22)
for zlz —y| < 1. For 0 < z < 1 we obtain
(21) [R5 (A) = Rg (N](, y) = miMiy + E1(2)(w, y)

where

1

B1(2)(2,y)| S 22(r)2, |0.Bi(2)(2,y)| S 273 (r)2, |02E)(2)(w,y)] S 272 (r)%.

Njw

To obtain expansions for RE(A) = (D, +V — (A £40)) ™! where A = v/22 + m2 we
utilize the symmetric resolvent identity. Since the matrix V' : R? — C? is self-adjoint,

the spectral theorem allows us to write

A0
V =D" B
0 A

with A\; € R. We further write n; = |)\j|é,

0 0
sz*<m )U(m )BZU*UU,
0 n 0 7o
where

(22) U:(Sjgnw) 0 ) and v:(a b)::(m 0)3.
0 sign(Az) c d 0 72

Note that the entries of v are < (z)7%/2, provided that the entries of V are < (x)~°.
This representation of V' allows us to employ the symmetric resolvent identity to write
the perturbed resolvent Ry (\) = (D,,,+V —\)"! as (with A = vm2 + 22, 0 < 2 < 1)

(23) Ryv(\) = Ro(\) — Ro(M\)v* (U + vRo(AN)v*) ToRo(N).
Our goal is to invert the operator

(24) M¥(2) = U +oRE (Vim? +22) o*
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in a neighborhood of z = 0. Recall that Ro(\)(z,y) = 2mg™(2)Mi, + Go(x,y) +
E¥(2)(x,y). Therefore,

M=*(2) = U 4+ vGov* + 2mg™ (2)vM1v* + vE5 (2)v*.
Recalling (22), for f = (f1, f2)T € L? x L?, we have

a(x)

c(x)

vMpv*f(z) = ( ) /R ] a(y) fi1(y) +<(y) f2(y) dy.

Thus, we arrive at
(25) vMiv® = |(a,c)[3P,

where P is the projection onto the vector (a,c)”. We also define the operators @ :=
1— P, T:=U+ vGyv*, and let

g™ (2) :=2m||(a, c)[39™ (2).
We have

Lemma 2.4. For 0 < z < 1, we have
M*(z) = g*(2)P + T + M (2),
where,? for any % <k<2,

| sup &M ()@ )l s S 1 =01,

if [vij(z)| S (x)7F for some B > 1+ k. Moreover,

~

| sup 2O )0y S 1

. _5
if vij(@)] < (=) 2.
The Hilbert-Schmidt norm of an integral operator K with integral kernel K (x,y) is defined by

1Kl = [ 1K) do dy.
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Proof. Note that by (24), Lemma 2.2, and the discussion above, we have My = vEyv*.
Therefore the statement for 7 = 0,1 and for the second derivative follows from the
error bounds in Lemma 2.2, and the fact that (|x — y|* +log™ |z — y|){(x) P(y) P is a
Hilbert-Schmidt kernel for 5 > 1+ ¢ and ¢ > —1. O

We employ the following terminology from [32, 18, 19]:

Definition 2.5. We say an operator T : L*(R?) — L*(R?) with kernel T(-,-) is abso-
lutely bounded if the operator with kernel |T(-,-)| is bounded from L*(R?) to L*(R?).

We note that Hilbert-Schmidt and finite-rank operators are absolutely bounded
operators. As in the case of the Schrodinger operator, the invertibility of the lead-
ing term of M*(z) depends on the regularity of the threshold energy. We recall
Definition 4.3 in [21].

Definition 2.6. (1) Let Q@ =1 — P. We say that A\ = m is a regular point of the
spectrum of H = D, +V provided that QTQ = Q(U +vGyv*)Q is invertible on
Q(L* x L?). If QTQ 1is invertible, we denote Dy := (QTQ)™* as an operator
on Q(L?x L?). This is equivalent to the absence of L™ distributional solutions
of HY = ma), see [21].

(2) Assume that m is not a regular point of the spectrum. Let S; be the Riesz
projection onto the kernel of QT'Q as an operator on Q(Layx Ly). Then QT'Q+
Sy is invertible on Q(Ly X Lg). Accordingly, with a slight abuse of notation we
redefine Dy = (QTQ + S1)~! as an operator on Q(Ly X Ly). We say there is
a resonance of the first kind at m if the operator Ty := S1TPTS] is invertible
on S1(Lg X L) and define Dy := Tfl. This is equivalent to the existence of an

s-wave resonance at m but no p-wave resonance and no eigenvalue, see [21].

Remark 2.7. (i) We do our analysis in the positive portion of the spectrum [m, o)
and develop expansions of Ry around the threshold A = m. One can do a similar
analysis for the negative portion of the spectrum taking A\ = —v/22 +m2. In this
case the perturbed equation has a threshold resonance or eigenvalue at X = —m
is related to distributional solutions of (H +ml)y =0, see Section 7 in [21] for

a detailed characterization.
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(i1) The operator Sy is defined to be the Riesz projection on to the kernel of QTQ,
see Definition 4.3 and Remark 4.4 in [21]. In particular, we have that S1 < @Q,
so for any ¢ € S1L*, Pp =0, i.c.

M v*é = 0.
(iii) The operator QDyQ is absolutely bounded in L* x L?, see Lemma 7.1 in [21].

The following Lemma is a slight modification of Lemma 4.5 in [21]. In particular,

we now need control of the second derivative of E*(z).

Lemma 2.8. Assume that m is a reqular point of the spectrum of H. Also assume
that |v;;(x)] S (x)~5. Then
(MF(2))™! = 1¥(2) 7S + QDoQ + E¥(2)
where
P —PTQDyQ
~QDoQTP QDQTPTQD.Q |
h*(2) = g*(2)+ trace (PTP — PTQDyQTP), S is a self-adjoint, finite rank operator,

and

} sup zj_1/2|32Ei(z)(x,y)|HHS <1, 7=0,1,2
0<z<1

Proof. We consider only the ‘4’ case, the -’ proceeds identically. Let
gt(2)P+ PTP PTQ

QTP QTQ
Then by Feshbach formula (see Lemma 2.8 in [18]) we have A~!(z) = ht(z)7'S +

Alz) = g* ()P +T =

QDy(Q. Hence, using the equality
M*(2) = A(2) + Eq (2) = (I + B¢ (2)A7(2)A(2),
and Neumann series expansion we obtain
(M*(2)) = A7 ()T + Ef (2)A7H(2)) ™ = hT(2) 7' + QDoQ + E*(2).

Note that as an absolutely bounded operator on L? x L?, |39{A7!(2)}| < 277 for
j =0,1,2. Hence, the bounds on Ej (z) in Lemma 2.2 establish the statement. [
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3. NONWEIGHTED DISPERSIVE ESTIMATE

In this section we prove Theorem 1.1. We divide this section into three subsections.
In the first two subsections we analyze the low energy portion of the Stone’s formula,
(7). First we consider the case when the threshold energies are regular, then the case
when there is a resonance of the first kind. To do so, we take a smooth, even cut-off

X € CX(R) with x(z) =1 for |2z| < zp and x(z) = 0 for |z| > 2z.

Theorem 3.1. Let |V (z)| < (x)™3. Then, if the threshold m is reqular or if there

1s resonance of the first kind at A\ = m, then we have

@) [ e SO R - Ry (w)dr = 00 )

In Section 3.3 we prove a high energy result restricted to dyadic energy levels.
In particular, Proposition 3.11 asserts for j € N and y;(z) a smooth cut-off to the

interval z ~ 27,

su Ooe_it Z2+m2L<Z) RE(2) — R (2)|(x, y)d\| < min(2%, 27/2t|71).
up| [T Ri(2) = Ry )i S min(2, 272

Combing these bounds, and summing over j, proves Theorem 1.2.

3.1. Small energy dispersive estimate in the case that m is regular. As usual
we prove Theorem 1.2 considering the Stone’s formula. Recalling the symmetric

resolvent identity, (23), we have
Ry () =Ry (A) = Ry (\)o* MRy (A).

The contribution of the first term containing only a single free resolvent Rq to (26) is
controlled by (¢)~! in Theorem 3.1 in [21]. To control the contribution of the second
term to the Stone’s formula, we use the following expansion of the free Dirac resolvent

when 0 < z < 1, see (17) above and (39) in [21],
Ri () = Ra(2) + Ry (2) + Ry (2) + Ry (2) + R5 (2),
where

Ri(2)(z,y) = —%X(ZIJJ —y|)[—ia - V]log(z|lz — y|) = %X(m - yl)%,

Ry (2)(x,y) = x(zlz = y|) ( —ia- VR (z*)(2,y)) - Ru,
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Ri (2)(@,y) = X(zlz — y))e()R5 () (w,y),  e(z) = Vm? + 2% —m* = O4(z%),
Ri(2)(w,y) = X (2l — y)) e ¥y (2(z — ),
R (2)(x,y) = 2mL R (%) (x, ).
Here w; satisfies the same bounds as zw in (13). We refer the reader to the discussion
following Theorem 5.1 in [21] for the required bound for the terms that do not involve
Ry, or Rf. These cases boil down to the proof given in [18] for the Schrédinger
operator. Hence, it is suffices to consider the terms containing R, and RE on the
left. We start with proving Theorem 3.1 when there is R; on the left. We write the
operator RE(\) on the right as R + ng + R¥;, where R, is as above and
Ria(2)(2.y) = x(zlz = yNRG (V) (2,9) — Ra(a,y)
Ri(2)(2,y) = X(zlz — yNRG (N (z,y) = 70 (2(2 — y))

where @ satisfies the same bound as w in (13) and Y =1 — .

Remark 3.2. Following the proof of Lemma 2.2 in [21] observe that (with r = |z —y|)
(27) RfQ(z)(x, y) = x(2r)[2mg™ (2) My, + 2mGol1] + Ef (2r),

B < 29t +log™ 7] for j=0,1 and 0 <1 < 2.

Hence, we need to understand the contribution of the following term to the Stone’s

formula,
(28)  Ruw'Mi'wRo = Ryw* My 'wRy + Riv* M WRE , + Riv* My 'wRy;.

In [21], the authors studied the solution operator as an operator H! — BMO
because the operator R; is not bounded from L' — L? or from L? — L*°. In order
to overcome with this hurdle we use the iterated resolvent identity for the operator

M:'(z)=(U+ vRéE(z)v*)_l rather than iterating the Dirac resolvents, to write
(29) MY (2) =U — UvRE (2)v*Mi'(2) and
(30) MY (2) = U — UvRE(2)v*U + UvRE (2)v* ML (2)vRE (2)v*U.

These lead us to consider the L' — L? norm (or L? — L* norm) of the operator

R1V'R, rather than the operator R;.
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Using (30) we have
(31)  RWMI'WR, =RIVR — RIVREVR, + RIVREV MI'wRIVR,.
We note that the first term would not be bounded uniformly in x, y due to the singular
behavior of Ry. However, since we take the difference of the ‘+’ and ‘-’ terms in the
Stone’s formula, (7), these terms cancel each other. Hence, we consider
(32) Ryv*M 'Ry — Ryw*MZ'wRy = —RiV[R§ — Ry VR,
+ RIVIRGv* M 'wRE — Ry v* MZ'wRG VR,

Using the expansion for (M*(z))™ in Lemma 2.8 we write

Rlv*]\/[fzﬂzl —RywMYwR, = —F} + F% + le,) + F}l,

where
(33) Il :=RIV[RS — Ry]VRy,
1 4, % S + — % S —
(34) Iy =RV (R{v VR — Rqv h—_vRO)VRl,
(35) [} =RV (R{v* QDoQuRy — Ry v*QDoQuRy )V Ry,
(36) I} = RIVRIvV E*vREVR,.

For the second term on the right hand side of (28), we use (29) to obtain
R My WRE, = RiIVRL, — RAVRGv ML WRE .
Using the expansion for M1 '(z) in Lemma 2.8 we write

Rlv*MglszQ - Rlv*M:lvRZ,Q =I7-T5-T3-T13,

where
(37) F% = R1V<Rz72 - Rz,2)>
2 £ S S
(38) I3 :=RiV(R{v h—+v7z;2 —Ryv h—_uRm),
(39) I3 := RV (R{v* QDoQuR ], — Ry v QDoQuR L ,),
(40) Il = RIVRGv* E*vR L ,.

We will consider the third summand on the right hand side of (28) later.
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For a given z dependent operator I' we define

o) = Ooefit\/ZQerQL(Z) N v)dz
1)) = [ () )

Then by integration by parts

- —itm . oo
(41) I(r) = € t ey — %/ e—it\/z?—l-m?az [X(Z)F(Z)]dz
0
where I'|,—¢ means lim, ,o; ['(z). This implies that (provided the integral converges)
1 o0
(12) LUERY ARO[

since the integrability of |0, [x(2)I'(z)] | implies the boundedness of x(2)I'(z) (noting
that x(1) = 0). This also implies |I(I')] < 1 uniformly in  and y.
Therefore, the bound sup, , |[I(T')] < (t)~" follows from

(43) Silf ||8Z [X(z)l“(z)} HL% <1.

Below, by showing that (43) holds, we prove that I(I'}) = O((t)~") for each i = 1,2
and j =1,2,3,4.

Lemma 3.3. Under the assumptions of Theorem 1.2 we have I(T%) = O((t)™') uni-

formly in x and y for each 1 =1,2.

Proof. Recall by Remark 2.3 that [R$ — Ry](2)(z1,v1) = imMy; + Ei(2)(z1,v1),
which implies that |0,{[Rd — Ry ](z1, y1)} < 272 (w; — )Y/ . Also writing
i a-(x—x)

(44) Ra(2)(z,21) = o=~ — X(zlx —m1])

i a-(r—x)
2 |o— ay|?

o2 |z — 212

7 a-($—$1)+51(z)

T or |x — 1|2

we conclude that
(45) Ri(2)(z,21)] S 14 |z — a1 ™!, 0:Ra(z) (2, 21)| S 1.

Hence

0:-{x(:)T1(2) (= )} <

[ (Lo YV G - )V () (L [y — ] ) dsd
R
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We have || max{L, |z —2:|""}V(21){(z1)[z;, < 1, uniformly in z, and since 2712 g

integrable in a neighborhood of zero, we see that 9, [x(2)I'{(z)] is in L' uniformly in
x and y. This yields (43) and hence finishes the proof for T'}.

Now we consider I(T'}). Using Remark 2.3, with r; = |y — z1], we have
(46) [R},—Rp,l(w1,y) = x(2r1)[R§ —Rg (21, 9) = x(2r1) [imMiy+01 (2°r1+27)],
which implies that on the support of x(z)
(47) 0AIRE, — Rial(en )} S x(er)lem + 2] S 1.

Also recalling (44), we obtain

10: [x(:)T5(2) (@ )] ] 10 S /R max{1, |z — 2|}V (z1)|dz S 1

uniformly in x and y. This finishes the proof of the lemma. O

Lemma 3.4. Under the assumptions of Theorem 1.2 we have I(T%) = O((t)™"!) uni-

formly in x and y for each v =1,2.

Proof. We start with I'3:

RE Ro. . Ry . .
Fg = Rlv(h_‘?' — h—E)U S’URKQ + Rlvh—gv SU(RZQ — RL,2)'
Using Lemma 2.2 with k = 1 for Ry (2) (1, 22), and recalling the relationship between
h*(z) and ¢g*(z) in Lemma 2.8 , we obtain
Ro
ht

|21 — 2|2 4 |2y — 2|
log®(2) ’

_&‘<
hi Y

1/2

ME_ENUM%ﬂ+m—M*
S\t b z|log(2)|?

?

and
E < ]$1—x2|l/2+|x1—x2\_1

h= | log(2)] ’

~

B (E)‘ o =22 4 fay — a7
“\h- zlog?(2) '

Using (46) and (47) we have

(48) IRE,—Ri,| +[0:(RE,—RL)| S L.
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Recalling Remark 3.2 we have
(49) { [RY | < 1og(2)] +log™ (Jy1 — yl),
0.RT | S LA +1og™ (|lya — ) + X' (2ly — w])| P

For the second bound above observe that on the support of x(z)x(zr) we have
| log(r)| < [1og(2)] +log™ (7).

Using these bounds and (45) for Ry, we obtain (with ro = |x — x|, 11 = |21 — 22/,

= [y —yl)

19: Dx(:)T3()] |
tog(rz) | [X(era)l)

2 (14751 (r 1/ + 77 )|S (e,
</ /0( : St |(3210g * L dzdryduady,
™ Jre 1)2
)

()3 ()2 (y
5/ (1+T0 )(r I/Q‘H"ll |S(:E2,y1)|(1+log_(7“2))
R (w1)3(wa) 2 (1) 2

One can see that this is bounded in z and y using Lemma 5.1 and the absolute

boundedness of S. This finishes the proof for I'z.

dI1d$2dy1 .

Similarly, we write

Re  Ro . Ry . _
Iy = Rlv(h—+ — h—o) V' SURGVRy 4+ RV h—v Sv(R§ — Ry ) VR,
Using Remark 2.3 we have
(50) RS = Ro | < (= )72,
0:(R§ —Rg)| S 27 {yn — y2)'/2.

Also using Lemma 2.2 with k = %, we have
(51) RS | < [og(2)[ (s — y2) 7 + lyr — 2|71,
|azR(J)r| S %((?Jl — )2+ |y — ?/2\_1)-

We conclude that (with rq = |z — 21|, 11 = |x1 — 22|, ro = |y1 — ¥a|, 73 = |y2 — y|)

10- [X()T()]]] .
/ / L+ 4 7S (@ y)| (i + 13 ) (L + 75
R8 (x1)3(xq)2 <y2)%(y1>3zlog2(2)
< / (1+rg)(r? + 7! >rs<x3,y2>l<r;/2+r;1><1+r;1>
RS (21)3(22) 2 (Y2) 2 (y1)?

dzdxdzody, dys

dl’ldl'gdyldyg.
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This finishes the proof for T'} using Lemma 5.1 as above. U

Lemma 3.5. Under the assumptions of Theorem 1.2 we have I(T'%) = O((t)™') uni-

formly in x and y for each v =1,2.

Proof. We will give the proof only for I's; the proof for I'} is similar but easier. We

rewrite
F% = R1V(Rg — RE)U*QDOQ’UR;Q + RIVRyv*QDyQu (RJLF2 — Rzg).

Recall that My1v*Q = QuM;; = 0 by definition of the projection Q. Recalling (21)

we can replace Ry (2)(z1,x2) — Rq (2)(21, x2) in the first summand with
R(T — Ra — imMH = E1<Z) = 51(2’1/2<$1 — l‘z)l/z).
Similarly, in the second summand we replace R} ,(2)(y1,¥y) — Ry 5(2)(y1,y) with

Rio—Ra—imMyux(2(y)) = imM (x(zly—ui]) —x(2(y)))+ 01 (2) = O1 ((2(y:1))**).

In the first equality we used (46), and the second equality follows from the mean
value theorem.
Combining these bounds with (45), (49), and (51) we obtain (with ro = |z — 24|,

r = |T1 — x2], 2 = |t — Y|)

5 0. )|,
- / / (1+ 75 )" + 77 1QDoQ(wa, 1) (1 + log™ (r2))
= Jre Jo (1) (@) (y1)2 =21

One can see that this is bounded in x and y using the integrability of 2= on [0, 2],

Lemma 5.1, and the absolute boundedness of QQDy(. This finishes the proof. O

dzdxydxady,.

Lemma 3.6. Under the assumptions of Theorem 1.2 we have I(T%) = O((t)™!) uni-

formly in x and y for each v =1,2.

Proof. The proof is similar to the proof of previous three lemmas. Instead of cancel-
lation between =+ terms or orthogonality, one uses the smallness of the error term in

z, see Lemma 2.8. We omit the details. O

To estimate the third term, Ryv* Mz 'wvR3, in (28) we use Lemma 3.4 from [21].
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Lemma 3.7. Let ¢+ (2) := V22 +m2 £ %, if

ARG XERE)
o S TERE el ST

then we have the bound
‘ / e xR (2) dz| < ()7L
0
Lemma 3.8. We have |I(Riv* My wRE)| < (1)1
Proof. Using (29) we have
Riv*MIWRE = RiVRE + RiVREv* M 'wRF,.

We start estimating the first term. Note that we have

/0 itV ——?f)ﬁ [RIVR (. y)dz = /R 2 /0 e 10+()a(2) dzdy,
where r = |y — y;| and
a(z) = %[Rﬂ/](:p,yl)@i(zr).

Here @ satisfies the same bound as w in (13). By using (44), we may immediately
use Lemma 3.7 and integrate in y; since (14 |z — y1[~")V (y1) € L, uniformly in z.

The second term is bounded similarly. Recall the expansion for Mi' from
Lemma 2.8 and the expansion in Lemma 2.2 for Ry and the definition of Ry.
To apply Lemma 3.7 to obtain the desired time decay, we need only show that
R1VR3[’U*M£ b = 61(1) in the spectral variable, and converges in an appropriate
sense. The convergence of the spatial integrals has been established in Lemma 3.4 for
example. The most simple estimate would yield that R;VRIv*Mi'v = 51(log z).
This bound is not sharp as the log z behavior arises from when the most singular terms
in RE(z) and the M'(2) interact. However, using the expansions in Lemma 2.2 and

2.8, the most singular terms are
RIVRE M v = RV [2mg™ (2) M11 0" QDoQu + Oy (1).

Using the orthogonality M;;Quv* = 0 the first term vanishes and we have the needed
bounds to apply Lemma 3.7. 0



DISPERSIVE ESTIMATES FOR DIRAC OPERATORS 21

Lastly we consider the contribution of Rfv* M 'vRT to the Stone’s formula, (26).

As before we write
(53) Riv M WRy = Ryv* MRy + Ryv* ML 'wRE , + Ryv* My 'wRy;.

The proof for the first two terms is similar to the one in Lemma 3.8 above involving
Ruyu. It is in fact easier since R, is comparable to zRy. For the last term we refer the
reader to the portion of the proof of Proposition 5.3 in [21] concerning the operator
I's. The statement of this proposition asserts a bound from H' to BMO, however

the argument yields an L' — L* bound.

3.2. Small energy dispersive estimates in the case of an s-wave resonance.

We need to consider the following terms (see the expansion given by Lemma 4.6 in

[21]):

(54) I} i=RV(Rv*h"SiDiS1wRy — Ryv*h™S1D1S1vRy ) VR,
(55) I =RV (R{v" AR{ — Ry v AvRy )V Ry,

(56) 2= RV (R{v*h*S1D1S1vR} , — Ryv*h™S1D1S10R ),
(57) [g =RV (Riv* AvR} , — Ryv AvR ).

Here A = SS1D157 + S1D151S, which is an absolutely bounded finite rank operator
with no z dependence. However, unlike ) Dy, the orthogonality property holds only
on one side. The other terms in the expansion are similar to the ones we discussed

in the regular case and are controlled by Lemmas 3.3-3.6.

Lemma 3.9. Under the assumption of Theorem 1.2 and for each i = 1,2 we have
I(TY) = O({t)™Y) uniformly in x and y.

Proof. We only discuss I'Z; the proof for T'} is similar. We need to consider the

following operators:
2, =RiV(R§ — Ry )v*h*S1D1S1vR ],
Fg 2 = R1VR6U* (th — hi)SlDlslUREQ,
[24:=Ryv'h S1D1S1w(RE, —Rp,).
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Since S7 < @, the proof of Lemma 3.5 implies the required bounds for Fél and T’ %73
above. In particular, the bound (52) remains valid even with the additional factor
of h*(z), as the polynomial gain in z obtained in the proof suffices to control the
logarithmic behavior of h*(z).

For ng observe that h™ — h™ is a constant. We utilize the orthogonality property
My1v*@Q = QuMyy = 0 to replace R, with Gy + E , where (see (19))

Go+ By | S |lwr— 2| |z — 222, 10.(Go+ By )| S 27 P (Jay —ao| TN+ |z — 0] 'P).

Similarly we replace R}, with (see Remark 3.2)

F(z,y,m) =R+ —x(=(y) log(=(y))
. m[1 4
= — (x(z()log(2(y) — x(zly — y1D) Tog(zly — val)) + B (zly — wal).
Using Remark 3.2 for the error term and [32] or [18, Lemma 3.3] for the first term,
we have

20
sup |F'(z,y,41)| +/ 10.F(z,y,y1)|dz S 14 1og({y1)) +log™ (ly — 1)
0

0<2<20
To see this inequality for 0.F, take [ = O+ in Remark 3.2 and use the support
condition.
Using these bounds and (45) for Ry, we obtain (with ro = |z — 1|, 11 = |21 — 23],

T = \?Jl—y‘)

AREIERE [

O (L4 1) (1 4 1) IS D181 (w2, 1) | (272 F| + |0, F))
/RG /0 <$1>3<$2>%<yl>%
[ N ISt
RO <$1>3<$2>%<yl>%
One can see that this is bounded in z and y using Lemma 5.1 and the absolute
boundedness of S;D;5]. O

dzdxidredy, <

dl‘ldIQdyl .

Lemma 3.10. Under the assumption of Theorem 1.2 and for each i = 1,2 we have
I(T%) = O((t)™") uniformly in x and y.
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Proof. We only discuss I'Z; the proof for T'} is similar. We rewrite
[ =RV (R — Ry )v*AvR} 5 + RiVRyv* Av(RE, — R ,).

We note that we can use the cancellation only on one side. When we can only use
the cancellation on the left, we replace Ry — Ry with Ry — Ry — imMj; as in the
proof of Lemma 3.5, and replace R, with Gy + E; as in the proof of Lemma 3.9
for the first and second summands respectively. If the cancellation is on the right,
we replace R}, with F" as in the proof of Lemma 3.9, and replace R}, — Ry, with
Ri, — Ri,— imMiix(z(y)) as in the proof of Lemma 3.5 for the first and second

summands respectively. We leave the details to the interested reader. 0

For the remaining terms involving R4 or Ry see the previous section and the proof

of Proposition 5.6 in [21].

3.3. Large energy dispersive estimates. To prove the large energy dispersive
bound uniformly in x and y, we restrict to dyadic energy levels. In particular, we
fix j € N, and let x;(z) be a cut-off to z ~ 27, and analyze the contribution of the
operators x;(2)[R}, — Ry/](2) to the Stone’s formula.

We begin by employing the resolvent expansion
(58) Ry (\) =Ry (A) = Ry (MVRG(N) + Ry (MVRE(MVRG (A)-

We note that the first two terms are bounded by min(2%/, 2%/2|t|7!), see Lemmas 6.3

and 6.4 of [21] respectively. For the final term we have

Proposition 3.11. Under the assumptions of Theorem 1.2 the following bound holds

59)  su v G paypeype ) (e y) ds
) s | [ L RIVRIVRI () (w.)

< min(2%,27/2)¢|7Y).

For the outer resolvents, we will write Rg = Ry + Ry where

(©0) REEw0) = x(clo = o) (oo 4 Oula(ele o))

= X(zlx = yNOi(lx =y ™),
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(61) Ry (2)(w,y) = e ¥ay (2| —y)),
|08 [ (2|2 =y S 2171+ 2|z —y)) 2,

The proposition follows from® Lemma 6.4 in [21] and Lemmas 3.12 and 3.13 below.

Lemma 3.12. Under the conditions of Proposition 3.11, we have

sup\[ Xi(2)REVREVRE)| < min(2%,2772)¢71).

Proof. Using the resolvent identity, we write
(62) RIVREVRE = REVREVRE — REVRIVREVRS.

To bound the second summand without the time decay, we use a limiting absorption

principle for the perturbed resolvent operator of the form:

1
(63) sup |OSREN) 2oz <1, o>-+k k=01,..
[AI>Xo 2

holds for any A9 > m. This was proved in [16] for k = 0; the case k > 0 follows from
this and the resolvent identity. We note that by equations (60) and (61), we may

write the resolvent in the middle as

(64) Ry (2)(w,y) =

Then,

o (55 Y) S1/2 —~1/2 1/2
Z 90 / _ / — 2.

z
/ T IREVREV e [RE 0o VR 120 d=

2
g/ @<y
wn2i V22 + m?

Here we use (60) and (64) to see

N

VA
IRIVRGVI S / V(@) [(Jo1 — @] 7L+ 21 — 2|2) |V (22)| dey.

R |7 — 21|
Therefore, by Lemma 5.1
(65) IRTVREV] . 240 S < 22

3Lemma 6.4 in [21] asserts a bound in the H' — BMO setting, however the proof yields an
L' — L™ bound for RVREVRSE.
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uniformly in 2. Similarly, for VR the bound in (61) implies that

(66) IV ()R (), )l 20 < 212 (y) 2

We now turn to the time decay. We employ the stationary phase bound in

Lemma 5.4 below by writing
[(REVREVREVRE) = / e g (2, 1, y)dz,
0
where

o(=) =29 (V24 m? = 2lyl/t).

2x;(2) + + + + iz|y|
alz,z,y) = ———Z=[R; VR VRIVR;|(2)(z,y)eT*¥
( Y) \/m[ L 0 vV RE)(2)(@,y)
We choose ¢(z) in this way so that the lower bound 1 < ¢”(z), which is needed to
apply Lemma 5.4, holds on the support of a(z,x,y). It is also this stationary phase
bound that necessitated our restriction to dyadic energy levels. Note that the bound

in (61) implies that
0:[Rig(2) (w1, 9)e ™M) = O (y1)ly — | 77).
Using this, (65), (66), and a similar bound for d,(REVREV), we obtain
la(z, 2, 9)| + |0.a(z, 2, y)| S 2/x;(2){y) ">

By Lemma 3.7, we estimate the integral above by

/
|a(z)|dz—|—t_123j/ ( |a(2)|2+ ' ()] )dz’
o—zol>y/Z7e \ |2 = 2017 |2 — 20

/|zz0|<\/23j/t
ly|
t2—[y[>”

of a(z,x,y) we must have ¢t ~ |y|. Therefore, in this case, we have the bound

4 , Y 4
27 () 12 <\/23J/t+t1233—> <212t

231t

where zo = m In the case when z; is in a small neighborhood of the support

In the case t % |y|, we have

0. (V2 m? — zly|/t) ] > 1,

An integration by parts together with the bounds on a(z, x,y) imply that the integral
is bounded by 2% /t.

The proof for the first summand in (62) is similar. O
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Lemma 3.13. Under the conditions of Proposition 3.11, we have

sup [I(x;(2)REVREVRE)| < min(2%,27/2[¢ 7).
€,y

The proof of this lemma is similar but simpler since Rf has no oscillatory part.

By the resolvent identity we write
RIVREVRE = REVRIVRE — REVREVREVRE + REVREVREVREVRE.

The bound (65) and a similar one for the z derivative suffice to control each of these

terms via an integration by parts.

4. WEIGHTED DISPERSIVE DECAY ESTIMATES

In this section we show the Dirac evolution can decay faster in time as an operator
between weighted spaces. As in Section 3, we divide the proof into two subsections.
In the first subsection we show the statement of Theorem 1.3 for small energies, in
the support of x(z). In the second subsection we show the statement holds for large
energies, in the support of the cut-off Y(z) = 1 — x(z) without the need to restrict to
dyadic energy levels.

4.1. Small energy weighted estimates. In this section we will show that

Theorem 4.1. Let |V (z)| < (x)~°". Then, we have for t > 2
3

(67)

¥ v _2X(E) iy e | w(@)w(y) ()2 (y)
e B i) - Rt | s )+ E

where w(z) = 1+ log" |z|.

Using the symmetric resolvent identity as in Section 3, we have
(68) Ri(2) = Ry (2) = [RE — Ry ] — [R§v* M WwRE — Ry v* MRy .

We start with the contribution of the free resolvent. To establish the time decay we

employ the following oscillatory integral bounds.

Lemma 4.2. Let £(z) be supported on the neighborhood (0, zy) for some zp < 1.
Then, for any t > 2 we have
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s —imt

¥ T % e
mw‘l e St (o) tg@)

1 t—1/2 1 [ee)
< [ e _/
st g

Proof. Using the identity \/ZQiWe_“V FHm® — 19, (e7"V= M) to integrate by parts

&), £'2)

22

dz.

we have

R e c E(2d _tem 50‘<
\/De £ () 0| $
1/

t 0

Applying another integration by parts to the last term on the right side

1 o ) 2
_‘/ efzt zZ4+m gl(z)dz‘
t t—1/2

—1/2

1y [~ o ey
1E'(2)|dz + ;‘ / D eTHVEEME () dz|.
-

1 VR, o0 1 [> Vz2+m?
ST ok [ e
S 2 2
Su [ 0 e

The last inequality follows from the support condition on £(z) = 0 for z > 1 and
the Fundamental Theorem of Calculus. Finally note that, on the support of £(z), we

have
) 2 2 2
z z
which yields the claim. O

Corollary 4.3. If £(z) = Os(log™%(2)), then for t > 2 we have

e_ZtvngrmgL(z)E 2)dz| < .
‘/0 V22 + m? (=) ~ tlog?t
Proof. By Lemma 4.2 it is enough to see that
1 1 [ 1
(70) -/‘ 3@+—/‘-1§}m5—j7
t Jo zlog” 2 2 Ji-1/2 231og” 2 tlog™t

The desired bound for the first summand follows by direct calculation. To see the

bound for the second summand, note that

1—1/4

1 [ 1 1 1 [ 1
[ IR S R
t2 1—1/2 z3 log z t2 +—1/2 23 log z t2 1—1/4 Z3 log z
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Hence, the bounds

l/zo IR / 1l ap
t2 t71/4 23 ].0g3 z ~ t2 t71/4 Z3 ~ ’
4—1/4 (—1/4
1 / %dz < 3 / 2%dz| < 13 :
t2| Jim12 23log® 2 t2log’ t| Ji-1/2 tlog”t
establish the statement. O

The following lemma gives the contribution of the free resolvent to (67).

Lemma 4.4. We have

¥ v _x(2) ) R (2. ) de

/0 ‘ : \/m[RO() Ry (2)](z,y)d
me—im <$>3/2<y>3/2

T Mn—i—O(t—i)_

Proof. We use Lemma 4.2 for £(2) = x(2)[R¢ — Ro1(2)(z,y). By (21) we have
(71) X(2)[R$ = Ry = x(2)miMyy + x(2)0 (=" (2)**(y)*/?)

Therefore, £(0) = miM;; and [0FE(2)| < 2V/27*(x)3/2(y)3/2 for k = 1,2. Hence, by

Lemma 4.2 we obtain

—itm

N R P TR L M)
[ e

3/2/,\3/2 pt=1/2 3/2/,\3/2 oo
< (z) t<y> / Y20, 4 (z) t2<y> / . 252 < t_5/4(x>3/2<y>3/2.
0 t=

O

Our approach for establishing Theorem 4.1 will be to control the integrals in (41)
directly. Unlike in the proof of Theorem 1.2, we need to have the exact form of
the boundary term at z = 0 when integrating by parts. These exact values are
critical to our proofs, and hence our strategy will differ from the previous section.
In addition, since we are considering bounds that can depend on z,y our technical

approach and choice of expansions will differ. Using the expansion in Lemma 2.2,
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(16), and expanding G, into two terms, we write RE = R + RE, where

Ry = LT ZY)
(72) 27|z — y|
RE = 2mg™(2) My, + 2mGoly + Ex(2)(z,y).

Here E(2)(x,y) is not identical to the error term in Lemma 2.2, however, it satisfies
the same bounds. This is a slightly different decomposition than we use in Section 3,
in particular Rg does not depend on z.

Now we consider the second term in (68). Using the expansion above we write

(73) REv*MI'wRET = Rev* M 'wRe + Riv* M 'wRs

+ Rev* M 'wRE + REv* M 'wRE.

We start estimating the contribution of the last term in the above sum to the
Stone’s formula, (7). Note that the boundary term appearing in Lemma 4.5 cancels

the boundary term appearing in Lemma 4.4 above when substituted into (68).

Lemma 4.5. Let |V (z)| < (z)™°". Then, fort > 2 we have

I([Riv* M 'wRE — Ryv* MR (2, y))

me—itm

=T M11+O<(

1+ log* ]ac\) (1+1log* \y]) ()3/2(y)/?
tlog*t >+O< i+ >

Proof. We note that by (72) and Lemma 2.8, and recalling that M;;0*Q = QuMy; =

0, we have

[2mg™(2)]”

REv M WwRE(2) = = (2)

MHU*SUMH + h;l(Z) [G()IlU*SUG(]Il]

+
+ ziz; [M110"SvGoly + Gol1v* SvMu] + [Gol10"QDoQuGol,]

+ Oa(="27)Q (2, y).

Where |Qo(z,y)| < ((:U}(y>)3/2. The contribution of the log™ |z — 24| terms in Eoi, see

(72), to Q are easily controlled in the z; integral since v(-)log™ |z — -| € L2
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Recall that h*(2) = (2mg*(2) + p)||(a,c)||*>. Also note that using (15) we have

g (z) — g (2) = £. Thus we obtain
gt )P Rmg (9 mi s
" e b aop T 207
9" (z) 9" (2) 1 1

o) e e e Qe ™),

Now, recalling (16) and the absolute boundedness of S, one can see

|Gol1v*SvGol (2, )| < (1 + log"|z))(1 + log™|y|), and |[[Mv*SvGol, +

~Y

Goliv*SvMy]| < (14 1og* |z])(1 4+ log* |y|). Hence,

mi
— M v*SvM
[R5 Ea——

(14 log" J2])(1 + log* |y|>52(

(75) [RIv*MI'WRE — Ryv*M-'WR7|(2) =

log? z ) + () (y)*20a(21/*7).

The second summand is bounded by (t1log®#)~'(1+log™ |#|)(1+log™ |y|) using Corol-
lary 4.3, while the third summand is bounded by t~'~((z)(y))*? using Lemma 4.2.

For the first summand, by integration by parts we have

e’} —itm
76 et ZQJWLQL(Z)M v*SvM](x, :—6, My v* SvMy|(z,
16) [ eI oMy (a,y) = ~ M SudMl(e.)

+ [Myv*SvMyy (2, y)O(t™2).

Recalling the definition of P and S in Lemma 2.8, we have Mpv*SvM;; =
Myv*PoMyy = ||(a,c)||* My, which cancels the ||(a,c)|* in the denominator of the
first summand in (75). This calculation also implies that the second term is bounded

by ¢~2 uniformly in z,y. O

Next we estimate the contribution of the rest of the terms in (73) to the Stone’s
formula. By symmetry it is enough to consider the terms Rgv*MiI'vRg and
Rev* M wRE. We start with Rev* My wRE.

Lemma 4.6. Let |V (z)| < (x)™5~. Then, fort > 2, we have

- o 1+ log* [y ik
I([Rev"MI'WRY — Rev*MZ'wR7](x,y)) = O(%) T O<<t3+ >
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Proof. As in the previous section, since R¢ doesn’t map L' — L2, we iterate resolvent

identities, (29), to write

[Rev*M'"WRE — Rev* M_'wR;] =
—ReV (RT —R7) — RV (RFv* M 'R — Rgv*M-"wR;) = —I'; — T';.

As in the previous lemma, we proceed via integration by parts. Both terms will have
a boundary term of size t~! when z = 0. As before, we show that these terms cancel,
and the remaining terms decay faster for large ¢.
We start with T's. By (21), then using Lemma 5.1 we obtain
Il = miReV My + 52(z1/2) / (ReV](z, z1) (1 — y)¥?day
R4
= miR6VM11 + 52(21/2)<y>3/2.

Using that R is independent of z and (76) for the first summand, and using

Lemma 4.2 for the second, we see

—imt
1 me

I(T7) = — ReV My + Ot~ ) (y)*/>.

Next we estimate I'2. Using Lemma 2.2, Lemma 2.8, and recalling that M;;v*Q =

QuMy; =0, and (74), we have

7(2)(z,y)

mi ~ 1 ~
= —mRﬁVMllv*SUMll + 02 <10g2 Z) Ql(l‘, y) + OQ(Zl/Q_)QQ(x, y),

where
Ql = RGVMHU*SUMH + RGVMH’U*SUG()Il + Rﬁvgov*SUMn + Rgvg()v*S?JG()]l,

and the kernel of Qy (with ry = |x — 21|, ro = |21 — y1|, 73 = |y — y1|) satisfies the
bound

(2, y)| 5/ e V@)l (rg 73 ) [0 Av] (w2, 0) (1§ + 15 dandasdy,,
R6

for some absolutely bounded operator, A. Using Lemma 5.1, one can see that

Qe y)l S1+1og"(y), Q) S (1)
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Hence,

mi
[ (a,c)I?

Using (76), the first summand’s contribution is

F?(Z) = RGVMHU*SUM11+(1+log+ |y|)62(

)+ 020u(:),

log? =

—imt

mi me
_W]<R6VM11U*SUM11> = WR(;VMHU*SUMU +0(t7?)
me*imt

= —— RV My +0(t7).

Here, we once again used that My v*SvMy; = ||(a,c)||*Mi;. The second summand in
I'2 is bounded by (1 + log™ |y|)(¢ log®t)~! using Corollary 4.3. The third summand
is bounded by (y)*/?t~'~ using Lemma 4.2. Adding I(I'}) to I(T'2) completes the
proof. O

Lemma 4.7. Let |V (z)| < (x)~°. Then, for t > 2, we have
I([Rev* M 'wRs — Rev* M_"vRe)(z,y)) = O(t " (logt)~?).

Proof. Using the iteration formula (30) we consider

— ReVIRE — Ry IVRs + RV (RoV M 'WRE — Ryv* M- 'wRy )VRg =: Ty + T2,

As in the Lemma 4.6 we estimate I'} and I'2 separately, and show that the leading

order t~! terms cancel. By (21) and Lemma 5.1 we obtain

[y = —miReV My VR + 62(21/2) ReV (21 — y1>%VR6dx1dy1

R4

= —ml'R(;VMHVRﬁ + 62(21/2).

This gives

me—zmt

I(Ty) = ReV M VR +O(t™'7)

by (76) and Lemma 4.2.
As in the proof of Lemma 4.6, using Lemma 2.2, Lemma 2.8, and recalling that
My1v*Q = QuMyy = 0, and (74), we have

mi

B R@VMH’U*S’UMHVRG
I(a, o)

F3(2) (@, y) =
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- 1 -
+02< : )Qg<x,y>+02<z1/2->94<x,y>.
log” z

where

Qg = R6VM11’U*S’UM11VR6 + RGVMH’U*SUQ()VR(; + Rﬁvgo’l)*S'UMHVRG
+ ReV Gov* SvGyV R,
and the kernel 4(z,y) is bounded by

/6 rt V()| (ry !t + 7"3/2)““*14“”(%27 y2) (r3t + 7’:?3)/2)|V(yz)’7”4_1d$1d$2dy1dy2-
R

By Lemma 5.1, one can see that |Qs(x,y)|, |Qu(z,y)| < 1 uniformly in z and y. So,

Fi(2)(@,y) =

' ~ (1
RV Miyv*SvMi VRe + Os | —5— ).
I(a, e log

Thus, (76) along with the equality Mjv*SvMy; = ||(a,c)||*M;; and Corollary 4.3
shows that

mefzmt

I(T3) = — ReV M1 VR + Ot (logt)™?).

Adding I(T}) to I(T'3) completes the proof. O

4.2. Large energy weighted estimates. In this section we investigate the per-
turbed Dirac evolution at energies separated from the threshold. We prove the fol-
lowing proposition which implies Theorem 1.3 for large energy. In contrast to the
argument in Section 3, we do not localize to dyadic frequency intervals nor employ a
specialized stationary phase argument. Since the desired bound allows for a depen-
dence on x and y, we use the same expansions for the perturbed resolvent for the
high energy argument in Section 3, and obtain the desired time decay by integrating

by parts sufficiently many times.

Proposition 4.8. Under the assumptions of Theorem 1.3 we have the following bound

fort >1,

(77) SL1§1) /000 e iy Zumz%X(Z/L)[RH)‘) - Ryl(z,y)dz| S @i#

provided the components of V' satisfy the bound |Vi;(z)| < (x)~5~.
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As in previous sections we will estimate the contribution of the terms appearing in
the resolvent expansion (58) to (77) in a series of lemmas. For the convenience of the

reader we recall (58):
Ri(A) = RF(N) = Re(WVRG(A) + Ry (WVRE(AVRG(A).

We first note that the contribution of the first term in (58) can be handled similarly

to Lemma 4.4. Specifically, we consider

e IVETE 2 o) s
| e e

with £(z) = 2737 x(2)[Rg —Ro ](2)(z,y). The ample z decay allows us to take L = oo
for the cut-off x(z/L). By (21) we have

TR = Rol(2) (@, y) = 27 X(2)miMy + 1(2)05(273 (@) (1))

Since the cut-off functions in £(z) are not supported at zero we can integrate by parts
twice without boundary terms and bound the contribution by W

We next consider the contribution of the second and third terms in (58). We
start with the second term. Recalling RT = ’Rf + Rﬁ, it suffices to consider the

contributions of
I :=(R; —R)OVRE, To:=RiVR}, T3:=RLVR},
that arise when substituting (58) into (77).

Lemma 4.9. Under the assumptions of Theorem 1.3 the following bound holds for
each k=1,2,3.

00 —2— =~ 3 3
78 su e—it\/ 224+m?2 Z X(Z) > L F z, dZ < <.ZC> 2 <y> 2 )
( ) LZIi /0 \/mX( / ) k( y) ~ 12

Proof. For each I'; we will integrate by parts twice. We start with I';. By the

relationship (5), Lemma 2.1 and the fact that v/z% + m? = O(z) when z > 1, one has
" da-(r—m) = N

(79) Ry (2)(w, 1) = %WJFO%Z(ZW—?A ))-

Hence, by Lemma 5.2,

(21) "

g2 | — o117z — g

Iy (2)(z,y) = Oq(z2") day = Oy(227").
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By integration by parts twice, noting the lack of boundary terms due to the cut-offs,

we obtain

00 —2—0
itveErmr 2 X(2)
(80) /0 e ﬁx(Z/L)Fl(x,wdz
L ETEE L, g2
S R e ) (C) [ i

For T'y and I's we note that, using RE(2)(z,y) = e*#* Y@y (2|z — y|), one has for

221
k + 1/2 . —-1/2 o 3/2 _
9 1 — YUy Ly &
B81)  EARE () (@, y)} S 2 (Jo — 2|77 4 |o — a[*7) for k£ =10,1,2

Therefore, Lemma 5.2 together with (81) and (79) gives (r; = |z — x1]|, 2 = |21 — y|)

3/2

T )} < o [ T
z 2\ % %y NZ - <I’1>5+ JleZ y 3

~1/2 3/2\, —1/2 3/2
+ 1) (ry T+
k(T < (r) 1 2 2
I ) S 2 [ e

for k = 0,1, 2. Integration by parts twice gives the statement as in (80). U

L, S o))"

Lemma 4.10. Under the assumptions of Theorem 1.3 we have

sup
L>1

Oo_i szzz_Q_Xz x%y%
| e X RV REVRE )| 5

Proof. We drop the + signs in this proof. By the resolvent identity we have

RoVRvVRy = RoVRWVRy — RoVRVRVRy + RoVRWVRy VRV Ro.

The contribution of the first two terms to (77) can be estimated by (z)3/%(y)%/?t=2 as
in the Lemma 4.9, noticing that by (79) and (81) one has

(82) X Ro(2) (. )} S 22 (Jx —an| ™ + |2 — 21 [7?) for k= 10,12,

for z 2 1. Using these bounds in Lemma 5.2 with r, = |z — x1|, r2 = |21 — 1],

r3s = |y1 — y|, we obtain for k =0, 1,2

—1 3/2 —1 3/2 —1 3/2
k 3/2 (ri )y +r )5 +157)
PRV RV R} 2 [ TR dardy,

< 22 )P y) 2,
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Similarly (with r; = |z — 21|, 72 = |21 — X2|, 73 = |22 — 1], T4 = |11 — y|.)

|0X{[RoVRoVRoVRo](2) (2, 9)}| S 2*(2)**(y)*>.

Hence, integration by parts twice establishes the desired bound.
Finally, we will prove the statement for the term containing perturbed resolvent

and establish Proposition 4.8 . In order to control this term we recall (63),
1
1% Ry (2)|| 120120 S 1, 0 > 5tk k=012,

for 2 > 1.

Using the bound (82) in Lemma 5.1 one can obtain

105{[RoV RV (s, 72) }| 12,

-1 3/2 -1 3/2
SZHV(xz)/ (ri” +r7) (g 4+ )dxl §z<x>3/2,
R2 (1)F Lay
where £k = 0,1,2, 0 = g—i-, ry = |r — x1] and ry = |r; — x5]. Therefore, limiting

absorption principle gives (with k; > 0 and ky + ko + k3 = 0,1, 2)
[0 {RoV R}V I {Ry }V OS {RoV R} (w, y)| S 23(x)*(y)*/?,
Integrating by parts as in (80) finishes the proof. U

Remark 4.11. Since our goal is to use the bound we have just proven in Theorem 1.3
and interpolate with Theorem 1.2, we need not pursue optimal smoothness of the
iitial data. We note that, one can prove a bound that is sharper with respect to
derivative loss but with larger spatial weights. This may be achieved by writing Ro =
Ri + Ry and iterating resolvent identities only R in the proof of Lemma 4.10 as
in the unweighted bound of Proposition 3.11. In particular, under the hypotheses of
Theorem 1.1,

-3 _itH —2— 1 3
() 2e ™ Poc(H)(H) fHLoo(RQ) < WHCPJCHD(RW lt| > 2.
5. SPATIAL BOUNDS AND STATIONARY PHASE ESTIMATES

In this section we state several technical lemmas that were used throughout the

paper.
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Lemma 5.1. Let f > max{2,2p + 2}. Then we have

| [ @ to =l e Plo = wal o) 2,
R2

<1

2
L3,

forp > —1.
To prove Lemma 5.1, we use the following estimate from [17].

Lemma 5.2. Fizuy, us € R" andlet 0 < k,l<n,B>0,k+l+8>n,k+1#n.
We have
[ s { ()™ =l <1,
Rn

T — U1|kz|$ _ u2|l ~ |uliu2|>min(k,l,k+l+ﬂ—n) ’U1 _ uQ‘ > 1.

Proof of Lemma 5.1. We first consider —1 < p < 0. In this case, if p > —1 we use

Lemma 5.2 in the x; integral to see
[ @ b=l o) Pl =l ) e (o) o= )7 S (o) P € L2,
RQ

On the other hand, if p = —1, we use

1 1 ( 1 . 1 )
|z — x| |21 — 22| ~ | — 2| \Jr — 21| |z — oM
In which case, we use that Lemma 5.2 and the fact that (1+ |z —22|°")(22)~#/% € L2 .
If p > 0, we may reduce to the p = 0 case by noting |z, — z3? < (x1)P(z2)?, which

necessitates the larger value of . O

We recall Lemma 3.5 in [21].

Lemma 5.3. If

)] < PUETED

< XiRRC)
T el

(1+ 2r)2

? )

then we have the bound
‘ / e” @ g () dz| < min(22j,2%|t|’1/2, 2%,
0
where ¢+ (z) = V2% +m? F .

We have the following (slightly modified) lemma from [32], see [21, Lemma 3.3]
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Lemma 5.4. Let ¢/(z9) =0 and 1 < ¢" < C. Then,

‘ / e~ ) q(2) dz

s el
|z—z0|<|t|” 2
!/
ci ( o2, I >dz.
|z—z0|>[t| 2 |z — 20 |2 — 2
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